MATH 4193/5103 Homework 2 Due 2/16/17 (Thursday)

Problem 1. [Fixed points and their stability without solving the ODE]
Consider the ODE q
5 = /@) = ale =22 -9 o
dt
(a) Without doing any calculations, sketch the right-hand side of the ODE (1) in the phase
plane (i.e., plot the graph of the function f from (1) in the (x,z’) plane). Find all the

fixed points of the ODE (1). Indicate with arrows on the z-axis to the left or to the
right in which direction will the function x(¢) evolve for different initial conditions.

(b) Based on your observations in part (a), classify the fixed points as stable (attracting),
unstable (repelling) or semi-stable, and put them in the z-axis (full circle, empty circle,
or half-full circle, respectively).

(c) Without taking any derivatives I know that:

e the Taylor series expansion of the function f(x) from (1) about the point 0 has
the form
f(z) = —4096 = + [higher order terms in z] ;

e the Taylor series expansion of the function f(x) from (1) about the point 2 has
the form

f(z) = —64 (x — 2)* + [higher order terms in (z — 2)] .

Without doing any calculations, write down the first term in the Taylor expansion of
the function f(x) from (1) about the point 4. Explain clearly how you computed the
coefficient.

(d) Sketch in the (¢, z)-plane the solutions starting at the following initial conditions:
x(0) =—1,0,1, 2, 3, 4, 5. In each of these cases, find the asymptotic behavior of the

solution xz(t), i.e., determine lim x(¢).
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Problem 2. [A simple bifurcation diagram)|

Consider the one-parameter family of ODEs
v = fulw) = ola— p) 2)
(a) Determine all the fixed points of the ODE (2).

(b) Determine the stability of the fixed points of the ODE (2) for i < 0. Sketch the graph
of f in the phase plane in this case.



(c¢) Determine the stability of the fixed points of the ODE (2) for u > 0. Sketch the graph
of f in the phase plane in this case.

(d) Plot the bifurcation diagram of the ODE (2), i.e., the position of the fixed points as
functions of u. Indicate the attracting fixed point with a solid line and the repelling
fixed point with a dashed line.

Problem 3. [Saddle-node (tangent, blue sky) bifurcation in a 1-parameter family|

Consider the one-parameter family of ODEs
= fu(x) =tanz — 2z —p , (3)

where p is a parameter, and the solution z(¢) can take only positive values. Your goal in
this problem is to find the value p. of the parameter y such that for u < u. the ODE has
no fixed points, while for u > u. the ODE has two fixed points of opposite stability. Please
follow the steps below.

(a) Rewrite the function f,(z) from (3) as a difference of the functions ¢(z) = tanz and
Yu(z) =22 + p.

(b) The graph below shows the graphs of ¢(z) and ¢, (x) for three different values of p.
At the critical value p. of the parameter p above which the ODE has fixed points, the
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graphs of ¢(x) and v, (z) are tangent to each other. Write the system of two equations
for the unknowns p. and the value z of = for which these two graphs are tangent.
Write explicitly what the meaning of each of these two equations is.

(c) Solve the two equations derived in part (b) to find the values of . and z?.
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(d)

(f)

(2)

Expand the function f,(x) (considered as a function of two independent variables, p
and ), in a Taylor series about the point (i, z}). Since the dependence of f,(z) on p
is very simple, you will not need to use the formula for Taylor series for a function of
two variables — it will be enough to use the Taylor expansion of the function tan x about
an appropriately chosen point. For your convenience, here are the Taylor expansions
of tanz about 0, ¥, 7, and % — use the one that you need:

tanx:$~|—§x3~l—%x5+---

s m m 7'1'4
tanz = 44 (= 5) i (= 5) 35 a5
e = 1420 =D 420D - D P E-D
tanz = V344 (0= 5) + 43 (=5 + P 0= 5"+ Flo-5) "+

Take the lowest-order terms that contain y and x in the Taylor expansion you obtained
in part (d), and use them to find an approximate expression for the fixed points as
functions of the difference (p — p.), for g > p.. You will obtain that
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I want to see your detailed calculations.

For pt > p., determine which of the fixed points 27 and z3 is attracting and which one
is repelling. You may use a graph or a calculation.

Plot the bifurcation diagram for the 1-parameter family of ODEs (3), near the point
(3, pe)-



