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Thek–dimensional Dehn (or isoperimetric) function of a group bounds the volume
of efficient ball-fillings of k–spheres mapped intok–connected spaces on which
the group acts properly and cocompactly; the bound is given as a function of the
volume of the sphere. We advance significantly the observed range of behavior for
such functions. First, to each non-negative integer matrixP and positive rational
numberr , we associate a finite, aspherical 2–complexXr,P and determine the Dehn
function of its fundamental groupGr,P in terms of r and the Perron–Frobenius
eigenvalue ofP. The range of functions obtained includesδ(x) = xs, where
s ∈ Q ∩ [2,∞) is arbitrary. Next, special features of the groupsGr,P allow us
to construct iterated multiple HNN extensions which exhibit similar isoperimetric
behavior in higher dimensions. In particular, for each positive integerk and
rational s > (k + 1)/k, there exists a group withk–dimensional Dehn function
xs. Similar isoperimetric inequalities are obtained for fillings modeled on arbitrary
manifold pairs (M, ∂M) in addition to (Bk+1, Sk).

20F65; 20F69, 20E06, 57M07, 57M20, 53C99

Introduction

Given ak–connected complex or manifold one wants to identify functions that bound
the volume of efficient ball-fillings for spheres mapped into that space. The purpose of
this article is to advance the understanding of which functions can arise when one seeks
optimal bounds in the universal cover of a compact space. Despite the geometric nature
of both the problem and its solutions, our initial impetus for studying isoperimetric
problems comes from algebra, more specifically theword problemfor groups.

The quest to understand the complexity of word problems has been at the heart of
combinatorial group theory since its inception. When one attacks the word problem

http://www.ams.org/mathscinet/search/mscdoc.html?code=20F65,(20F69, 20E06, 57M07, 57M20, 53C99)
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for a finitely presented groupG directly, the most natural measure of complexity is
the Dehn functionδ(x) which bounds the number of defining relations that one must
apply to a wordw =G 1 to reduce it to the empty word; the bound is a function of
word-length|w|. The functionδ(x) recursive if and only ifG has a solvable word
problem.

Progress in the last ten years has led to a fairly complete understanding of which
functions arise as Dehn functions of finitely presented groups. The most comprehensive
information comes from [18] where, modulo issues associated to theP = NP question,
Birget, Rips and Sapir essentially provide a characterisation of the Dehn functions
greater thanx4. In particular they show that the followingisoperimetric spectrumis
dense in the range [4,∞).

IP = {α ∈ [1,∞) | f (x) = xα is equivalent to a Dehn function}.

Gromov proved that IP∩ (1, 2) is empty and that word hyperbolic groups can be
characterised as those which have linear Dehn functions. In [3] Brady and Bridson
completed the understanding of thecoarsestructure of IP by providing a dense set of
exponents in IP∩ [2,∞). What remains unknown is the fine structure of IP∩ (2, 4).
In particular, it has remained unknown whetherQ ∩ (2, 4) ⊂ IP. There has, however,
been recent progress on understanding Dehn functions belowx4 that are not of the
form xα . For instance, Ol′shanskii and Sapir [16] have constructed groups with Dehn
function x2 log(x), and Ol′shanskii [15] has constructed examples with more exotic,
almost-quadratic behavior.

What Brady and Bridson actually do in [3] is associate to each pair of positive integers
p > q a finite aspherical 2–complex whose fundamental groupGp,q has Dehn function
x2 log2 2p/q. These complexes are obtained by attaching a pair of annuli to a torus, the
attaching maps being chosen so as to ensure the existence of a family of discs in the
universal cover that display a certainsnowflake geometry(cf Figure 4below). In the
present article we present a more sophisticated version of the snowflake construction
that yields a much larger class of isoperimetric exponents.

Theorem A Let P be an irreducible non-negative integer matrix with Perron–Frobenius
eigenvalue λ > 1, and let r be a rational number greater than every row sum of P.
Then there is a finitely presented group Gr,P with Dehn function δ(x) ' x2 logλ(r) .

Here,' denotes coarse Lipschitz equivalence of functions. By takingP to be the
1× 1 matrix (22q) and r = 2p (for integersp > 2q) we obtain the Dehn function
δ(x) ' xp/q and deduce the following corollary.
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Corollary B Q ∩ (2,∞) ⊂ IP.

The influential work of M. Gromov [11], [12] embedded the word problem in the
broader context of filling problems for Riemannian manifolds and combinatorial com-
plexes. For example, Gromov’s Filling Theorem [5] states that given a compact
Riemannian manifoldM , the smallest function bounding the area of least-area discs
in M as a function of their boundary length is coarsely Lipschitz equivalent to the
Dehn function ofπ1M . In the geometric context, it is natural to extend questions
about the size of optimal fillings to higher-dimensional spheres, exploring higher-
dimensional isoperimetric functions that bound the volume of optimal ball-fillings
of spheres mapped into the manifold (or complex). Correspondingly, one defines
higher-dimensional Dehn functionsδ(k)(x) for finitely presented groupsG that have a
classifying space with a compact (k + 1)–skeleton (seeSection 2). The equivalence
class ofδ(k) is a quasi-isometry invariant ofG, by Alonso–Wang–Pride [2].

In contrast to the situation of ordinary Dehn functions, Papasoglu [17] has shown
that δ(2)(x) is always bounded by a recursive function. This is not the case in higher
dimensions, however. For eachk > 2, Young [23] constructs a group for whichδ(k)(x)
is not subrecursive.

For each positive integerk one has thek–dimensional isoperimetric spectrum

IP(k) = {α ∈ [1,∞) | f (x) = xα is equivalent to ak–dimensional Dehn function}.

We do not yet have as detailed a knowledge of the structure of these sets as we do
of IP = IP(1). Indeed knowledge until now has been remarkably sparse even for
IP(2): the results of Alonsoet al [1], Wang and Pride [22], and Wang [21] provide
infinite sets of exponents in the range [3/2, 2) and provide evidence for the existence
of exponents in the range [2,∞); the snowflake construction of Brady and Bridson [3]
provides a dense set of exponents in the interval [3/2, 2); and in Bridson [6] it is was
proved that 2, 3 ∈ IP(2) (see also Burillo [8]). Gromov and others have investigated
the isoperimetric behavior of lattices [12].

Our second theorem relieves the dearth of knowledge about the coarse structure of
IP(k) , k > 2.

Theorem C Let P be an irreducible non-negative integer matrix with Perron–Frobenius
eigenvalue λ > 1, and let r be an integer greater than every row sum of P. Then for
every k > 2 there is a group Σk−1Gr,P of type Fk+1 with k–dimensional Dehn function
δ(k)(x) ' x2 logλ(r) . There are also groups Σk−1Z2 of type Fk+1 with k–dimensional
Dehn function δ(k)(x) ' x2 .
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By takingP to be the 1×1 matrix (22q) andr = 2p we see thatQ∩ [2,∞) ⊂ IP(k) ; in
particular IP(k) is dense in the range [2,∞). But that falls short of one’s expectations:
as in the casek = 1, one anticipates that IP(k) should be dense in the range that begins
with the exponent (k + 1)/k corresponding to the isoperimetric inequality for spheres
in Euclidean space. In order to fulfil this expectation, we investigate the higher Dehn
functions of productsG× Z and prove the following theorem.

Theorem D If P, λ and r are as in Theorem C, then for all q, ` ∈ N, the (q + `)–
dimensional Dehn function of Σq−1Gr,P × Z` is equivalent to xs, where s = (`+1)α−`

`α−(`−1)

and α = 2 logλ(r). The (q + `)–dimensional Dehn function of Σq−1Z2 × Z` is
equivalent to xs, where s = `+2

`+1 .

By holding q and` fixed and varyingr andP, one obtains a dense set of exponentss
in the interval [`+2

`+1, `+1
` ] including all rationals in this range. By varyingq and` with

k = q + ` and taking account ofTheorem Cwe deduce the following result, shown
pictorially in Figure 1.

Corollary E Q ∩ [(k + 1)/k,∞) ⊂ IP(k) .
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Figure 1: Isoperimetric exponents ofΣq−1Gr,P × Z` . Colors correspond to fixed values ofq.

The main aim of Brady and Bridson’s initial construction of snowflake groups [3] was
to prove that the closure of IP(1) is {1} ∪ [2,∞). Corollary Eimplies that the closure
of IP(k) contains{1} ∪ [(k+ 1)/k,∞). Building on this result, Brady and Forester [4]
have recently shown that the closure of IP(k) is in fact equal to [1,∞) for k > 2. Other
examples, known earlier, include solvable and nilpotent groups whose two-dimensional
Dehn functions appear to bex logx andx4/3 respectively, by Wang [21] and Coulhon–
Saloff-Coste [9] (the latter was pointed out to us by Robert Young). It should be noted,
however, that in both cases the upper bound is derived using the Sobolev inequality
from Varopoulos–Saloff-Coste–Coulhon [20]. The resulting isoperimetric inequality



Isoperimetric Spectra 5

concerns embedded fillings only, which do nota priori suffice for our definitions (which
allow singular maps and fillings).

This article is organised as follows. In Section 1 we outline the construction of the
snowflake groupsGr,P and their HNN extensionsΣGr,P, deferring a detailed account
to Sections 4 and 6. In Section 2 we define the class of maps with which we shall
be working and record some pertinent properties; we also recall those elements of
Perron–Frobenius theory that we require. The groupsGr,P are fundamental groups of
graphs of groups; in Section 3 we analyze the geometry of the vertex groups in these
decompositions. The snowflake geometry ofGr,P is described in Section 4 and this
is analyzed in further detail in Section 5 to proveTheorem A. In Section 6 we turn
our attention to higher Dehn functions and establish the lower bounds required for
Theorem Cby analyzing the geometry of an explicit sequence of embedded (k + 1)–
balls in the universal cover of a (k + 1)–dimensional classifying space forΣk−1Gr,P.
In Section 7 we establish the complementary upper bounds. The proof proceeds
by induction, slicing balls into slabs based of lower-dimensional fillings. A lack of
control on the topology of these slabs obliges one to prove a stronger result: instead of
establishing bounds only on the behavior of ball-fillings for spheres, one must establish
isoperimetric inequalities for all pairs of compact manifolds (M(k+1), ∂M) mapping to
the space in question. In Section 8 we analyze the isoperimetric behaviour of products
G× Z and complete the proof ofTheorem D.
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1 An outline of the basic construction

The groupsGr,P we consider are fundamental groups of graphs of groups whose
underlying graphs are determined by a non-negative integer matrixP. The edge
groups are infinite cyclic, with attaching maps determined by a rational numberr .
The vertex groupsVm have many properties in common with free abelian groups of
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rank m. Indeed, for the purposes of this summary, the reader may takeVm = Zm

(cf Remark 1.1). There is a distinguished elementc ∈ Vm, corresponding to the
diagonal element (the product of the standard generators) inZm. The precise definition
of Vm is given inSection 3.

The key geometric idea behindTheorem Ais that efficient van Kampen diagrams for
the groupsGr,P exhibit thesnowflake geometryillustrated inFigure 4. The essential
features of such diagrams are these: the diagram is composed of polygonal subdiagrams
joined across strips so that the dual to the decomposition is a treeT ; and each of the
polygonal subdiagrams is a van Kampen diagram in one of the vertex groupsVm

(typically it is an (m + 1)–gon with a base labeled by a power of the distinguished
c ∈ Vm andm other sides labeled by powers of them standard generators ofVm).

The most important class of diagrams are those that are as symmetric as possible,
having the property that as one moves from the circumcenter of the dual tree to the
boundary of the diagram, the joining strips are all oriented in such a way that the length
of the side stripdecreasesby a factor ofr as one journeys towards the boundary. The
labels on the outer sides of the strips are powers of the diagonal elements in various
vertex groupsVm, and a crucial feature of our construction is that the cyclic subgroups
〈c〉 ⊂ Gr,P are distorted in a precisely understood manner, with distortion funtion' xα

whereα = logλ(r) andλ is the Perron–Frobenius eigenvalue ofP. This distortion is
determined through the analysis of certain paths, calledsnowflake paths, which play
the role of quasi-geodesics inGr,P. These snowflake paths are the result of a curve
shortening process; the dynamics of this process are at the heart of our calculations and
this is where the Perron–Frobenius theory enters – seeSection 4.

If the treeT has radiusd, then arguing by induction ond in a suitable class of diagrams,
one calculates the length of the boundary to be∼ dk/α if the central polygon has base
∼ dk . One has a precise understanding of the quadratic Dehn functions of the vertex
groupsVm, and this leads to an area estimate of∼ d2k on these diagrams of diameter
∼ dk . Thus we obtain a family of diagrams with area∼ d2k and perimeter∼ dk/α ,
and an elementary manipulation of logs provides the required lower bound ofx2 logλ(r)

for the Dehn function ofGr,P. The complementary upper bound is established in
Section 5.

A key feature in our construction ofGr,P is that whenr is an integer, the snowflake
diagrams admit a precise scaling by a factor ofr , induced by a monomorphism. The
ascending HNN extensionG∗

r,P of Gr,P corresponding to this monomorphism is a
group in which one canstackscaled snowflake diagrams (seeFigure 8). By putting
together two such stacks (using two stable letters) one obtains asnowflake ball, having
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the same proportions as its equatorial snowflake disk. That is, the interior volume and
surface area of the ball are comparable to the area and boundary length, respectively,
of the equatorial disk. In this way, one discovers the higher dimensional isoperimetric
behavior of the multiple HNN extensionΣGr,P which is obtained by amalgamating
two copies ofG∗

r,P alongGr,P.

