DETALLED SOLUT(ONS

Q1]. .. [15 points] Find three consecutive positive integers which are divisible by 22, 3% and 5? respectlvely
. Hint: If we denote the consecutive integers by z, z+1 and z+2 respectively, then the d1v131b1]1ty conditions

‘can be written as =0 mod 4, z+1=0 mod 9 and z + 2 =0 mod 25. This rewrites as the following
. system of congruences:

z = 0 mod 4
z =-1 mod 9
z =-2 mod?25

" :'Flnd -a positive integer simultaneous solution to these congruences, and hence solutions to the original
problem.
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Q2]...[10 points] Prove that there are arbitrarily long strings of consecutive integers z,z+1,...,z+ N
so that every one of them is divisible by a perfect square. Different integers in the strings may be divisible
- by different perfect squares.

Note that a perfect square is an integer which is the square of another integer.
Hint: Look at Q1 again.
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Q3J. .. [10 points] Solve the system

3z =1 mod 5
4r =2 mod7-

~ Hint: Convert each congruence to ones of the form z = ¢ mod 5 and z = b mod 7 and then solve. -
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Q4] .- [10 points] Prove that |
[AUBUC| = |A] + |B] + ICI |ANB| ~ |AnNC| - |BNC| + [ANBNC]

' where A, B,C are all finite sets, and where | X l denotes the cardinality of the set X. You may assume the
easier case |[AU B| = |A|+|B| —|AnN Bj. mé&’ )
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| Q5]. .. [10 points] State the division algorithm.
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3 De‘ﬁne what we mean by the greatest commén divisor, ged(a, b), of two integ'ers a and b.
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| Q6] .. [15 points] State the principle of induction.
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Use induction to prove the following fact:
“n? — 1 is divisible by 8 whenever n is an odd, positive integer.”

' Rnp\\mrx 9\@"&\9 - . |
P(o) :_‘(m‘ ath  odd poi\m lt’\kio‘@-) ln 3 Szdwm%m

BARDE

P e L= P\ =1 = O
o L glo B P e !

\

PR PESLCOL

Guen &) (W 1)
' : o bard A ‘:\V\‘m\okrj »
Note Qh\—\ = ’P'k +2 ( mc)ﬂfsa‘ \n 2‘3?
(hn) — | S
| y: + 2D + 27—

| :@k —\> o (R + lF
| wq Roo Bk 8| (1 ) \OU ioducie bugpslions (P@am) |
So we,wd\ \‘\W 8\(%«( ") P(D\Mé&c\ W awn S\fu\\«) |

%Mc& ) g (4o + L&B

e

Dl |

W



B ey = w(hen)

= l;.@ven *44=> -~ - S\h «Qk isp_AA
W ¢ C\L“r\fj A\G\YtSi‘o\ﬂ ‘Z’D g .
'S fltee = Pies) beno

%3 T dos b M v Fue W e Al




Q7]... [15 points] State the Schrider-Bernstein Theorem. o
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" Use the Schroder- Bernstein Theorem to prove that the open interval (0,1) has the same cardinality as the

power set, P(Z*), of the set of positive integers.
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Q8]...[15 points] True/False. Give brief reasons or examples to support your answers.

1. Z and R have the same cardinality.
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2. If f: X —Y is a function, and A, B C Y, then f~1(4U B) = f~1(A) U f~Y(B).
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9. If f o g is injective, then f must be injective.
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11. (236)'* =1 mod 16
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