General solution of a linear homogeneous ODE with constant coefficients:

To find the general solution of the linear homogeneous ODE with constant coeflicients Ly = 0,
where
Ly = any™ +an1y"V+- a1y +aoy (1)

first solve the characteristic equation of this ODE. Each root of the characteristic equation con-
tributes a term to the general solution of the ODE:

e each real root r of the characteristic equation of multiplicity p contributes to the general
solution a term
prl (ZL’) 67"33 )

where P,_1(x) is a polynomial of degree (p — 1);

e each conjugate pair of complex roots « + i3 of the characteristic equation, where each of the
the two roots has multiplicity p, contributes to the general solution a term

e** [Qp-1(z) cos Bz + Rp—1(z) sin Bz]

where Qp—1(z) and R,_1(z) are polynomials of degree (p — 1).

Particular solutions of a linear non-homogeneous ODE with constant coefficients

The general solution of the linear non-homogeneous ODE with constant coefficients Ly = f(z)
(where Ly is given by the expression (1) above) is equal to the sum of the general solution of the
associated homogeneous equation Ly = 0 and a particular solution of Ly = f(z). First solve the
characteristic equation of Ly = 0 and find the general solution of Ly = 0, and then find a particular
solution of Ly = f(z) by doing the following:

e in the case f(z) = e P, (z), if ¢ is a root of the characteristic equation of Ly = 0 with
multiplicity s, then look for a particular solution y,(z) of Ly = f(z) of the form

yp(z) = 2% e Q)
where Q,(z) is a polynomial of degree m;

e in the case f(z) = € | Py, (@) cos dz 4+ Py (z) sindz|, if ¢+ id is a root of the characteristic

equation of Ly = 0 with multiplicity s, then define m := max(m;, mg), and look for a
particular solution y,(z) of Ly = f(z) of the form

yp(z) = 2° ™ [Qm(x) cos dz + Qu () sin dx} ,
where Qu,(z) and Q,,(x) are polynomials of degree m.

If the equation has the form Ly = fi(x)+ fa(x), its general solution is a sum of the general solution
of Ly = 0 and the particular solutions of the equations Ly = fi(z) and Ly = fa(x).