The snowflake balls just described determine a lower bound for the 2–dimensional
Dehn function mentioned inTheorem C; upper bounds in this case can be deduced by
using Wang–Pride [22]. To proceed in higher dimensions we iterate the suspension
procedure described above. Lower bounds can be determined as before. However, in
dimensions greater than 2, upper bounds require new techniques. In particular, we
need to consider isoperimetric inequalities for compact manifolds (M, ∂M) other than
(Bk, Sk−1). Using this perspective, we establish general upper bounds for ascending
HNN extensions. This is achieved inTheorem 7.2and is further refined inTheorem 8.1.

Remark 1.1 The actual vertex groupsVm of Gr,P are themselves fundamental groups
of graphs of groups with vertex groupsZ2 and edge groupsZ. It turns out that this
structure is compatible with the largerGr,P graph of groups structure. That is,Gr,P

itself may be viewed as the fundamental group of an aspherical 2–complex assembled
from a finite collection of tori and annuli. With respect to a fixed framing on the tori,
the attaching maps of the annuli are all powers of the slopes{1/0, 0/1, 1/1}. From
this perspective, it is perhaps surprising that one can encode the range of isoperimetric
exponents stated inTheorem A.

An explicit example

We conclude this outine with an explicit example illustratingTheorem A. The example
that we present here has Dehn functionxp/q, where p > 2q are positive integers
(common factors are allowed).

Let P be the 1× 1 matrix with entry 22q = 4q and let r = 2p. Then Gr,P is the
fundamental group of a graph of groupsG with one vertex group and 4q infinite cyclic
edge groups. The single vertex groupV4q is the fundamental group of a tree of groups
that we shall describe in a moment.V4q has generatorsa1, . . . , a4q ; the product of
these generatorsc = a1 · · ·a4q plays a special role.

The i th edge group ofG has two monomorphisms to the vertex groupV4q . One maps
the generator toc and the other maps the generator toa2p

i . Thus we have a relative
presentation

Gp/q = Gr,P = 〈V4q, s1, . . . , s4q | s−1
i a2p

i si = c (i = 1, . . . , 4q) 〉.
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It remains to elucidate the structure of the groupV4q . This is the fundamental group
of a tree of groups in which each of the vertex groups is isomorphic toZ2 and each of
the edge groups is infinite cyclic. The underlying tree is a segment with 4q − 2 edges
and 4q − 1 vertices. A basis{ai , bi} is fixed for each vertex group, and the generator
of each edge group maps to the generatorai of the left-hand vertex group, and to the
diagonal element ai+1bi+1 of the right-hand vertex group.

The generatorsa1, . . . , a4q mentioned above are the generatorsai of these vertex
groups together witha4q = b4q−1. The distinguished elementc is the diagonala1b1

of the leftmost vertex groupZ2 (seeFigure 2(a)).

Theorem Atells us that the Dehn function ofGp/q is xα whereα = 2 log4q 2p = p/q.
Consider, for example, the groupG5/2 with Dehn functionx5/2. In this case, the tree
described above is a segment of length 14 and the above description ofV4q yields the
presentation

〈a1, b1, a2, b2, . . . , a15, b15 | [ai , bi ] (i = 1, . . . , 15), bi = ai+1bi+1 (i = 1, . . . , 14)〉.

Eliminating the superfluous generatorsb1, . . . , b14 and relabellingb15 asa16, as in the
description ofV4q above, we get

V16 = 〈a1, . . . , a16 | θ ∈ C16 〉

whereC16 is the following set of commutators:

[a1, a2 · · ·a16], [a2, a3 · · ·a16], · · · , [a14, a15a16], [a15, a16].

Thus we obtain the explicit presentation

G5/2 = 〈a1, . . . , a16, s1, . . . , s16 | C16; s−1
i a32

i si = a1 · · ·a16 (i = 1, . . . , 16)〉.

We have just described a 32–generator, 31–relator presentation ofG5/2. The corre-
sponding presentation forGp/q has 22q+1 generators and 22q+1 − 1 relations.

2 Preliminaries

In the first part of this section we recall the basic definitions associated to Dehn
functions. We then gather those elements of Perron–Frobenius theory that will be
needed in the sequel.
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Dehn functions

Given a finitely presented groupG = 〈A | R〉 and a wordw in the generatorsA±1

that represents 1∈ G, one defines

Area(w) = min{N ∈ N | ∃ equalityw =
N∏

j=1

ujr ju
−1
j freely, wherer j ∈ R±1} .

TheDehn functionδ(x) of the finite presentation〈A | R〉 is defined by

δ(x) = max{Area(w) | w ∈ ker(F(A) → G), |w| 6 x}

where |w| denotes the length of the wordw. It is straightforward to show that the
Dehn functions of any two finite presentations of the same group are equivalent in the
following sense (and modulo this equivalence relation it therefore makes sense to talk
of “the” Dehn function of a finitely presented group).

Given two functionsf , g: [0,∞) → [0,∞) we definef 4 g if there exists a positive
constantC such that

f (x) 6 C g(Cx) + Cx

for all x > 0. If f 4 g and g 4 f then f and g are said to beequivalent, denoted
f ' g.

Remark 2.1 In order to establish the relationf 4 g between non-decreasing functions,
it suffices to consider relatively sparse sequences of integers. For if (ni) is an unbounded
sequence of integers for which there is a constantC > 0 such thatn0 = 0 and
ni+1 6 Cni for all i , and if f (ni) 6 g(ni) for all i , then f 4 g. Indeed, given
x ∈ [0,∞) there is an indexi such thatni 6 x 6 ni+1, whencef (x) 6 f (ni+1) 6
g(ni+1) 6 g(Cni) 6 g(Cx).

We refer to Bridson [5] for general facts about Dehn functions, in particular the
interpretation of Area(w) in terms ofvan Kampen diagramsover 〈A | R〉. Recall
that a van Kampen diagram forw is a labeled, contractible, planar 2–complex with a
basepoint and boundary labelw. Associated to such a diagramD one has a cellular
map D̃ from D to the universal cover̃K of the standard 2–complex of〈A | R〉,
respecting labels and basepoint. The diagram is said to beembeddedif this map in
injective.

Remark 2.2 If the presentation〈A | R〉 is aspherical and the diagramD is embedded,
then D has the smallest area among all diagrams with the same boundary label. To
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see this, note that if̃∆ is a diagram with the same boundary circuit asD̃, thenD̃− ∆̃
defines a 2–cycle iñK , which must be zero sinceH2(K̃; Z) = 0 and there are no
3–cells. Thus each 2–cell in the image ofD̃ must also occur in the image of̃∆. And
sinceD̃ is an embedding, the number of 2–cells in the image (hence domain) of∆̃ is
at least Area(D).

Higher-dimensional Dehn functions

Our treatment of higher-dimensional Dehn (isoperimetric) functions is similar to that
of Bridson [6], which is an interpretation of the more algebraic treatment of Alonsoet
al [2]. See Section 5 of [6] for an explanation of the differences with the approaches
of other authors, in particular Gromov [12], Epsteinet al [10], and Hatcher–Vogtmann
[13].

The k–dimensional Dehn function is a functionδ(k) : N → N defined for any group
G that is of typeFk+1 (that is, has aK(G, 1) with finite (k + 1)–skeleton). Up to
equivalence,δ(k)(x) is a quasi-isometry invariant. Roughly speaking,δ(k)(x) measures
the number of (k + 1)–cells that one needs in order to fill any singulark–sphere in
K(G, 1) comprised of at mostx k–cells. The reader who is happy with this description
can skip the technicalities in the remainder of this subsection. However, to be precise
one has to be careful about the classes of maps that one considers and the way in which
one counts cells. To this end, we make the following definitions.

If W is a compactk–dimensional manifold andX a CW complex, anadmissible map
is a continuous mapf : W → X(k) ⊂ X such thatf−1(X(k) −X(k−1)) is a disjoint union
of openk–dimensional balls, each mapped byf homeomorphically onto ak–cell of
X.

If f : W → X is admissible we define thevolumeof f , denoted Volk(f ), to be the
number of openk–balls inW mapping tok–cells ofX. This notion is useful because
of the abundance of admissible maps:

Lemma 2.3 Let W be a compact manifold (smooth or piecewise-linear) of dimension
k and let X be a CW complex. Then every continuous map f : W → X is homotopic
to an admissible map. If f (∂W) ⊂ X(k−1) then the homotopy may be taken rel ∂W.

Proof We prove the lemma in the smooth case; analogous methods apply in the
piecewise-linear category (cf the transversality theorem of Buoncristiano–Rourke–
Sanderson [7]).
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First arrange thatf (W) ⊂ X(k) using cellular approximation. Next considerX(k)−X(k−1)

as a smooth manifold and perturbf to be smooth on the preimage of this open set. Let
C ⊂ X(k) be a set consisting of one point in the interior of eachk–cell of X. By Sard’s
theorem we can choose each point ofC to be a regular value off . The preimagef−1(C)
is now a codimensionk submanifold ofW (ie a finite set of points) andf is a local
diffeomorphism at each of these points, by the inverse function theorem. Thus there
is a neighborhoodV of C consisting of a small open ball around each point, whose
preimage inW is a disjoint union of open balls, each mapping diffeomorphically to
a component ofV . Now modify f by composing it with a map ofX (homotopic to
the identity) that stretches each component ofV across thek–cell containing it, and
pushes its complement intoX(k−1). The resulting map is admissible.

Given a groupG of type Fk+1, fix an aspherical CW complexX with fundamental
groupG and finite (k+ 1)–skeleton. Let̃X be the universal cover ofX. If f : Sk → X̃
is an admissible map, define thefilling volumeof f to be the minimal volume of an
extension off to Bk+1:

FVol(f ) = min{Volk+1(g) | g: Bk+1 → X̃, g|∂Bk+1 = f }.

Note that the mapsg must be admissible for volume to be defined. Such extensions
exist byLemma 2.3, sinceπk(X̃) is trivial. Next we define thek–dimensional Dehn
functionof X to be

δ(k)(x) = sup{FVol(f ) | f : Sk → X̃, Volk(f ) 6 x}.

Again, the mapsf are assumed to be admissible. We will also writeδ(k)(x) asδ(k)
G (x)

(recall thatG is the fundamental group ofX).

Remarks 2.4 (1) In these definitions one could equally well useX in place of X̃,
since mapsSk → X (or Bk+1 → X) and their lifts toX̃ have the same volume. There
are reasons to prefer̃X, however, as we shall see in the next definition below.

(2) It is not difficult to show that the Dehn functionδ(k)
G (x) agrees with the notion

defined by Alonsoet al in [2]. A discussion along these lines is given in Bridson
[6, Section 5]. Moreover it is proved in [2] that, up to equivalence,δ(k)

G (x) depends
only on G (and in fact is a quasi-isometry invariant); hence we refer to it as “the”
k–dimensional Dehn function ofG. It is also proved in [2] that the supremum in the
definition of δ(k)

G (x) is attained.
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More general Dehn functions

The definition ofδ(k)(x) generalizes in a natural way to give Dehn functions modeled on
manifolds other thanBk+1. For example, Gromov has definedgenus g filling invariants
based on surfaces other than the disk [12]. Here we need to consider arbitrary compact
manifolds.

Let (M, ∂M) be a compact manifold pair (smooth or piecewise-linear) with dimM =
k + 1. If f : ∂M → X̃ is an admissible map define

(2.5) FVolM(f ) = min{Volk+1(g) | g: M → X̃, g|∂M = f }

and

δM(x) = sup{FVolM(f ) | f : ∂M → X̃, Volk(f ) 6 x}.

Thedimensionof δM(x) is k, the dimension of∂M (when∂M 6= ∅). In general we do
not assume thatM is connected or that∂M 6= ∅. Note that ifM is closed thenδM(x)
is identically zero, sinceM may be mapped to a point, of zero volume. We will also
use the notationδM

G (x) for δM(x).

Remarks 2.6 (1) In the definition ofδM(x) it is important that we use maps intõX,
which is contractible, since mapsf : ∂M → X need not have extensions toM . Note
that if (M, ∂M) = (Bk+1, Sk) then the definitions ofδM(x) andδ(k)(x) agree.

(2) The omission ofX from the notation and the adoption of the alternative notation
δM

G (x) suggest an implicit claim that, as in the caseM = Bk+1, the equivalence class
of δM(x) depends only onG. We shall address this issue elsewhere, as it would take
us too far afield in the context of the current paper. The structure of the arguments in
Sections 7 and 8 requires us to work with specific choices ofX anyway.

(3) Also to be addressed elsewhere is whether the supremum in the definition ofδM(x)
is attained. The main difficulty arises whenM is 3–dimensional, as we shall explain
in a moment. In the current paper this issue plays no role because none of the bounds
that we establish requirea priori finiteness.

