MATH 5763 Homework 2 Due Thu, 1/31/2019

Problem 1. Let X and Y be independent random variables, each with distribution Uniform(0, 1).
Then the point with coordinates (X,Y") is a random vector that is uniformly distributed in the unit
square, i.e., its probability density function is

fer(e) 1 fo<az<1l, 0<y<1,

x? = .
XYy 0 otherwise .
Let A be the random variable equal to the area of the rectangle with vortices at the points (0, 0),
(0,Y), (X,0), and (X,Y) — see the figure. Clearly, A is a continuous random variable taking values
in the interval [0, 1].

(X.1)

(a) In the (z,y) plane, sketch the domain determined by the inequalities 0 < z < 1,0 <y < 1,
zy < a (where a is a value between 0 and 1).

(b) Show that the cumulative distribution function of A,

FA(a)—P(ASa)—]P(XYga)—//< fxy(z,y)dedy,

is given by ( }
0 ifa € (—00,0],
Fa(a)=< a(l—1na) ifae(0,1],
1 if a € [1,00) .

Hint: What you drew in part (a) will be useful.
(c¢) Find the probability density function, fa(a), of A. Be sure to specify f4(a) for all values of a.

(d) Determine the expected value E[A] of the area A of the random square with sides of length
X and Y.

Problem 2. The joint p.m.f. pxy (zk, ym) = P(X = x4, Y = y,,) of the discrete RVs X and Y has
values given in the table.



‘Y_l Y=3 Y=4

X =5 0 = =
3 4

X=7] 13 15 o

(a) Find the marginal p.m.f.s px(x) and py (ym,).
(b) Find the expected value E[X] of X.

)
)
(c) Compute the conditional p.m.f.s px|y (7x|ym) = P(X = 2x|Y = yp) for ym = 1,3, 4.
(d) Find the conditional expectations E[X|Y = y,,] for y,, = 1,3, 4.

)

(e) The quantity E[X|Y] can be considered as a random variable which is a function of Y, and
written as a linear combination of the indicator functions of the sets {Y = y,,} = Y 1 (yn):

EX[Y] =) EBX|Y = ym] Iy-1(y,,) -

Use your result from part (d) to write E[X|Y] in this form (using concrete numbers).

(f) Use the representation of E[X|Y] from part (e) to find its expectation, E [E[X|Y]].

Hint: Recall the linearity property of the expectation, and use that the expectation of the
indication function of any A € F is E(14) = 0-P(A°) +1-P(A) = P(A). According to the
so-called tower rule, E [E[X|Y]] = E[X], you should obtain in a different way the same value
as in part (b).

Problem 3. A frog lays Y eggs, where Y ~ Poi()\) is a Poisson RV with parameter A > 0, i.e., the
pm.f. of Y is py(n) = e %, n=0,1,2,..., where 0! := 1.

Each egg survives independently of the survival of the other eggs, with probability p € (0,1). From
this one can derive that the number X of surviving eggs is a binomial RV with parameters Y and p,
which can be written symbolically as X ~ Bin(Y,p). This means that the RV X, conditioned on
the event {Y = n}, is binomial with parameters n and p: X [{Y = n} ~ Bin(n,p), i.e., that the
conditional p.m.f. of X conditioned on the value of Y is

n n—
pxy (k) = (1) =p) " k=01,

|
where (Z) = m are the binomial coefficients.

Show by a direct calculation of the p.m.f. of X that X ~ Poi(\p).

Hint: Use equation (3) derived in Food For Thought Problem 1 below. You may also find some of
the following facts useful:

o
e series expansion of the exponential function: e' = g
k=0

tk

E, teR;



n

(n) ¥k for 2,y e R, n € {0,1,2,3,...};

e binomial formula: (z+ y)" ke

k=0

1
e geometric series: —— =
1-¢q

¢* whenever |q| < 1.
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Problem 4. Let X be a stationary discrete-time discrete-state space Markov chain with state
space S consisting of two states, 0 and 1, and let the 1-step transition probability matrix of the

stochastic process be
1 2
p—|Poo Por | _ |3 3 7 (1)
pio P11 1 0

where p;; = P(X,41 = j| X, =1). Let
pgjn):]P)(Xn:]aXn—l#Jv7X17éj‘X0:Z) ? TLZl, Z’]G{O’l}

be the probability of moving to state j, from the initial state i, for the first time at the nth
transition. Recall the relations

n
(n) _ (k) (n—k)
bij- = Zpij by, ) (2)
k=1
where pg;l) are the entries of the n-step transition probability matrix P(). Assume (quite reason-
ably) that P(©) =TI (the identity matrix).

(a) Compute explicitly P©), P P2 and PO,

(b) Use (2) to compute the value of ,0((]1).

(¢) Use (2) and the value of p(()%)) (found in (b)) to compute the value of p(()2).

(d) Use (2) and the values of pé}]) and pé%) (found in (b) and (c)) to compute the value of pé%).

Food for Thought Problem 1. Let X and Y be discrete RVs taking values x; and y,,, where
the indices k and m run over discrete sets (finite or infinite).

Use the notation {Y = y,} = Y ym) = {w € Q|Y(w) = ym} and the fact that the events
{Y = yn} form a partition of the sample space €2, to convince yourselves that the following
derivation of the p.m.f. of the RV X through conditioning on the RV Y is correct:

px(zp) =P(X =2;) =P{X = 2,1 N Q) = P({X =z 0 [ J{v = ym})

:P(U{X:xk,Y:ym}> =Y P(X =3, = yp) (3)

=3 P(X =2 |Y =ym) PY =ym) = Y _ pxpy (@klym) Dy (ym) -

3



Food for Thought Problem 2. Prove the recursive relation (2).

Solution: Let i € {0,1}, j € {0,1}, and n > 1 be fixed. Notice that the events
= { the MC reaches state j for the first time in exactly k steps } .

Clearly, for a given n, the time k& when the MC reaches state j for the first time (starting from
state i) can take values 1, 2, ..., n. It is obvious that the events A form a partition of the sample
space Q (why?):

UAk:Q, AyNAy =@ for k4K . (4)

Note that )
B = P4 | X0 =) . (5)

Using (4) and (5), we obtain

p =P(X, = j| Xo=1)

=P{X, =4} NQ| Xo=1)
:P({Xn:j}ﬂUAk X0:i>
k=1
:IP(O({Xn:j}ﬂAk) X()Ii)
k=1

:ZIP’({Xn:j}ﬂAk]XO:z’)

{Xn—J}ﬂAkﬁ{Xo—Z})
_Z X():Z)

:Z PH{X,=7tNnAxN{Xo=1}) P4 N{Xo=1})
P (A N{Xo =1i}) P(Xo =)

k=1

:zi:IP’(Xn:ﬂAkﬂ{Xo:i}) P (A | Xo = i)
:z":lwxn:jmk) P (Ay| Xo = i)
:ﬁjmxn:ﬂxk:j) P (A | Xo = 1)
:zn:P(Xn_kzj!onj) P (A | Xo = 19)

_ Zp(n k) pU



