MATH 5483 Homework 4 Due Thu, Feb 14

Problem 1. Let {g,}nen be an orthonormal sequence on R, and f € L*(R). Define the
sequence of L? errors, { Ex}nen, by

Eyn = Hf_ Z(fvgn> 9n

n=1

2

(a) Prove that the sequence {Ey}nen is non-decreasing.

Hint: Use Lemma 2.50 or 2.51 from the book.
(b) Will the sequence {Ey}nen always converge? Why?

(¢) Under what condition on {g, },en will the sequence { Ex } yen converge to 0 as N — oo?

Problem 2. The convolution, f * g, of the functions f : R — R and g : R — R is defined by

(o) = [ fOala—t)dr.
whenever the integral makes sense.
(a) Show that fxg=gxf.
(b) Prove that if f € L'(R) and g € L'(R), then f * g is also in L'(R) and

1+ gl < AN Mgl

Hint: You can prove this directly:

IFsall = [ 1<)l = [

and then change the variable in the integral over x.

[ f0gte=vatar< [ [ 1500 gt - v]aras

(c) Let f € L'(R) and
fﬁwzéﬂmymwm

be its Fourier transform (which is well-defined for functions in L'(R)). Show that

—_— ~

frg(v)=f(v) (7).



Problem 3. Let for any 7 > 0, the function K, : R — R be defined as

(a)
(b)

1
K. (z) = - X[=r/2,7/2)(T) -

Sketch the graph of K.
Prove the following properties of K :

(i) forall 7 >0, [p K (z)dz =1

(ii) there exists a constant M > 0 such that for all 7 > 0, [, |K;(z)| dz < M ;
(iii) for every d > 0,

lim U__(S\KT(Q:N dx+/éoolKT(x)\ dx} ~0.

T—0+ 00

A function that satisfies these properties is called an approzimate identity or a summa-
bility kernel on R. (You can find more properties of this class of functions in Sec. 2.2
in the book, but you don’t need them now.)

Show that, if f is continuous on the compact interval [a, b], then

lim (f * K;)(z) = f(z) ,

T—0+

(where the star stands for the convolution). State explicitly which properties and
theorems you use (and where).

Hint: Use the Intermediate Value Theorem for a continuous function on a compact
interval.

If a function f has a finite discontinuity, then the convolution f * K is continuous for
any d > 0. Compute the convolution of K with the unit step function (also called the

Heaviside function)
0 ifxz<O0,
O(r) =
1 ifz>0,
and sketch © x K. Is © * K indeed continuous?