(4) If dim M = k + 1 > 4 thenδM(x) 6 δ(k)(x) provided∂M is connected orδ(k)(x)
is superadditive. In particular,δM(x) is finite. The key point to observe here is that
if N = ∂M is connected andf : N → X̃ has volumeV , then there is an admissible
homotopy with (k + 1)–dimensional volume at mostδ(k)(V) from f to an admissible
map f ′ : N → X̃ whose image lies̃X(k−1); one can then fillf ′ by a mapM → X with
zero (k + 1)–dimensional volume.
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To see that this homotopy exists, one considers a (k− 1)–sphereS in N that encloses
a ball D containing all of the open discs that contribute to the volume off . The
restriction of f to S is trivial in Hk−1(X̃(k−1)) and hence inπk−1(X̃(k−1)) (recall that
X̃(k−1) is (k− 2)–connected, andk > 2). The null-homotopyH : Bk → X̃(k−1) of f |S
furnished by this observation can be adjoined tof |D to give an admissible mapSk → X̃
of volume V . This can then be filled by an admissible mapBk+1 → X̃ of volume at
mostδ(k)(V). The desired mapf ′ is defined to be the adjunction off |N−D andH .

If dim M = 2 then the same statement holds; this is proved below inLemma 7.4. The
case dimM = 3 is different: Young [23] has constructed a groupG such that ifM is
a 3–manifold with boundaryS1 × S1, thenδM(x) is strictly larger thanδ(2)(x).

Remark 2.7 An obvious adaptation of the argument inRemark 2.2shows that ifX
is an aspherical (k + 1)–dimensional CW complex,g: Mk+1 → X is an embedding,
and f = g|∂M (with f and g admissible) then FVolM(f ) = Volk+1(g). That is, the
embeddingg has minimal volume among all extensions off to the manifoldM . We
shall use this fact in particular in the case of high-dimensional balls to estimateδ(k)(x)
from below.

Perron–Frobenius Theory

A square non-negative matrixP is said to beirreducibleif for every i andj there exists
k > 1 such that theij –entry of Pk is positive. The basic properties of irreducible
matrices are summarized in the Perron–Frobenius theorem below. See Seneta [19] and
Katok–Hasselblatt [14] for a more thorough treatment of this theory and its applications.

Proposition 2.8 (Perron–Frobenius theorem)Let P be an irreducible non-negative
R× R matrix. Then P has one (up to a scalar) eigenvector with positive coordinates
and no other eigenvectors with non-negative coordinates. Moreover, the corresponding
eigenvalue λ is simple, positive, and is greater than or equal to the absolute value of
all other eigenvalues. If m and M are the smallest and largest row sums of P, then
m 6 λ 6 M , with equality on either side implying equality throughout.

Lemma 2.9 Let P be an irreducible non-negative R×R matrix with Perron–Frobenius
eigenvalue λ. Let {v1, . . . , vR} be a generalized eigenbasis for P, with v1 a positive
eigenvector for λ, and with corresponding inner product 〈 · , · 〉. Then 〈u, v1〉 > 0 for
every non-negative vector u ∈ RR− {0}.
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Proof DecomposeRR asW1 ⊕ · · · ⊕Wk where eachWi is a generalized eigenspace
for P, with W1 = 〈v1〉. EachWi is P–invariant, as is the non-negative orthantN ,
sinceP is non-negative. The intersection (W2 ⊕ · · · ⊕ Wk) ∩ N must then be trivial,
for otherwise it contains an eigenvector forP other thanv1 (or a scalar multiple), by
the Brouwer fixed point theorem. Hence〈u, v1〉 6= 0 for everyu ∈ N − {0}. Since
N − {0} is connected and containsv1, 〈u, v1〉 is positive.

Proposition 2.10 (Growth rate) Let P be an irreducible non-negative R× R matrix
with Perron–Frobenius eigenvalue λ. Let ‖ · ‖ be a norm on RR. Then there are
positive constants A0, A1 such that for every non-negative vector u in RR and every
integer k > 0, A0λ

k ‖u‖ 6
∥∥Pku

∥∥ 6 A1λ
k ‖u‖.

Proof First, it is clear that by varying the constants, it suffices to consider any single
norm ‖ · ‖. Consider a generalized eigenbasis{v1, . . . , vR} as inLemma 2.9(with v1

a positive eigenvector forλ). Let 〈 · , · 〉 and‖ · ‖ be the corresponding inner product
and norm onRR. Let π : RR → 〈v1〉 be orthogonal projection (π(u) = 〈u, v1〉v1).

DefineA0 = inf{‖π(u)‖ / ‖u‖ | u ∈ N − {0}}. Note thatA0 > 0 by Lemma 2.9and
compactness ofN − {0} modulo homothety. For everyu ∈ N − {0} we now have
λkA0 ‖u‖ 6 λk ‖π(u)‖ =

∥∥Pkπ(u)
∥∥ 6

∥∥Pku
∥∥. We also have

∥∥Pku
∥∥ 6 λk ‖u‖ sinceλ

is the spectral radius ofP; henceA1 = 1 will work.

3 The vertex groupsVm

In this section we define groupsVm for each integerm > 2. We begin with a very
brief overview of the construction of the groupsGr,P so that the reader knows where
the groupsVm fit into the overall picture.

An irreducible matrixP determines a directed graph (whose transition matrix isP).
This graph is the underlying graph in a graph of groups description of theGr,P in
Theorem A. The vertex groups in this graph of groups are precisely the groupsVm

which we define and study in this section.

The groupsVm satisfy a number of the properties that the free abelian groupsZm do,
but they have geometric dimension 2. In particular,Vm has generatorsa1, . . . , am and
has the following scaling property (cf equation (3.2)): for any integerN > 0, the
equalityaN

1 · · ·aN
m = (a1 · · ·am)N holds. Moreover, this equality requires on the order

of N2 relations ofVm. This follows as a special case ofLemma 3.5, which gives
careful estimates on the areas of certain words inVm.
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The groups Vm

Begin with m− 1 copies ofZ × Z, the i th copy having generators{ai , bi}. The
group Vm is formed by successively amalgamating these groups along infinite cyclic
subgroups by adding the relations

b1 = a2b2, b2 = a3b3, . . . , bm−2 = am−1bm−1.

Thus Vm is the fundamental group of a graph of groups whose underlying graph is
a segment havingm− 2 edges andm− 1 vertices. We define two new elements:
c = a1b1 andam = bm−1. Thena1, . . . , am generateVm and the relationa1 · · ·am = c
holds; seeFigure 2(a). The elementc is called thediagonal elementof Vm. The
additional relationsbm−2 = am−1am, . . . , bm−k = am−k+1 · · ·am are also evident
from Figure 2(a).

c

a1

a2 a3

a4

b1

b2

(a) (b)

Figure 2: Some relations inV4 : c = a1a2a3a4 andc3 = (a1)3(a2)3(a3)3(a4)3

If m = 1 then we defineVm to be the infinite cyclic group〈a1〉 and we setc = a1.
Lemmas3.1and3.5below clearly hold in this case.

Lemma 3.1 (Shuffling Lemma) Let w = w(a1, . . . , am, c) be a word representing cN

in Vm for some integer N . Let ni be the exponent sum of ai in w, and nc the exponent
sum of c in w. Then the words an1

1 · · ·anm
m cnc and cncanm

m · · ·an1
1 also represent cN in

Vm and ni = N− nc for all i .

Proof First we prove the second statement. The abelianizationVm/[Vm, Vm] ∼= Zm

has{a1, . . . , am} as a basis and the image ofw is an1+nc
1 · · ·anm+nc

m . SincecN abelian-
izes toaN

1 · · ·aN
m, we must haveni = N− nc for all i .

To prove the first statement it now suffices to establish the following set of equalities
for any integerN:

(3.2) (a1 · · ·am)N = aN
1 · · ·aN

m = aN
m · · ·aN

1 = (am · · ·a1)N.
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In fact we shall prove the following equalities, by induction onk:

(am−k+1 · · ·am)N = am−k+1
N · · ·aN

m = aN
m · · ·am−k+1

N = (am · · ·am−k+1)N.

The casek = 1 is evidently true. Suppose the equations hold for a givenk >
1. By the induction hypothesisaN

m−ka
N
m−k+1 · · ·aN

m = aN
m−k(am−k+1 · · ·am)N . Then

sincebm−k = am−k+1 · · ·am and this element commutes witham−k , we conclude that
aN

m−k(am−k+1 · · ·am)N = (am−k · · ·am)N . The same commutation relation also yields

aN
m−k(am−k+1 · · ·am)N = (am−k+1 · · ·am)NaN

m−k

= (am · · ·am−k+1)NaN
m−k

= aN
m · · ·aN

m−k+1aN
m.

Finally we have (am · · ·am−k+1)NaN
m−k = (am · · ·am−k+1am−k)N , again becauseam−k

andbm−k (= am · · ·am−k+1) commute.

Remark 3.3 (Scaling inVm) Equation (3.2) plays a key role in this article. It shows
that the basic relation shown inFigure 2(a) holds at larger scales as well.Figure 2(b)
illustrates how these larger relations follow from the triangular relationsbi−1 = aibi

andbi−1 = biai .

The spacesXm

To compute area inVm we shall use a specific aspherical 2–complexXm with funda-
mental groupVm. This complex is a union ofm− 1 tori, each triangulated with two
2–cells realizing the relationsaibi = bi−1 andbiai = bi−1 (whereb0 = c in the case
i = 1). Thus thei th torus has standard generators given by the 1–cellsai andbi , and
its diagonal is joined to the 1–cellbi−1 of the previous torus. In all there is one vertex,
1–cellsa1, . . . , am−1, b0, . . . , bm−1, and 2(m− 1) triangular 2–cells.

The universal cover̃Xm is a union of planes, each covering one of the tori below. Each
plane contains three families of parallel lines covering the 1–cellsai , bi , and bi−1.
The plane intersects neighboring planes along thebj –lines for j 6= 0, m− 1. These
planes are thevertex spacesof X̃m corresponding to the graph of groups decomposition
of Vm described earlier. The incidence graph of the vertex spaces is the Bass–Serre
tree for this decomposition, with edges corresponding tobj –lines (j 6= 0, m− 1).

Remark 3.4 Figure 2(b) shows an embedded disk iñXm with boundary word of the
form cN = aN

1 · · ·aN
m (N = 3). The triangles shown are 2–cells ofX̃m. Each large

triangular region lies in a vertex space ofX̃m. There are similar embedded disks with
boundary wordcN = aN

m · · ·aN
1 as well. All of these disks have area (m− 1)N2.
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Throughout this article we usually work with thestandard generators{a1, . . . , am} for
Vm. However in the area computation below we allow words involving the elements
bi as well.

Lemma 3.5 (Area inVm) Let w(a1, . . . , am−1, b0, . . . , bm−1) be a word representing
the element xN for some N , where x is a generator ai or bi . Let w be expressed as
w1 · · ·wk where each wi is a power of a generator. Then N 6 |w| and Area(wx−N) 6
3
∑

i<j |wi | |wj |.

Note that if the sum included diagonal terms of the form (3/2) |wi |2 then the area bound
would simply be (3/2) |w|2. The leeway afforded by the absence of these terms will
be exploited in the proof ofTheorem A. (In particular, it would not suffice to know
only thatVm has quadratic Dehn function.) Also the statementN 6 |w| implies that
every vertex space is a totally geodesic subspace ofX̃m.

Proof First we prove thatN 6 |w| and then we establish the area bound. Both proofs
are by induction on the complexity of the wordw, defined as follows. Letp be a
path in the 1–skeleton of̃Xm whose edge labels readw. Sincew representsxN , the
endpoints ofp lie in a single vertex space. Hence the induced pathp̂ in the Bass–Serre
tree is a closed path. Thecomplexityof w is the length of̂p. Note that vertices of̂p
correspond to edges ofp (or letters ofw) and edges correspond to transitions between
certain pairs of generators. Thus the complexity is also the number of such transitions
occurring inw.

If w has complexity zero thenp lies in a plane. The statementN 6 |w| amounts to
saying thatxN is a geodesic, which is clear. If̂p has positive length then there is a
non-trivial proper subpathp′ ⊂ p with endpoints on a singlebj –line. (These endpoints
correspond to edges in̂p that map to the same edge of the Bass–Serre tree, crossing
and returning.) The subwordw′ ⊂ w corresponding top′ represents an element of the
form bj

M . Let u be the word obtained fromw by substitutingbj
M for w′ . Thenu and

w′ both have complexity strictly smaller than that ofw. By the induction hypothesis,
M 6 |w′| andN 6 |u| = (|w| − |w′|) + M . ThereforeN 6 |w|.

Next we establish the area bound whenw has complexity zero. Sincep then lies
entirely within a vertex space of̃Xm, we may assume without loss of generality that
Vm = V1 andx = b0, so thatw(a1, b0, b1) = b0

N in V1 = 〈a1, b1, b0 | a1b1 = b0 =
b1a1〉. Since this group is abelian we can successively transpose adjacent subwords
wi and cancel pairs of the formxx−1, to obtainv = an

1bn
1bN−n

0 for somen. Each
transposition of letters contributes 2 to Area(wv−1), so we have Area(wv−1) 6
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2
∑

i<j |wi | |wj |. Next let Ia and Ib be the sets of indices for whichwi is a power of
a1 and b1 respectively. Then

∑
i∈Ia

|wi | > |n| and
∑

i∈Ib
|wi | > |n|, and therefore∑

i<j |wi | |wj | > n2 = Area(vb−N
0 ). Then we have Area(wb−N

0 ) 6 Area(wv−1) +
Area(vb−N

0 ) 6 3
∑

i<j |wi | |wj | as desired.

