1. The acceleration of an object at time ¢ is given by a(t) = 6ti— 4j, with initial velocity and .
position given by v(0) = 2j and r(0) = 0 respectively.

(a) [6 marks] Express the object’s velocity v(¢) and position r(t) as vector functions of.
time ¢. (Hint: Use the fundamental theorem of calculus for vector functions twice.)

(b) [2 marks] What is the object’s displacement from ¢ = 1 to t — 47

(c) [8 marks] Write down a formula for the object’s speed as a (scalar) function of time
t. Use this to express the distance travelled from ¢t = 0 to ¢t = 7T as a definite integral.
(Do not evaluate the integral.)
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2. The velocity and acceleration of a car at a point P are respectively v = i+ j and a = 2i + 4j.

(a) [6 marks] Compute the following vectors, and show that they are perpendicular.

(i) proj,a= (I"V‘Iaz)v (ii) orthya =a — proj, a

(b) [4 marks] Find scalars ar and ay so that a = apT + ayN, where T and N are the
respective unit tangent and (principal) unit normal vectors to the car’s path at P.

(c) [6 marks] Use the formula a = s"T + «(s')2N and part (b) to find the curvature
of the car’s path at P. (The variable s is the arc length parameter, and so &' is the
speed.) What is the radius of the osculating circle to the car’s path at P?
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3. Let C be the curve given by 7 = cos 3@ in polar co-ordinates.

(a) [3 marks] Find the point on C corresponding to § = 0 in Cartesian co-ordinates.
What is the smallest value of 6 > 0 for which the curve returns to this point?

(b) [5 marks| Draw a neat diagram of C, clearly indicating the angles at which it passes '
through the origin. (It should be a rose with some number of petals.)

(c) [5 marks] How many petals does C have? Find the area contained in one petal of C.
(You may use the formulae sin 2X = 2sin X cos X and cos2X = cos? X — sin® X.)
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4. [6 marks] Let u(t) = (ui(t),ua(t),us(t)) and v(t) = (v1(t), va(t), vs(t)) be differentiable
vector functions. Prove that

d , '
E(u(t) -v(t)) =u'(t)  v(E) +u(t) - v/ (¢).
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5. Let E be an ellipse with equation mg—z -+ 1{1—2 =1, and H a hyperbola with equation z% — yTz =1,

(a) [3 marks| Show that £ and H have the same foci.

(b) [6 marks] Let P(zo, o) be an intersection point of F and H. Let L, and L, be lines
through P tangent to E and H respectively. Show that L, and L, have gradients

my = 3:0 and my = 4““0 respectively. (Hint: Use implicit differentiation.)

(c) [5 marks] Prove that E and H intersect at right angles.

) 8//¢u ;w\@ = 7:) /"‘// ad) /%« ]Ac,' il

o T\

(20,0, b oeg g FrE et 4Ny ot

_ : . a[/"“ Lo o/ [jﬁ;o)- C\
/ /A N, ‘7\ i J;&)ﬁ,
MW”" Ay L// 2 Ay = o J<[9 Jou it (2 C/ o) , e
1: L+ “ E L 1 - ) * -
C, /A B . Fu" H/ A:)/ B:\// " ( 7’“-/')/ "/Aﬂ(l /we//j\ﬁ,O)
7 " - r 1 .
g D/if +}7 =) He 20 = T4y
L 2 )
i
Zon RED | Lo - 0 E
ﬁ v M = ‘2—7/
249’ 2o | e bt
R B~
A ] . ¢ P/) %)64
H fq/g Y [) /7;2/ VV), Z 'ﬂ_:
“t b0 5, Com —-%@
— q)‘a <7./’( == //)[;7l

00 Maed Lo by mom co) (o pm s 22 B
fi= Y ﬁ‘[, |7" - 6797 -

/C/n'(q P()/,, 657 {b?bo\ JéSfl( £ po Ly e

/f'\
2(.9} ya N 2 7’4 i
G4 5 7 g Nz
! v , [ 6,
w2 /&Q - )/ j° A T ?9 S
7 (( \/ I.f' o
D | w | ; . (10/)(9 ‘
—l: = )./ ' - ,)_(i l RS y“l“l?\ —’C/‘;y‘“q o= |
L/ - < 7 j , [ LL - —_]:_
bok N g )/l S a .. n )
Pl C{ v r»}ié‘(’/ !\—-}*W‘\/r:}éz @é




