Derivation of some Ito integrals
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Proof that [, B,dB, = ; (B} — B;)) — 5 (t — to)
To compute the integral |, tto B dB; in the Ito sense, we recall that it is defined as the mean square limit of
n—1
Z By, (B, — By,) as max |At;| = 0 ;
i=0 !
often this is denoted as (m.s.=“mean square”)

¢ n—1
/ B.dBy:=ms. lim > By (By,, —B) .
i=0

to max; |AtL|—)O

Here we will explain this in more detail and will find ftto B, dB,.

Let t be a partition, ¢ty < t; < to < -+ < t, = t, of the interval [to, ] into n parts (not necessarily of equal
length): [to,t1], [t1,t2], [t2,t3], - -y [tn—1,tn]. For convenience, we set B; := By,, AB; := B;;1 — B;, and
|[t]| :== max; |At;|. The partial sum corresponding to the partition t is

n—1 n—1
Se = Y Bi(Bij1—Bi)=)» BiAB;
=0 =0
1 n—1
= 3 > [(Bi+ AB;)* - B} - (AB;)?]
=0
1 n—1 1 n—1
= 3 (Bl —B}) -5 (AB)

=0 =0

—~

telescoping sum!)
n—1

(B} -B}) - % > (ABy)?. (1)

=0

N =

Now we will find the mean square limit of the last term. First note that, because of

E[(AB;)?] = Aty =tig1 —t; ,

we have . . .
E [Z(AB,;)Q => E[(AB)Y] =) At;i=t—t
1=0 =0 =0

(telescoping sum again!). So our guess is that

n—1

Z(ABZ»)2 —t—tg in mean square, as [[t|| — 0, (2)

i.e., that



Here is the proof:

(Z(Aw (- to>> ]

E
i=0

=E

(S(AB&) 2(t — o) ni:l + (t —to) }
=0

=0

(use the formula <Z ai> Z a; + 2 Z ala])

1<j
n—1 n—1
=E|> (AB)*+2) (AB) 22 —2(t—t0) Y (AB)?+ (t —t)?
1=0 1<J =0

n—1
=Y E[(AB)*] +2) E[(AB)*(AB;)?] —2(t —to) Y _E [(AB)?] + (t — to)?
=0

i=0 i<j

Now recall that E [(AB;)*] = 3(At;)? and E [(AB;)?] = At;; also, since the time intervals [t;,¢;41] and
[tj,t;j41] do not overlap for i # j, the increments AB; and AB; are independent, hence

E [(AB)*(AB;)*] = E[(AB)?] E [(AB))*] = (At;)(At;) .
Plugging all these in the expression above, we obtain

n—1 2
E <Z(ABi)2 —(t- to))

=0

33 (A 4 2T AR)(AY) — 2t — t0) Y At -+ (£ to)?

i=0 i<j i=0
n—1 n—1 n—1

=23 (AL)?+ Q) (AL)?+2) (At)(Aty) p —2(t —to) ¥ Aty + (t —to)?
=0 =0 1<J =0

n—1 n—1 2
zzz(Ati {ZAt} —2(t —to)* + (t — to)?
—22 (At;)? <2(t—to)|[t] =0  as|t] =0,

which completes the proof of (2). Here we have used the inequality

n—1

D (A) < (t—to) [Jt]]

i=0
which is a form of Holder’s inequality (see problem 4.14.27(a) of the book).
So, we proved that

t 1 1
/ B,dB, = 3 (Bf — B}) —i(tfto) ,
to
which can also be written as

1
/BtdBt:§Bt2— oras d(B})=2B;dB;+dt.

=t
2 )



Comments:

e Note that

B[ [ Boan] =4 (8- B - -] = - t0 - (- ) =0,

to

which is also obvious from the definition of the stochastic integral because for the individual terms in
the partial sum we have E [B; AB;] = 0 (since B; and AB; are independent and E[AB;] = 0).

e The reason for the stochastic integral to be different from the ordinary Riemann-Stiltjes integral is
that the increments AB; = B;11 — B; have means of order v/At;, so that — in contrast to the ordinary

integration! — terms of order of (AB;)? do not vanish on taking the limit ||t|| — 0.

Proof that [, B2dB, =1 (B} - B}) — [} B,ds

1
3

From the formula
B}, = (B; + AB;)® = B} +3B? AB; + 3 B; (AB;)*> + (AB;)?

we obtain for the partial sum

n—1 n—1 n—1 n—1
1 1
> B}AB; = 3 > (B, - —Y B (AB)* - 3 > (ABy)?
i=0 i=0 i=0 =0
1 n—1 1 n—1
— 3 3 _ N2t 33
- g (Bt - Bto) - ; Bz (ABZ) 3 ;(AB'L) (3)
Here we analyze the sums in the right-hand side of (3). Since
n—1 n—1 n—1
E | Bi(AB;)?| =Y E[BJE[(AB:)*] = Y E[B;]At; ,
i=0 i=0 =0
we suspect that
n—1 t
E Z B; (AB)?*| — / Bsds in mean square as n — oo . (4)
i=0 to

Let us prove that our guess (4) is correct — we use the formula (3°; a;)* = 32, a7 + 3, aiay:

(7121 B; [(AB;)? — Ati]> - SE [B? ((AB)? — Atﬂ
i=0 1=0

JrQZE [Bi B; ((ABi)2 - Ati) ((ABJ')Z - Ati)]

= S eEE[(aR) - an)]
i=0
+QZE E[(AB;)? — At] E[(AB))? — Aty] ;



now we have E[BZ] = t;, E[(AB;)? — At;] = E[(AB;)?] — At; =0,

E [((ABi)z - Ati)ﬂ =E[(AB;)"] = 2E [(AB:)?] At; + (At:)? = 3(At)* — 2(AK)? + (At)* = 2(AL)?

so that
n—1 2 n—1 n—1
1=0 1=0 =0

Finally, the last sum in the right-hand side of (3) goes to 0 in mean square because E [(AB;)3] = 0, so each
of the terms in this sum has zero expectation.

So, we proved that
t t
1
/ B?dB, = 3 (B} - B}) 7/ B, ds .

to tO

Equivalently, in the form of an indefinite integral,

1
/deBtngf’f/Btdt,

d(B}) =3B}dB; + Bydt .

or, in a differential notation,

A general formula for ftz Bt dB,

Here is the general formula for integrals of powers of the Wiener process:

t 1 kf t
WEAW, = —— (WFH — W) — = [ whtds .
“ k+1 2 /i,

Here is the same formula in the form of an indefinite integral:

1 k
/Wt’“ dW, = —— Wk — Zwhk-tae

E+1 ° 2
and in a differential notation:

k(k — 1)

d (W) =W}~ aw, + 5

Wh2dt .