Now supposew has positive complexity. Definew′ ⊂ w and u as before, so thatw′

representsbj
M , u is obtained fromw by substitutingbj

M for w′ , and bothu and w′

have smaller complexity thanw. Note thatw′ = wi0 · · ·wi1 ⊂ w1 · · ·wk for somei0
and i1, and sou = w1 · · ·wi0−1bj

Mwi1+1 · · ·wk . Let I = {i0, . . . , i1}. Applying the
induction hypothesis tou andw′ we obtain

(3.6) Area(ux−N) 6 3
∑
i<j

i,j 6∈I

|wi | |wj | + 3
∑
i 6∈I

|wi |M

and

(3.7) Area(w′bj
−M) 6 3

∑
i<j

i,j∈I

|wi | |wj | .

SinceM 6 |w′| =
∑

j∈I |wj |, inequality (3.6) becomes

(3.8) Area(ux−N) 6 3
∑
i<j

i,j 6∈I

|wi | |wj | + 3
(∑

i 6∈I

|wi |
)(∑

j∈I

|wj |
)
.

Adding together (3.7) and (3.8) yields

Area(w′bj
−M) + Area(ux−N) 6 3

∑
i<j

|wi | |wj |

which proves the lemma because Area(wx−N) 6 Area(wu−1) + Area(ux−N) and
Area(wu−1) = Area(w′bj

−M).

4 The groupsGr,P and snowflake words

The groups Gr,P

Start with a non-negative square integer matrixP = (pij ) with R rows. Letmi be the
sum of the entries in thei th row and letn =

∑
i mi , the sum of all entries. Form

a directed graphΓ with vertices{v1, . . . , vR} and havingpij directed edges fromvi

to vj . Label the edges as{e1, . . . , en} and define two functionsρ, σ : {1, . . . , n} →
{1, . . . , R} indicating the initial and terminal vertices of the edges, so thatei is a
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directed edge fromvρ(i) to vσ(i) for eachi . These functions also indicate the row and
column of the matrix entry accounting forei . Partition the set{1, . . . , n} as

⋃
i I i by

settingI i = ρ−1(i). Note that|I i | = mi .

Let M = max{mi} and choose a rational numberr = p/q with p > Mq > 0. We
define a graph of groupsGr,P with underlying graphΓ as follows. The vertex group
Gvi at vi will be Vmi and all edge groups will be infinite cyclic. Relabel the standard
generators of these vertex groups as{a1, . . . , an} in such a way that the standard
generating set forGvi is {aj | j ∈ I i}. Let ci be the diagonal element of the vertex
groupGvi . Then the inclusion maps are defined by mapping the generator of the infinite
cyclic groupGei to the elementsai

p ∈ Gvρ(i) andcσ(i)
q ∈ Gvσ(i) .

Let si be the stable letter associated to the edgeei . The fundamental groupGr,P of
Gr,P is obtained from the presentation

〈Gv1, . . . , GvR, s1, . . . , sn | s−1
i ai

psi = cσ(i)
q for all i 〉

by adding relationssi = 1 for each edgeei in a maximal tree inΓ. However, we shall
continue to use the generating set{a1, . . . , an, s1, . . . , sn} for Gr,P even though some
of these generators are trivial.

The spacesXr,P

We define aspherical 2–complexesXr,P by forming graphs of spaces modelingGr,P.
Namely, take the disjoint union of the spacesXvi ≈ Xmi (one for each vertexvi ) and
attach annuliAi , one for each edgeei of the graph. The two boundary curves ofAi are
attached to the paths labeledai

p in Xvρ(i) andcσ(i)
q in Xvσ(i) . The resulting 2–complex

Xr,P has fundamental groupGr,P and it is aspherical because it is the total space of a
graph of aspherical spaces.

The universal cover̃Xr,P is a union of copies of the universal coversX̃vi and infinite
stripsR×[−1, 1] covering the annuliAi . Each strip is tiled by 2–cells whose boundary
labels reads−1

i ai
psicσ(i)

−q; the two sidesR × {±1} consist of edges labeledai and
cσ(i) respectively. Note that if a path crosses a strip along an edge labeledsi and returns
over s−1

i then the power ofai represented by the path is divisible byp.

Snowflake words

For each group element of the formcN
i we will define two types of words in the

generators{a1, . . . , an, s1, . . . , sn} representing that element, called positive and neg-
ative snowflake words. The structure of these words is governed by the dynamics of
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the matrixP. Some snowflake words are close to geodesics, and these are useful in
determining the large scale geometry ofGr,P.

We define snowflake words recursively on|N| ∈ N as follows. Let

N0 =
p(M(q + 2 + p))

p−Mq
+ p.

Note for future reference thatN0 > p. Let c be the diagonal element of a vertex group
with standard ordered generating set{ai1, . . . , aim}. A word w representingcN is a
positive snowflake wordif either

(i) |N| 6 N0 andw = aN
i1 · · ·a

N
im , or

(ii) |N| > N0 and w = (si1u1s−1
i1 )(aN1

i1 ) · · · (simums−1
im )(aNm

im ) where eachuj is a
positive snowflake word representing a power ofcσ(i j ) and |Nj | < p for all j .

In the second case note that each subword (si j ujs−1
i j )(aNj

i j ) represents a power ofai j , and

by Lemma 3.1this power isN. Then since|Nj | < p, the word (si j ujs−1
i j ) represents

either ai j
bN/pcp or ai j

dN/pep. Consequently, the worduj represents eithercσ(i j )
bN/pcq

or cσ(i j )
dN/peq. Recall thatbxc and dxe denote the integers closest tox such that

bxc 6 x 6 dxe, and sobN/pcp anddN/pep are the multiples ofp nearest toN.

A negative snowflake wordis defined similarly, with the ordering of the terms repre-
senting powers ofai j reversed. More specifically,w satisfies either

(i ′ ) |N| 6 N0 andw = aN
im · · ·a

N
i1 , or

(ii ′ ) |N| > N0 and w = (aNm
im )(simums−1

im ) · · · (aN1
i1 )(si1u1s−1

i1 ) whereuj is a negative
snowflake word representing a power ofcσ(i j ) and |Nj | < p for all j .

As with positive snowflake words, each worduj will represent eithercσ(i j )
bN/pcq or

cσ(i j )
dN/peq.

To see that the recursion is well-founded note that the definition describes an iterated
curve shortening process in which subwords of the formcN are replaced by the words
described in case (ii) or (ii′ ), with appropriate powers ofcσ(i j ) in place of uj ; see
Figure 3. Writing |N| = Ap+ B with 0 6 B < p, the new word representingcN has
length at most

M ·max{Aq+ 2 + B, (A + 1)q + 2 + (p− B)} 6 M((A + 1)q + 2 + p).

The latter quantity is stictly less than|N| = Ap+B providedA(p−Mq) > M(q+2+p).
SinceB < p, this occurs whenever|N| > N0. Thus, the new curve is strictly shorter
thancN if |N| > N0. Eventually the subwordscN all have length at mostN0 and the
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cσ(1)
bN/pcq

cσ(2)
bN/pcq

cσ(3)
dN/peqaN

1

aN
2

aN
3

aN1
1

aN2
2

aN3
3

cN

Figure 3: One way of shorteningcN . Here{a1, a2, a3} is the generating set for a vertex group
V3 with diagonal elementc. The exponentsN1 and N2 are bothN − bN/pcp and N3 is
N− dN/pep. The short black edges are labeleds1 , s2 , s3 .

shortening procedure terminates. See alsoFigure 4for the end result of this process.
In this figure the top and bottom halves of the boundary are positive and negative
snowflake words representingcN .

Note that every snowflake word has a nested structure in which various subwords are
themselves snowflake words. These are the subwordsuj arising at each stage. The
minimal such subwords are those given by (i) and (i′ ) and these will be calledterminal
subwords. Thedepthof a snowflake subword is the number of snowflake subwords
of type (ii) or (ii ′ ) properly containing it, including the original snowflake word itself.
Equivalently, it is the number of matchingsj , s−1

j pairs enclosing it. Note that a
snowflake wordw contains a depth zero terminal subword if and only ifw has the
form (i) or (i ′ ).

It is worth emphasizing that the curve shortening process is not canonically determined,
but allows many choices. In each “remainder” termaNi

i the exponentNi may be positive
or negative; the two possible values forNi areN−bN/pcp andN−dN/pep. Figure 3
shows both possibilities occurring in a single step, for example. For this reason, a
single snowflake word may have terminal subwords of different depths. However,
Lemma 4.2below shows that these depths will not differ substantially.

Remark 4.1 A special type of snowflake word plays a key role in the proof of
Theorem C. If r is an integer (that is,r = p/1) andN = rk for somek, then the
positive (resp. negative) snowflake word representingcN

i is unique. What happens
is that the exponentsNj in the expressions (ii) or (ii′ ) at each stage are always zero;

there are no “remainder” termsaNj
i j . Each subworduj representscσ(i j )

N/r , andN/r is
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again a power ofr . Furthermore, all terminal subwords will have the formai1 · · ·aim

or aim · · ·ai1 .

Lemma 4.2 (Terminal subword depth)Given r and P there are positive constants
B0, B1 with the following property. If a non-trivial snowflake word w representing cN

contains a terminal subword of depth d then B0rd 6 |N| 6 B1rd .

Proof If d = 0 thenw has the form (i) or (i′ ) and 16 |N| 6 N0. Thus we need to
arrange thatB0 6 1 andB1 > N0 for the lemma to hold in this case.

If d > 0 then we will show by induction ond that

(4.3) N0rd−1 − p(rd−2 + · · ·+ r + 1) 6 |N| 6 N0rd + p(rd−1 + · · ·+ r + 1).

The lower bound then gives

|N| > N0rd−1 − p

(
rd−1 − 1

r − 1

)
>

1
r

(
N0 −

p
r − 1

)
rd.

Recall thatN0 > p andr > 2, which implyN0 > p/(r−1). Now we may findB0 > 0
so thatB0 6 r−1(N0 − p/(r − 1)) andB0 6 1, giving the desired bound.

The upper bound in (4.3) gives

|N| 6 N0rd + p

(
rd − 1
r − 1

)
6 (N0 + p)rd

where the last inequality uses the fact thatr − 1 > 1. Now chooseB1 > N0 + p to
obtain the desired bound.

Next we prove (4.3) by induction ond. If d = 1 then|N| > N0 andw is of the form
(ii) or (ii ′ ) where someuj has the form (i) or (i′ ). Then uj representscσ(i j )

N′
with

N′ 6 N0, and so (si j ujs−1
i j ) representsai j

rN′
. This implies|N| = |rN′ + Nj | 6 rN0 +p.

For d > 1 write w in the form (ii) or (ii′ ). Then the terminal subword has depthd− 1
in uj for somej . By the induction hypothesisuj representscσ(i j )

N′
where

(4.4) N0rd−2 − p(rd−3 + · · ·+ 1) 6
∣∣N′∣∣ 6 N0rd−1 + p(rd−2 + · · ·+ 1).

Then (si j ujs−1
i j ) representsai j

rN′
and rN′ − p 6 |N| 6 rN′ + p. These bounds and

(4.4) together imply (4.3).

Proposition 4.5 (Snowflake word length)Given r and P there are positive constants
C0, C1 with the following property. If c is the diagonal element of one of the vertex
groups and w is a snowflake word representing cN then C0 |w|α 6 |N| 6 C1 |w|α ,
where α = logλ(r) and λ is the Perron–Frobenius eigenvalue of P.
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Proof If w is non-trivial and has the form (i) or (i′ ) then 1 6 |N| 6 N0 and
|N| 6 |w| 6 r |N|. Then|w|α 6 (rN0)α , which implies

(rN0)−α |w|α 6 |N| 6 |w|α .

Thus we need to arrange thatC0 6 (rN0)−α andC1 > 1 to cover this case.

Next assume thatw is of type (ii) or (ii′ ), which implies that the depth of every terminal
subword is at least one. Equivalently,w contains the letterssj , s−1

j for somej . Let

s(w) be the number of letterssj or s−1
j in w (for all indicesj ). Note that a subword of

w containing no such letters has length at mostrN0. Sinces(w) 6= 0, this implies

(4.6) s(w) 6 |w| 6 2(rN0 + 1)s(w).

Hences(w) gives an approximate measure of the length ofw. It can be computed
explicitly, by following the evolution of the curve shortening process, which in turn is
governed by the matrixP. Note that matcheds, s−1 pairs enclose snowflake subwords
representing powers ofcj for variousj . These subwords will be calledcj –subwords.

We claim that ifw represents a power ofck , and every terminal subword has depthi
or greater, then the number ofcj –subwords of depthi is given by thekj–entry ofPi ,
denotedp(i)

kj .

If i = 1 then the claim is evident from expressions (ii) and (ii′ ), since the entrypkj

of P gives the number of directed edges from vertexvk to vertexvj (and hence the
number of occurrences ofj among the indicesσ(i1), . . . , σ(im)). Similarly, for i > 1,
eachc`–subword of depthi − 1 containsp`j cj –subwords of depthi , by (ii) and (ii′ ).
The claim now follows by induction oni : summing over all snowflake subwords of
depthi− 1 and applying the induction hypothesis, the total number ofcj –subwords of
depthi is

∑
` p(i−1)

k` p`j = p(i)
kj .

Let x1, . . . , xR be the standard basis vectors ofRR. Also let ‖ · ‖1 denote thè 1 norm
on RR: ‖v‖1 is the sum of the absolute values of the entries of the vectorv. Let PT be
the transpose ofP.

The kj–entry of Pi is equal to thej–entry of the column vector (PT)i(xk). Suppose
for the moment that every terminal subword ofw has depthd. Then for i 6 d,
the total number ofs, s−1 pairs enclosing snowflake subwords of depthi is given by∥∥(PT)i(xk)

∥∥
1. Hence we have

s(w) = 2
(∥∥PT(xk)

∥∥
1 +

∥∥(PT)2(xk)
∥∥

1 + · · ·+
∥∥(PT)d(xk)

∥∥
1

)
.



24 N Brady, M R Bridson, M Forester and K Shankar

If we let d0 andd1 denote the smallest and largest depths of terminal subwords ofw
then we obtain

2
d0∑

i=1

∥∥(PT)i(xk)
∥∥

1 6 s(w) 6 2
d1∑

i=1

∥∥(PT)i(xk)
∥∥

1 .

Applying Proposition 2.10with the norm‖ · ‖1 we have

2A0

d0∑
i=1

λi 6 s(w) 6 2A1

d1∑
i=1

λi =
2A1λ

λ− 1
(λd1 − 1)

which implies

2A0λ
d0 6 s(w) 6

2A1λ

λ− 1
λd1.

Hence by (4.6) we have

(4.7) (2A0)λd0 6 |w| 6

(
4(rN0 + 1)A1λ

λ− 1

)
λd1.

We complete the proof by applyingLemma 4.2separately for the upper and lower
bounds. Usingd = d1 we obtain

|N| > B0rd1 = B0(λd1)logλ(r) > B0

(
4(rN0 + 1)A1λ

λ− 1

)− logλ(r)

|w|logλ(r) .

Now chooseC0 > 0 satisfyingC0 6 B0

(
4(rN0+1)A1λ

λ−1

)−α
andC0 6 (rN0)−α to obtain

the desired lower bound.

Applying Lemma 4.2with d = d0 gives

|N| 6 B1rd0 = B1(λd0)logλ(r) 6 B1(2A0)− logλ(r) |w|logλ(r)

so chooseC1 with C1 > B1(2A0)−α andC1 > 1.

5 Proof of Theorem A

Throughout this sectionGr,P is fixed, withr = p/q greater than all the row sums ofP,
andα = logλ(r), whereλ is the Perron–Frobenius eigenvalue ofP. Unless otherwise
stated, all words use the generating set{a1, . . . , an, s1, . . . , sn} for Gr.P.
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The lower bound

To establish the lower boundδ(x) < x2α we will show thatδ(ni) > (C0
24−α) ni

2α for
certain integersni tending to infinity. This is sufficient byRemark 2.1, provided the
sequence (ni) grows at most exponentially.

Note also that to establish a single inequalityδ(n) > A, it is enough to exhibit an
embedded disk iñXr,P with boundary lengthn and areaA or greater, byRemark 2.2.
Here we are using the facts thatXr,P is aspherical and 2–dimensional.

Choose a vertex groupVm in Gr,P with m > 2 and letc be its diagonal element. There
must be at least one vertex group of this type, for otherwiseP would be a permutation
matrix with Perron–Frobenius eigenvalue 1. For eachi choose positive and negative
snowflake wordsw+

i and w−
i representingci . Then definewi = w+

i (w−
i )−1 and

ni = |wi |. Note thatC0 2−α |wi |α 6 i 6 C1 2−α |wi |α by Proposition 4.5. It follows
that the sequence (ni) tends to infinity, and that it is exponentially bounded:

ni+1

ni
6

(
(i + 1)C1

iC0

)1/α

6

(
2C1

C0

)1/α

for i > 1.

Next we find embedded disks∆i in X̃r,P with boundary wordswi and estimate their
areas. Each∆i is made of two disks∆+

i and∆−
i with boundary wordsw+

i c−i and
ci(w−

i )−1 respectively, joined along the boundary arcs labeledc−i , ci . After joining,
the arc labeledci will be called thediameterof ∆i .

The disk∆±
i is a union of embedded disks in vertex spacesX̃mi and pieces of strips

joining them. Consider the curve shortening process that transformsci into w±
i . To

build ∆±
i simply fill the central region shown inFigure 3with the embedded disk

from Figure 2(b). Then fill each strip with eitherbi/pc or di/pe copies of the 2–cell
with the appropriate boundary wordsjcσ(j)

qs−1
j a−p

j , and repeat the procedure. The

resulting disk is a union of embedded disks inX̃r,P joined along boundary arcs, with
no folding along these arcs. Since each strip separatesX̃r,P, one can see inductively
(on the number of strips crossed by∆±

i ) that ∆±
i is embedded. For the same reason,

it suffices to note that no folding occurs when∆+
i and ∆−

i are joined together to
conclude that∆i is embedded.Figure 4shows an example of a disk∆i with boundary
word wi .

To estimate the area of∆i consider the central region in∆+
i adjacent to∆−

i . By
Remark 3.4this subdisk of∆i has area (m− 1)i2 > i2. Then sincei > C0 2−αni

α (as
observed above) we conclude that

(5.1) Area(∆i) > (C0
24−α)ni

2α
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cN

Figure 4: A snowflake disk based on the matrixP =
(

1
2

1
1

)
. The upper and lower halves of the

boundary curve are positive and negative snowflake paths representingcN .

and thereforeδ(ni) > (C0
24−α)ni

2α .

The upper bound

Suppose a wordw represents an element of a vertex groupVm. The graph of groups
structure ofGr,P yields a decomposition ofw asw1 · · ·wk where eachwi is either an
element ofVm, or begins withs±j and ends withs∓j for some j . These latter cases

occur when the path described byw leaves the vertex spacẽXm and then returns again
over a strip inX̃r,P.

Recall that a strip iñXr,P has sides labeledai and cσ(i) . The next lemma shows that
a geodesic (in the generators{a1, . . . , an, s1, . . . , sn}) can only enter a strip from (and
return to) theai –side.

Lemma 5.2 Let w be a geodesic in Gr,P representing an element of a vertex group
Vm. Then w is a product of subwords w1 · · ·wk where each wi is a power of a generator



Isoperimetric Spectra 27

aj , or begins with sj and ends with s−1
j (for some j ) and represents a power of aj .

Proof Let w′ ⊂ w be an innermost word that begins withs−1
` and ends withs̀ (for

some`) and whose corresponding path inX̃r,P has endpoints in the same vertex space
X̃vσ(`) . Thusw′ = s−1

` us̀ crosses a strip from thecσ(`)–side, and the subwordu only
crosses strips from (and returns to)ai –sides. That is,u can be written asu1 · · ·uk

where eachui is a power of a generatoraj , or begins withsj and ends withs−1
j and

represents a power ofaj .

Note thatu has both endpoints on ana`–line in the vertex spacẽXvρ(`) across a strip

from X̃vσ(`) . Henceu representsaN
` for someN. Let u′ be the word in the standard

generators ofGvρ(`)
∼= Vm obtained by replacing eachui by the appropriate power ofaj

that it represents. Consider the wordu′a−N
` which represents the trivial elementc0 in

Vm. Sinceu′ does not involvec, Lemma 3.1implies that everyaj –exponent ofu′a−N
`

is zero. Henceu′ hasa`–exponentN andaj –exponent zero for everyj 6= `.

If any of the subwordsui of u represent a power ofaj with j 6= `, then byLemma 3.1
one could rearrange the subwords (preserving the property thatu representsaN

` ) so
that those representing powers ofaj are adjacent. Then these adjacent subwords cancel
in Vm and can be deleted, shorteningw. Therefore everyui represents a power ofa` .

If none of the subwordsui begins withs̀ and ends withs−1
` then u = aN

` , but then

w′ could be replaced by a wordaN/r
i1 · · ·aN/r

im representingcσ(`)
N/r . The new word

is shorter thanw because of the hypothesis thatm < r , and therefore someui must
have the forms̀ vs−1

` after all. Now rearrange the subwords so thats̀ vs−1
` occurs last.

Again w can be shortened by replacingu with this rearranged word and then cancelling
s−1
` s̀ at the end.

Proposition 5.3 Let c be the diagonal element of one of the vertex groups in Gr,P .
Then for every N there is a snowflake word wsf and a geodesic wgeo , both representing
cN , with |wsf| 6 rN0

∣∣wgeo
∣∣.

Proof The proof is by induction on|N|. Let w be a geodesic representingcN .
We shall applyLemma 3.1inductively to rearrange and modifyw into two words, a
geodesicwgeo and a positive snowflake wordwsf. The two constructions are identical
except at the base of the induction, which involves only certain segments of length at
most rN0.

Let ai1, . . . , aim be the standard generators (in order) of the vertex groupVm containing
c. If |N| 6 N0 then definewgeo = w and wsf = aN

i1 · · ·a
N
im . The desired conclusion

holds in this case sincer > m.
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Suppose next that|N| > N0. By Lemma 5.2we can writew asw1 · · ·wk where each
subword has the formaNj

j or sjujs
−1
j . In the latter casesjujs

−1
j represents a power of

aj .

By Lemma 3.1we can permute the subwordsw` of w to arrange that those representing
powers ofai1 come first, those representing powers ofai2 occur next, and so on. The
resulting word is still a geodesic representingcN . Note that two subwords cannot both
be of the formsi j ujs−1

i j since they could be made adjacent, and then a cancellation of

s−1
i j si j would be possible. Hence we can arrange forw to have the form

(5.4) w = (si1u1s−1
i1 )(aN1

i1 )(si2u2s−1
i2 )(aN2

i2 ) · · · (simums−1
im )(aNm

im )

where eachsi j ujs−1
i j represents a power ofai j . Next observe that|Nj | < p for all j ,

since otherwise a subword of the forms−1
i j a±p

i j could be replaced by a word of the form

a±q
`1
· · ·a±q

`m′
s−1
i j (that is,cσ(i j )

±qs−1
i j expressed in the standard generators). Herem′ is a

row sum ofP and sor > m′ , making the new word shorter thanw.

Recall thatuj represents a power ofcσ(j) . By Lemma 3.1the power ofai j represented
by si j ujs−1

i j is N − Nj , and souj representscσ(j)
(N−Nj )/r . Recall thatN0 > p, hence

|N| > p > |Nj |. Then sincer > 2 it follows that |(N− Nj)/r| < |N|.

By inductioncσ(j)
(N−Nj )/r is represented by a geodesic (uj)geo and a positive snowflake

word (uj)sf satisfying the conclusion of the lemma. Definewgeo andwsf by replacing
each subworduj in (5.4) by (uj)geo or (uj)sf accordingly. Then the desired conclusion
also holds forwgeo and wsf, since they agree except in the subwords (uj)geo and
(uj)sf.

Corollary 5.5 (Edge group distortion)Given r and P there is a positive constant D
with the following property. If c is a diagonal element and w is a word representing
cN then |N| 6 D |w|α .

Proof It suffices to consider the case whenw is a geodesic. ApplyProposition 5.3
to obtain the geodesicwgeo and snowflake wordwsf representingcN with |wsf| 6
rN0

∣∣wgeo
∣∣. ThenProposition 4.5implies |N| 6 C1 |wsf|α 6 C1 (rN0)α

∣∣wgeo
∣∣α .

The statement and proof of the next proposition are similar to those of Brady–Bridson
[3, Proposition 3.2]. The caseN = 0 establishes the upper bound ofTheorem A.

Proposition 5.6 (Area bound) Given r and P there is a positive constant E with
the following property. If w is a word in Gr,P representing xN for some N , where
x is either a generator ai or the diagonal element of one of the vertex groups, then
Area(wx−N) 6 E |w|2α .
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Proof We argue by induction on|w|. We shall prove the statement withE =
(3/2)r2D2 (D given by Corollary 5.5). Let c denote the diagonal element of the
vertex groupVm containingx.

Write w as w1 · · ·wk where eachwi has the formaNi
j i or is a word beginning ins±1

j i

and ending ins∓1
j i . In the latter caseswi represents an element of the formcNi or aNi

j i .
Let Ic and Ia be the sets of indices for which these two cases occur, and letw′ be the
word obtained fromw by replacing each subwordwi of this type with the appropriate
word cNi or aNi

j i . Thenw′ is a word in the standard generators ofVm (and the diagonal
element) representingxN , of length

∑
i Ni .

By Lemma 3.5we have Area(w′x−N) 6 3
∑

i<j NiNj . To estimate eachNi we use
Corollary 5.5as follows. If i ∈ Ic then wi representscNi and Corollary 5.5gives
Ni 6 D |wi |α . If i ∈ Ia thenwi = sj i uis

−1
j i for someui representingcσ(j i )

Ni/r (because

wi representsaNi
j i ). Then byCorollary 5.5we haveNi/r 6 D(|wi | − 2)α 6 D |wi |α ,

so Ni 6 rD |wi |α . Finally if i 6∈ (Ic ∪ Ia) then Ni = |wi | 6 |wi |α . Putting these
observations together we have

(5.7) Area(w′x−N) 6 3r2D2
∑
i<j

|wi |α |wj |α .

Next we use the induction hypothesis andCorollary 5.5to bound Area(ww′−1). First
note that Area(ww′−1) 6

∑
i∈Ic

Area(wic−Ni ) +
∑

i∈Ia
Area(wia

−Ni
j i ).

If i ∈ Ic thenwi = s−1
j i uisj i whereui representsaj i

rNi . Applying the induction hypoth-

esis toui we have Area(uiaj i
−rNi ) 6 (3/2)r2D2(|wi | − 2)2α . The strips−1

j i aj i
rNi sj i c

−Ni

has areaNi/q 6 (D/q) |wi |α 6 D |wi |α , by Corollary 5.5. Thus

Area(wic
−Ni ) 6 (3/2)r2D2(|wi | − 2)2α + D |wi |α

6 (3/2)r2D2((|wi | − 2)2α + |wi |α)

6 (3/2)r2D2 |wi |2α .

(5.8)

The last inequality above uses the fact that for numbersx > 0 one has (x + 2)2α >
xα(x + 2)α + 2α(x + 2)α > x2α + (x + 2)α .

If i ∈ Ia then wi = sj i uis
−1
j i where ui representscσ(j i )

Ni/r . Applying the induc-

tion hypothesis toui we have Area(uicj i
−Ni/r ) 6 (3/2)r2D2(|wi | − 2)2α . The strip

sj i cj i
Ni/rs−1

j i a−Ni
j i has area (Ni/r)/q 6 (D/q)(|wi | − 2)α 6 D(|wi | − 2)α , by Corol-

lary 5.5. Therefore

Area(wia
−Ni
j i ) 6 (3/2)r2D2(|wi | − 2)2α + D(|wi | − 2)α

6 (3/2)r2D2((|wi | − 2)2α + (|wi | − 2)α)

6 (3/2)r2D2 |wi |2α .

(5.9)
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Combining (5.8) and (5.9) we then have

(5.10) Area(ww′−1) 6
∑

i∈Ic∪Ia

(3/2)r2D2 |wi |2α 6
∑

i

(3/2)r2D2 |wi |2α .

Finally, adding (5.7) and (5.10) together gives the desired result:

Area(wx−N) 6 (3/2)r2D2
(∑

i

|wi |α
)2

6 (3/2)r2D2
(∑

i

|wi |
)2α

= (3/2)r2D2 |w|2α .

6 Suspension and snowflake balls

Throughout this sectionP denotes a non-negativeR× R integer matrix with Perron–
Frobenius eigenvalueλ, andr is an integer which is strictly greater than the largest row
sum ofP. In this section, we give an explicit description of the suspended snowflake
groupsΣGr,P and the 3–dimensionalK(ΣGr,P, 1) spacesX3

r,P. Then we describe
snowflake balls B3i which embed in the universal cover ofX3

r,P and estimate their
boundary areas. We show how to iterate this suspension procedure to obtain groups
ΣkGr,P and (k + 2)–dimensional spacesXk+2

r,P . Lastly we define higher-dimensional
snowflake balls and estimate their boundary volumes.

Remark 6.1 In order to realize the exponents (k+1)/k (the endpoints of the intervals
in Figure 1, which are omitted otherwise) we add the free abelian groupZ2 to the class
of snowflake groupsGr,P. We endowZ2 with snowflake structure as follows

Z2 = 〈a1, a2, c | a1a2 = c, c = a2a1 〉

and use the corresponding presentation 2–complexX in place ofXr,P. There is no
matrix P associated to the groupZ2, and so the only condition that we impose on the
integer r is that r > 2. Since there are no stable letterssi , we define the snowflake
words to be the commutatorswi = [ar i

1 , ar i

2 ] and define the snowflake disksB2
i = ∆r i

to be the unique embedded disks inX with boundarywi .

In the discussions that follow, whenever we talk about snowflake groupsGr,P, we shall
always includeZ2, and whenever we use the complexesXr,P we shall always include
the presentation 2–complexX for Z2 described above.
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The groupsΣGr,P

Let φ : Gr,P → Gr,P be the monomorphism which takes eachai to ar
i and eachsi to

itself. The groupΣGr,P is defined to be the associated multiple HNN extension with
stable lettersu1 andv1:

ΣGr,P = 〈Gr,P, u1, v1 | u1gu−1
1 = φ(g), v1gv−1

1 = φ(g) (g ∈ Gr,P) 〉.

The spacesX3
r,P

These spaces will have fundamental groupΣGr,P. Recall thatXr,P is a 2–dimensional
K(Gr,P, 1) space. There is a cellular mapΦ : Xr,P → Xr,P which induces the mapφ on
the fundamental group. It maps the 1–cells labeledsi homeomorphically to themselves,
maps the 1–cells labeledai to themselves by degreer maps, and maps each 2–cell
in the obvious manner; the image of each triangular 2–cell has combinatorial arear2,
and the image of the remaining 2–cells (which have ansi edge in their boundaries)
have combinatorial arear . The 3–complexX3

r,P with fundamental groupΣGr,P is
obtained by taking two copies of the mapping torus of the mapΦ and identifying them
along a copy ofXr,P. From this perspective it is easy to see thatX3

r,P is aspherical;
each mapping torus is aspherical sinceXr,P is an aspherical 2–complex, and sinceΦ
induces the monomorphismφ in π1. We give more details of the cell structure ofX3

r,P

below.

Start with the 2–complexXr,P and form two copies ofXr,P× [0, 1]. Each copy is given
the product cell structure, in which eachk–cell of Xr,P gives rise to a (k + 1)–cell in
Xr,P × (0, 1). The “bottom” sideXr,P × {0} keeps its original cell structure and the
“top” Xr,P × {1} is subdivided by pulling back underΦ the cell structure ofΦ(Xr,P).
That is, each triangular 2–cell in a vertex space ofXr,P is subdivided intor2 triangles,
and each edge space 2–cell (bearing the boundary labelsjcσ(j)s

−1
j ar

j ) is subdivided into
r copies of the same cell.

The vertical 1–cells of the two copies ofXr,P×[0, 1] are labeledu1 andv1 respectively,
oriented fromXr,P×{1} to Xr,P×{0}. Finally to formX3

r,P one attaches the bottom of
each piece toXr,P by the identity, and the top by the mapΦ. Figures5 and6 illustrate
the two types of 3–cell occurring inX3

r,P.

Snowflake balls

We define embedded 3–dimensional ballsB3
j in X̃3

r,P in a similar fashion to the
snowflake disks constructed inSection 5. An essential difference, however, is that
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a a

a

a

b b

b

b

c c

cv1 v1

v1

Figure 5: A triangular 3–cell (withr = 2)

aj aj aj aj

aj aj

sj sj sj

sj

cσ(j) cσ(j)

v1 v1 v1

v1

Figure 6: A rectangular 3–cell

now r is an integer, and the observations ofRemark 4.1apply. That is, snowflake disks
with diameter labeledcr i

are unique, and the corresponding snowflake words have no
“remainder” terms.

As in the proof ofTheorem Awe let c be the diagonal element of a vertex groupVm

in Gr,P ⊂ ΣGr,P wherem > 2. We letw+
i andw−

i denote respectively the (unique)
positive and negative snowflake words representingcr i

. (Note that the indexing here
differs from that inSection 5, where these words would be calledw±

r i .) Let B2
i be the

snowflake disk bounded bywi = w+
i (w−

i )−1, with diameter labeledcr i
. Note thatB2

i

is the same as the snowflake disk∆r i of Section 5.

For each positive integerj , we shall use astack of thickened van Kampen disksto define
an embedded 3–ballB3

j in the universal cover ofX3
r,P. Note that the universal cover

of X3
r,P contains infinitely many embedded copies of the universal cover ofXr,P; one

for each coset ofGr,P in ΣGr,P. We call two such copiesadjacentif the cosets have
representatives which differ by right multiplication byu±1

1 or v±1
1 .

The mapΦ : Xr,P → Xr,P lifts to a map of universal covers which we also denote
by Φ. Consider the imageΦ(B2

i ) of the embedded snowflake diskB2
i . This image

is again embedded, but its boundary word isφ(wi). If we apply the curve shortening
procedure once to the subwordφ(w+

i ) we obtainw+
i+1, which is the positive snowflake

word for cr i+1
. Similarly, if we apply curve shortening once to the subwordφ(w−

i ) we
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obtain the negative snowflake word forcr i+1
. ThusΦ(B2

i ) is a sub-diagram ofB2
i+1.

The top half of the ball B3
j is defined to be the union of the mapping cylinders ofΦ

with domainB2
i and codomainB2

i+1 wherei ranges from 1 toj ; the copies ofB2
i are

identified. This embeds in the universal cover ofX3
r,P as follows. The diskB2

1 embeds
in some copy of the universal cover ofXr,P, B2

2 embeds in the adjacent copy obtained
by right multiplying by u−1

1 , and the mapping cylinder ofΦ : B2
1 → B2

2 embeds in
the universal cover ofX3

r,P to interpolate between the images ofB2
1 andB2

2. Note that
this embedding is possible since the universal covering ofX3

r,P can be described as

an infinite union of mapping cylinders ofΦ : X̃r,P → X̃r,P which is encoded by the
Bass–Serre treeT corresponding to the multiple HNN description ofΣGr,P.

We continue to add mapping cylinders ofΦ : B2
i → B2

i+1 for i = 2, . . . , j , as indicated
in the top half of the schematic diagram inFigure 7. The image of the union of the first

u1

u1

v1

v1

B2
1

B2
1

B2
j+1

B2
j

B2
j

B2
j−1

B2
j−1

Figure 7: A schematic diagram of the embedded ballB3
j

few embedded layers is shown inFigure 8. In a similar fashion, we can embed a second
copy of the union of mapping cylinders ofΦ : B2

i → B2
i+1. However, this time we start

from the copy ofB2
j in the image of the previous union, and add the mapping cylinders

in descending order (soi = j, . . . , 1) and require that new copies of the universal cover
of Xr,P differ by right multiplication byv+1

1 . The image of this family is indicated in
the lower half of the schematic diagram ofFigure 7, and the total union is the embedded
ball B3

j . It is easy to see that the union embeds, since each mapping cylinder embeds,

and distinct mapping cylinders correspond to distinct layers in the 3–complexX̃3
r,P.

These layers are distinct, since they map to distinct edges of the Bass–Serre treeT .
Finally, there is a 2–dimensional “fringe” at the equatorB2

j+1 level. We remove this
fringe by simply replacing the two embeddings ofΦ : B2

j → B2
j+1 by embeddings of
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Figure 8: A few layers ofB3
j

Φ : B2
j → Φ(B2

j ).

Lemma 6.2 Given r and P there is a positive constant F0 such that
∣∣∂B2

j

∣∣ 6
Area(∂B3

j ) 6 F0
∣∣∂B2

j

∣∣ for every j .

Proof The ballB3
j is a union of 2j mapping cylinders. SeeFigure 7for a schematic

representation. Its boundary area is twice the area of theupper hemisphere. This latter
area is estimated as follows.

For each 16 i 6 j , there are
∣∣∂B2

i

∣∣ vertical (conjugation byu1) 2–cells, which
interpolate between∂B2

i and Φ(∂B2
i ). This proves the first inequality,

∣∣∂B2
j

∣∣ 6
Area(∂B3

j ).

For each 16 i 6 j there arehorizontal2–cells which interpolate betweenΦ(∂B2
i−1)

and∂B2
i . In the casei = 1 there is no loopΦ(∂B2

0), and the horizontal 2–cells just
fill the van Kampen diagramB2

1. For anyi , the horizontal 2–cell contribution to the
area is bounded above by

∣∣∂B2
i

∣∣. To see this, note that the horizontal interpolation is a
union of pieces of the formsjai1 · · ·aims−1

j a−r
j where{a1, . . . , am} generates a vertex

groupVm, and the stable lettersj conjugates the diagonal element of this vertex group
to some generatoraj of Gr,P. The area of this piece ism, and its contribution to

∣∣∂B2
i

∣∣
is m+ 2.

Counting vertical and horizontal 2–cells for both hemispheres we obtain

Area(∂B3
j ) 6 4

j∑
i=1

∣∣∂B2
i

∣∣ .
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Proposition 4.5implies that|w+
i | 6 C−1/α

0 r i/α and so

4
j∑

i=1

∣∣∂B2
i

∣∣ = 8
j∑

i=1

∣∣w+
i

∣∣ 6 8C−1/α
0

j∑
i=1

(r1/α)i .

The last term is a geometric series, and so is bounded above byF′
0(r1/α)j for a positive

constantF′
0 (independent ofj ). Proposition 4.5also givesC−1/α

1 r j/α 6
∣∣∣w+

j

∣∣∣ and so

Area(∂B3
j ) 6 F′

0r j/α 6
F′

0

2
C1/α

1

∣∣∂B2
j

∣∣ .

Now the desired (second) inequality holds by takingF0 = (F′
0/2)C1/α

1 .

The inductive supension procedure

Having discussedΣGr,P we define further suspensionsΣkGr,P having (k + 2)–
dimensional Eilenberg–MacLane spacesXk+2

r,P , and (k + 2)–dimensional snowflake

balls Bk+2
j ⊂ X̃k+2

r,P . We assume that the groupΣk−1Gr,P, the spaceXk+1
r,P , and

snowflake ballsBk+1
j ⊂ X̃k+1

r,P have already been constructed.

First we define the groupsΣkGr,P. Let φk : Σk−1Gr,P → Σk−1Gr,P be the monomor-
phism which sendsai to ar

i and which leaves fixed the stable letterssi , ui , andvi . We
defineΣkGr,P to be the multiple ascending HNN extension with two stable lettersuk

andvk , each acting byφk :

ΣkGr,P = 〈Σk−1Gr,P, uk, vk | ukgu−1
k = φk(g), vkgv−1

k = φk(g) (g ∈ Σk−1Gr,P) 〉.

Next we define the spacesXk+2
r,P . The homomorphismφk is induced by a cellular

map Φk+1 : Xk+1
r,P → Xk+1

r,P . We defineXk+2
r,P to be the double mapping torus with

monodromyΦk+1. That is, take two copies ofXk+1
r,P × [0, 1], identify the “bottom”

sidesXk+1
r,P × {0} to Xk+1

r,P by the identity, and attach the “top” sidesXk+1
r,P × {1} to

Xk+1
r,P by the mapΦk+1. The vertical 1–cells of the copies ofXk+1

r,P × [0, 1] are labeled

uk andvk respectively, oriented fromXk+1
r,P × {1} to Xk+1

r,P × {0}. The resulting space

Xk+2
r,P is given a cell structure analogous to that ofX3

r,P. As before,Xk+2
r,P is aspherical,

has dimensionk + 2, and has fundamental groupΣkGr,P.

Now we define the higher-dimensional snowflake balls. The mapΦk+1 lifts to a map
X̃k+1

r,P → X̃k+1
r,P which we will also callΦk+1. We define (k + 2)–dimensional balls

Bk+2
j of diameterr j for eachj as unions of mapping cylinders (calledlayers) of the

mapΦk+1 restricted to the (k + 1)–dimensional ballsBk+1
i . These mapping cylinders
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are assembled as shown inFigure 7, with Bk+1
i in place of B2

i . More specifically,
we assume inductively thatΦk+1 mapsBk+1

i into a subcomplex ofBk+1
i+1 for each

i . Then the upper hemisphere ofBk+2
j is the union of the mapping cylinders of

Φk+1 : Bk+1
i → Bk+1

i+1 where i ranges from 1 toj − 1, and the mapping cylinder of
Φk+1 : Bk+1

j → Φk+1(Bk+1
j ). The lower hemisphere is defined similarly, and the two

are identifed alongΦk+1(Bk+1
j ). Note that the subspacesBk+1

i − Φk+1(Bk+1
i−1 ) of the

domains of these mapping cylinders lie in the boundary ofBk+2
j .

Recall thatΦk+1 mapsBk+1
i to a subcomplex ofBk+1

i+1 . There is an induced map
Φk+2 from the mapping cylinder ofΦk+1 : Bk+1

i → Bk+1
i+1 to the mapping cylinder of

Φk+1 : Bk+1
i+1 → Bk+1

i+2 ; useΦk+1× id on Bk+1
i × I andΦk+1 on Bk+1

i+1 . ThenΦk+2 maps
layer i of Bk+2

j to layeri +1 of Bk+2
j+1 for any i 6 j (in either hemisphere). These maps

defined on the layers ofBk+2
j join together to define the mapΦk+2 : Bk+2

j → Bk+2
j+1 .

The ballsBk+2
j embed intoX̃k+2

r,P exactly as the ballsB3
j embed intoX̃3

r,P. That is, we

considerX̃k+2
r,P as a union of copies of the mapping cylinder ofΦk+1 : X̃k+1

r,P → X̃k+1
r,P

with the mapping parameter corresponding to right multiplication byu−1
k or v−1

k .
Then the embeddingBk+2

j → X̃k+2
r,P is assembled from the embeddingsBk+1

i → X̃k+1
r,P

(for i 6 j ) as shown inFigure 7, with the upper hemisphere extending in theuk

direction and the lower hemisphere in thevk direction. Under this embedding, the map
Φk+2 : Bk+2

j → Bk+2
j+1 described above is simply the restriction ofΦk+2 : X̃k+2

r,P → X̃k+2
r,P

to Bk+2
j .

For anyk, we define theshellof a snowflake ballBk
j to be the subspaceBk

j −Φk(Bk
j−1),

or simply Bk
j in the casej = 1.

Lemma 6.3 Volk(shell(Bk
j )) 6 Volk−1(∂Bk

j ).

Proof It suffices to show that everyk–cell of the shell has a (k − 1)–dimensional
face contained in∂Bk

j . Recall thatBk
j is a union of layers, so consider the intersection

of the shell with layeri (in either hemisphere). This layer is a mapping cylinder
M(Φk−1 : Bk−1

i → Bk−1
i+1 ) and its preimage inBk

j−1 underΦk is layer i − 1 of this
smaller ball (or is empty in the casei = 1). Hence the intersection of the shell with
layer i is

M(Φk−1 : Bk−1
i → Bk−1

i+1 ) − Φk(M(Φk−1 : Bk−1
i−1 → Bk−1

i ))

= M(Φk−1 : Bk−1
i → Bk−1

i+1 ) − M(Φk : Φk−1(Bk−1
i−1 ) → Φk−1(Bk−1

i )))

= M(Φk−1 : (Bk−1
i − Φk−1(Bk−1

i−1 )) → (Bk−1
i+1 − Φk−1(Bk−1

i )))
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if i > 1, and isM(Φk−1 : Bk−1
i → Bk−1

i+1 ) in the casei = 1. Either way, this part of
shell(Bk

j ) is the mapping cylinder of the restriction ofΦk−1 to shell(Bk−1
i ). Hence each

k–cell has a (k− 1)–dimensional face in shell(Bk−1
i ), which is contained in∂Bk

j .

The next result is a higher-dimensional analogue ofLemma 6.2.

Lemma 6.4 Given r , P, and k > 3 there is a positive constant Fk such that
Volk−2(∂Bk−1

j ) 6 Volk−1(∂Bk
j ) 6 Fk Volk−2(∂Bk−1

j ) for every j .

Proof We prove, for k > 3, the following two statements: there exist positive
constantsEk, Fk such that

(1) (2C−1/α
1 )(r1/α)j 6 Volk−2(∂Bk−1

j ) 6 Ek(r1/α)j , and

(2) Volk−2(∂Bk−1
j ) 6 Volk−1(∂Bk

j ) 6 Fk Volk−2(∂Bk−1
j )

for all j (with C1 given byProposition 4.5). Statement (1) is a higher-dimensional
analogue ofProposition 4.5and (2) is the main statement of the lemma. The two
statements are proved together by induction onk.

If k = 3 then (1) follows from Proposition 4.5, with E3 = 2C−1/α
0 . Statement (2) is

given byLemma 6.2(with F3 = F0).

For k > 3 we prove (1) as follows. The induction hypothesis implies that

Volk−2(∂Bk−1
j ) 6 Fk−1 Volk−3(∂Bk−2

j )

by (2) and Volk−3(∂Bk−2
j ) 6 Ek−1(r1/α)j by (1). Hence Volk−2(∂Bk−1

j ) 6 Ek(r1/α)j

with Ek = Fk−1Ek−1. We also have (by induction) Volk−2(∂Bk−1
j ) > Volk−3(∂Bk−2

j ) >

(2C−1/α
1 )(r1/α)j by (2) and (1). This establishes (1).

To prove (2) we count vertical and horizontal (k− 1)–cells of∂Bk
j as in the proof of

Lemma 6.2. In each hemisphere ofBk
j , layer i is a copy of the mapping cylinder of

Φk−1 : Bk−1
i → Bk−1

i+1 . This layer meets∂Bk
j in horizontalcells which are the (k− 1)–

cells of shell(Bk−1
i ), andvertical cells, each of which is the product of a (k− 2)–cell

in ∂Bk−1
i with I . This latter observation implies the first inequality of (2) (taking

i = j ) and also that the number of vertical cells in layeri is at most Volk−2(∂Bk−1
i ).

The number of horizontal cells is at most Volk−2(∂Bk−1
i ) by Lemma 6.3. Adding the

contributions from all layers in both hemispheres, we obtain

Volk−1(∂Bk
j ) 6 4

j∑
i=1

Volk−2(∂Bk−1
i ).
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Statement (1) implies 4
∑j

i=1 Volk−2(∂Bk−1
i ) 6 4Ek

∑j
i=1(r1/α)i and the latter sum

is a geometric series. Hence Volk−1(∂Bk
j ) 6 F′

k(r
1/α)j for some constantF′

k . Now

(1) implies that Volk−1(∂Bk
j ) 6 (F′

k/2)(C1/α
1 ) Volk−2(∂Bk−1

j ), establishing (2) with

Fk = (F′
k/2)C1/α

1 .

7 Proof of Theorem C

We will establish upper and lower bounds for thek–dimensional Dehn functionsδ(k)(x)
of the groupsΣk−1Gr,P and these will be equivalent. As usualλ denotes the Perron–
Frobenius eigenvalue ofP andα = logλ(r). In the case ofΣk−1Z2 we defineα = 1.

The lower bound

As in the proof ofTheorem A, we show that the embedded snowflake ballsBk+1
i ⊂ X̃k+1

r,P

have the correct proportions and are numerous enough to determineδ(k)(x) from below.

First we show that for everyk > 1 there is a constantGk such that

(7.1) Volk+1(Bk+1
i ) > Gk Volk(∂Bk+1

i )2α

for all i . The casek = 1 was proved in (5.1) with G1 = (C0)24−α . For k > 1
we proceed by induction. Note that Volk+1(Bk+1

i ) > Volk(Bk
i ) since the latter is the

volume of the mapping cylinder ofΦk : Bk
i → Φk(Bk

i ) inside Bk+1
i . We also have

Volk(Bk
i ) > Gk−1 Volk−1(∂Bk

i )
2α by the induction hypothesis.Lemma 6.4implies

thatGk−1 Volk−1(∂Bk
i )

2α > Gk−1F−2α
k+1 Volk(∂Bk+1

i )2α . Equation (7.1) now follows by
taking Gk = Gk−1F−2α

k+1 .

Next we show that for eachk > 2 the sequence (Volk(∂Bk+1
i ))i is exponentially

bounded and tends to infinity. Consider first the casek = 2. Then we have

Vol2(∂B3
i+1)

Vol2(∂B3
i )

6
F0 |∂∆r i+1|
|∂∆r i |

6 F0

(
r i+1C1

r iC0

)1/α

= F0

(
rC1

C0

)1/α

where the first inequality holds byLemma 6.2, and the second byProposition 4.5.
Thus, the sequence is exponentially bounded. Fork > 2 we have

Volk(∂Bk+1
i+1 )

Volk(∂Bk+1
i )

6
Fk+1 Volk−1(∂Bk

i+1)

Volk−1(∂Bk
i )
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by Lemma 6.4and so (Volk(∂Bk+1
i ))i is exponentially bounded, by induction onk. It

tends to infinity because

Volk(∂Bk+1
i ) > Vol2(∂B3

i ) > |∂∆r i | > 2C−1/α
1 (r1/α)i

by Lemma 6.4, Lemma 6.2, andProposition 4.5. Now, using Remarks2.1and2.7, we
conclude from (7.1) that δ(k)(x) < x2α .

The upper bound

To establish the upper bound we must work with Dehn functionsδM
G (x) modeled on

arbitrary manifoldsM with boundary, as defined inSection 2. Recall that thedimension
of δM

G (x) is the dimension of∂M , andδM
G (x) agrees with the usualk–dimensional Dehn

function whenM is the (k + 1)–dimensional ball.

A function F : N → N is superadditiveif F(a+ b) > F(a) + F(b) for all a, b. Recall
that thegeometric dimensionof a groupG is the smallest dimension of aK(G, 1)
complex.

Theorem 7.2 Let G be a group of type Fn and geometric dimension at most n, and
fix a finite aspherical n–complex X with fundamental group G. Suppose that the Dehn
function δM

G (x) (defined with respect to X) satisfies

δM
G (x) 6 F(x)

for every n–manifold M , where F : N → N is non-decreasing. Let H be a multiple
ascending HNN extension of G. Then H is of type Fn+1 , has geometric dimension at
most n + 1, and

δM
H (x) 6 F(x)

for every (n + 1)–manifold M .

In the hypotheses we are including Dehn functionsδM
G (x) whereM has more than one

connected component (otherwise we should add thatF is superadditive).Stipulation:
then–dimensional Dehn functions in the conclusion are defined with respect to a fixed
complexY constructed in the proof of the theorem.

Proof First we define the finite (n + 1)–dimensional complexY with fundamental
group H in the usual way. Suppose the multiple ascending extension hask stable
letters. Formk copies ofX× [−1, 1], give each the product cell structure, and attach
each copy ofX×{−1} to X by the identity map. Then attach each copy ofX×{1} to
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X by the appropriate monodromy map, and call the resulting spaceY. Let Z ⊂ Y be the
union of the spacesX×{0}. There are natural projections along the fibersp0 : Z → X
andp1 : Z → X which factor throughZ×{−1} andZ×{1} respectively. Let̃Y be the
universal cover ofY and letX̃ andZ̃ be the preimages ofX andZ in Ỹ. The projections
pi lift to projectionspi : Z̃ → X̃ along fibers. Note that each component ofX̃ andZ̃ is
a copy of the universal cover ofX, and in factp0 : Z̃ → X̃ is a homeomorphism.

Each openk–cell σk in Z̃× (−1, 1)⊂ Ỹ has the formσk−1× (−1, 1) whereσk−1 is a
(k− 1)–cell in X̃, and the restriction ofp0 to σk ∩ Z̃ is simply projection onto the first
factor. SincẽZ is not a subcomplex of̃Y, we measure volume iñZ by passing tõX via
p0. The description ofp0 just given leads to the following observation: iff : Mk → Ỹ
is an admissible map transverse toZ̃ and X̃, andN = f−1(Z̃) andM0 = f−1(X̃), then
p0 ◦ f |N and f |M0 are admissible and

(7.3) Volk(f ) = Volk−1(p0 ◦ f |N) + Volk(f |M0)

where the left hand side is volume iñY and the right hand side is volume iñX.

Now suppose thatM is a compact (n+1)–manifold with boundary and letg: M → Ỹ
be a least-volume map with boundaryf = g|∂M . We can arrange by a homotopy that
N = g−1(Z̃) is a properly embedded codimension one submanifold with a product
neighborhoodN × [−1, 1] ⊂ M such thatg−1(Z̃ × (−1, 1)) = N × (−1, 1). (To do
this, consider the compositionπ : Ỹ → Y → S1 ∨ S1 → S1, whereS1 ∨ S1 is the
underlying graph for the multiple HNN-description ofπ1(Y) and S1 ∨ S1 → S1 is a
fold. By a homotopy ofg, π ◦ g can be made smooth in a neighborhood ofg−1(Z̃).
By a further homotopy, we can arrange thatπ(Z̃) is a regular value ofπ ◦ g; now use
transversality.) The product structure onN× [−1, 1] may be chosen so thatg|N×(−1,1)

is the mapg|N × id. Note thatN may have several connected components.

We claim that Voln(p0 ◦ g|N) is smallest among allN–fillings of p0 ◦ f |∂N : ∂N →
X̃. Assuming this for the moment, the theorem is proved as follows. We have
Voln+1(g) = Voln(p0◦g|N) by (7.3) becausẽX has dimensionn. Then Voln(p0◦g|N) =
FVolN(p0◦f |∂N) by (2.5) and the claim, and the latter is at mostδN

G(Voln−1(p0◦f |∂N)) by
the definition ofδN

G . Equation (7.3) implies thatδN
G(Voln−1(p0 ◦ f |∂N)) 6 δN

G(Voln(f )).
Then we have the desired bound

FVolM(f ) = Voln+1(g) 6 δN
G(Voln(f )) 6 F(Voln(f ))

by the main hypothesis and we conclude thatδM
H (Voln(f )) 6 F(Voln(f )). Since Voln(f )

was arbitrary andF is non-decreasing, we haveδM
H (x) 6 F(x) for all x.

Now we return to the claim that Voln(p0 ◦ g|N) = FVolN(p0 ◦ f |∂N). We show that if
p0 ◦ g|N is not a least-volume filling ofp0 ◦ f |∂N theng can be modified rel∂M to a
map of smaller volume, contradicting the choice ofg.
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Let M0 = g−1(X̃), and note that the frontier ofM0 in M is N × {−1} ∪ N × {1}.
These two subsets of∂M0 will be denotedM−

0 andM+
0 respectively.

Suppose Voln(h) < Voln(p0 ◦ g|N) for some maph: N → X̃ with h|∂N = p0 ◦ f |∂N .
Form a new copy ofM in which N × (−1, 1) is replaced byN × (−2, 2). Define a
new mapg′ : M → Ỹ by letting g′ be g on M0, (p−1

0 ◦ h) × id on N × (−1, 1), and
by extending to the remaining regions as follows. Note that (p−1

0 ◦ h) × id extends
continuously toN× [−1, 1] ash on N×{−1} and asp1 ◦p−1

0 ◦h on N×{1}. Since
each component of̃X is contractible the mapsp1 ◦p−1

0 ◦h andg|M+
0

are homotopic rel

∂N. We letg′|N×[1,2] : N× [1, 2] → X̃ be such a homotopy. Similarlyg′|N×[−2,−1] is
defined to be a homotopy iñX from g|M−

0
to h, fixing ∂N pointwise. This defines the

mapg′ : M → Ỹ.

Now collapse each fiber of∂N× [1, 2] and∂N× [−2,−1] to a point, to obtain a new
copy of M with a mapg′′ : M → Ỹ which agrees withg on ∂M . Note that all of
M− (N× (−1, 1)) maps byg′′ into X̃ andg′′|N×(−1,1) = (p−1

0 ◦h)× id. Hence by (7.3)
we have Voln+1(g′′) = Voln(h) < Voln(p0 ◦ g|N) = Voln+1(g), a contradiction.

Lemma 7.4 If G is finitely presented, δG(x) 6 F(x) with F(x) superadditive, and M
is a compact 2–manifold with boundary, then δM

G (x) 6 F(x).

In particular if δG(x) is superadditive thenδM
G (x) 6 δG(x) for every compact 2–

manifold M .

Proof If M is connected with one boundary component then letq: M → D2 be
a quotient map which collapses the complement of a collar neighborhood of∂M
to a point. Then Area(g ◦ q) = Area(g) for any mapg: D2 → X̃, and we have
δM

G (x) 6 δG(x) 6 F(x).

If N is closed thenδMtN
G (x) = δM

G (x) sinceN may be assigned zero area by mapping
it to a point. So without loss of generality assume thatM has no closed components.
For each componentM′ of M there is a quotient map to a connected, simply connected
spaceZ′ which is a union of disks (one for each boundary component ofM′ ) and
arcs joining them. Taking a union of such spaces and maps, we have a quotient map
M → Z. Every mapD2 t · · · t D2 → X̃ extends to a mapZ → X̃ which yields (by
composition) a mapM → X̃ with the same area. HenceδM

G (x) 6 δD2t···tD2

G (x). Now
superadditivity ofF implies δD2t···tD2

G (x) 6 F(x).

Theorem 7.5 Let G be a finitely presented group of geometric dimension 2 with
δG(x) equivalent to a superadditive function. Let H be obtained from G by performing
n iterated multiple ascending HNN extensions. Then δ(n+1)

H (x) 4 δG(x).
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The upper bound ofTheorem Cfollows immediately, byTheorem A.

Proof Let F0(x) be superadditive whereF0(x) ' δG(x). Then δG(x) 6 F(x) =
CF0(Cx) + Cx for someC andF(x) is superadditive. The result now follows directly
from Lemma 7.4andTheorem 7.2.

The casen = 1 of Theorem 7.5was proved by Wang and Pride [22], using a more
direct method.

8 Products with Z

In this section we determine higher Dehn functions ofG× Z for certain groupsG. In
these cases the geometry ofG×Z is accurately represented by embedded balls which
are products of optimal balls inG with intervals, with suitably chosen lengths. We
conclude the section by provingTheorem D.

To establish an upper bound for Dehn functions ofG × Z we need the following
refinement ofTheorem 7.2. The proof is based on Theorem 6.1 of Alonsoet al [1].

Theorem 8.1 Let G be a group of type Fn and geometric dimension at most n, and
fix a finite aspherical n–complex X with fundamental group G. Suppose that the Dehn
function δM

G (x) satisfies
δM

G (x) 6 Cxs

for every n–manifold M , and fixed C > 0 and s > 1. Then

δM
G×Z(x) 6 C1/sx2−1/s

for every (n + 1)–manifold M .

Proof First note that we are in the situation ofTheorem 7.2, which is valid, but no
longer provides the best possible upper bound. DefineY, Z, p0, andp1 as in the proof
of Theorem 7.2. Note that now the projections along fibersp0, p1 : Z̃ → X̃ are both
homeomorphisms, and Volk(p0 ◦ f ) = Volk(p1 ◦ f ) for any f : Nk → Z̃.

Given a compact (n + 1)–manifold M with boundary, consider a mapf : ∂M →
Ỹ. Arrange thatL = f−1(Z̃) is a codimension one submanifold with a product
neighborhoodL× [−1, 1] ⊂ ∂M such thatf−1(Z̃× (−1, 1)) = L× (−1, 1). As before,
the product structure onL× [−1, 1] can be chosen so thatf |L×(−1,1) is the mapf |L× id.
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We will prove thatδM
G×Z(x) 6 C1/sx2−1/s by induction on the number of connected

components ofL. If L = ∅ then f (∂M) ⊂ X̃. The components of∂M may map into
different components of̃X. However, by joining these components with a minimal col-
lection of embedded arcs in the 1–skeleton ofỸ, one obtains a contractible subcomplex
T ⊂ Ỹ of dimensionn containingf (∂M). Then f extends to a mapg: M → T ⊂ Ỹ
with Voln+1(g) = 0.

Now assume thatL 6= ∅. Let Z̃0 be a connected component ofZ̃ such thatL0 = f−1(Z̃0)
is a non-empty union of components ofL, and f (L) lies entirely in one component
of Ỹ − p1(Z̃0). (Think of L0 as aninnermostunion of components ofL.) Let
N1 ⊂ ∂M − (L0 × (−1, 1)) be the union of components having boundaryL0 × {1}.
That is,N1 and its complementN−1 in ∂M − (L0 × (−1, 1)) map to opposite sides of
Z̃0 × (−1, 1) in Ỹ, and in factf (N1) ⊂ p1(Z̃0) ⊂ X̃, by the choice of̃Z0.

Our method now is to fillL0 with a least-volume copy ofN1 and then fill the two sides
of ∂M efficiently by M (using the induction hypothesis) andN1× I . These fillings fit
together to yield a filling off by M having the required volume.

Let v = Voln(f ) andu = Voln−1(p0◦f |L0) (which is equal to Voln(f |L0×(−1,1)) by (7.3)).
Let h: N1 → X̃ be a least-volumeN1–filling of p0 ◦ f |L0 . Thus, h|∂N1 = p0 ◦ f |L0

and Voln(h) 6 Cus. Define a new mapf ′ : ∂M → Ỹ by first collapsing the fibers of
L0×[−1, 1] to points, and then sendingN−1 by f andN1 by h. Sinceh is least-volume
andL0 × [−1, 1] was collapsed we have Voln(f ′) 6 v− u. Also (f ′)−1(Z̃) = L− L0,
so by the induction hypothesis there is a mapg−1 : M → Ỹ with g−1|∂M = f ′ such
that

Voln+1(g−1) 6 C1/s(v− u)2−1/s.

Next letg1 : N1× [−1, 1] → Ỹ be a homotopy which begins withh on N1×{−1} and
pushes across̃Z0× (−1, 1) and then deforms withinp1(Z̃0) to f |N1 , with the boundary
fixed pointwise. This latter homotopy exists sincep1(Z̃0) is contractible. Note that
Voln+1(g1) = Voln(h) by (7.3) sincep1(Z̃0) has dimensionn.

Now join N1 ⊂ ∂M to (N1 × {−1}) ⊂ N1 × [−1, 1] to get a new copy ofM and a
mapg: M → Ỹ extendingg−1 andg1. Theng|∂M = f and

Voln+1(g) 6 C1/s(v− u)2−1/s + vh

wherevh = Voln(h). Now s > 1 andv > u imply

Voln+1(g) 6 C1/s(v− u)v1−1/s + vh

= C1/sv2−1/s

(
1− u

v
+

v(1/s)−1vh

C1/sv

)
.

(8.2)
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Recall thatvh = Voln(h) 6 Voln(f |N1) 6 v becauseh is least-volume. Hence

1− u
v

+
v(1/s)−1vh

C1/sv
6 1− u

v
+

v(1/s)−1
h vh

C1/sv

= 1− u
v

+
v1/s

h

C1/sv
.

(8.3)

The main hypothesis implies thatvh 6 Cus, or v1/s
h 6 C1/su, again becauseh is

least-volume. Thus

(8.4) 1− u
v

+
v1/s

h

C1/sv
6 1− u

v
+

u
v

= 1.

By equations (8.2), (8.3), and (8.4) we have Voln+1(g) 6 C1/sv2−1/s where v =
Voln(g|∂M), which completes the proof.

Definition 8.5 Let G be a group of typeFk+1 and geometric dimension at mostk+1.
The k–dimensional Dehn functionδ(k)

G (x) has embedded representativesif there is a
finite aspherical (k + 1)–complexX, a sequence of embedded (k + 1)–dimensional
balls Bi ⊂ X̃, and a functionF(x) ' δ(k)

G (x), such that the sequence given by (ni) =
(Volk(∂Bi)) tends to infinity and is exponentially bounded, and Volk+1(Bi) > F(ni) for
eachi .

The lower bounds established in this article for various Dehn functions are all obtained
by constructing embedded representatives and applying Remarks2.1 and 2.7. In
particular thek–dimensional Dehn functions ofΣk−1Gr,P andΣk−1Z2 have embedded
representatives.

The next result generalizes [1, Theorem 6.3] to higher dimensions.

Proposition 8.6 Let G be a group of type Fk+1 and geometric dimension at most
k + 1. Suppose the k–dimensional Dehn function δ(k)(x) of G is equivalent to xs and
has embedded representatives. Then G× Z has (k + 1)–dimensional Dehn function
δ(k+1)(x) < x2−1/s, with embedded representatives.

Proof We establish the lower boundδ(k+1)(x) < x2−1/s for G× Z as follows. Since
δ(k)

G (x) has embedded representatives, letX, F(x), Bi , and (ni) be as inDefinition 8.5;
without loss of generality suppose thatF(x) = Cxs for someC > 0. Definemi =
3 Volk+1(Bi). The spaceY = X × S1 has fundamental groupG× Z and universal
coverỸ = X̃× R. Consider the (k + 2)–dimensional balls

Ci = Bi × [0, mi/3ni ] ⊂ Ỹ.



Isoperimetric Spectra 45

The boundary ofCi is ∂Bi × [0, mi/3ni ] ∪ Bi × ∂[0, mi/3ni ] which implies that

Volk+1(∂Ci) = mi .

We also have Volk+2(Ci) = Volk+1(Bi)mi/3ni = (mi)2/9ni for each i . Sincemi =
3 Volk+1(Bi) > 3C(ni)s we have (3C)−1/s(mi)1/s > ni . Then

Volk+2(Ci) =
(mi)2

9ni
>

(
C1/s

32−1/s

)
(mi)

2−1/s.

Note thatỸ is aspherical and has dimensionk + 2, and soCi is a least-volume ball
(cf Remark 2.7). Thereforeδ(k+1)(mi) > (C1/s/32−1/s)(mi)2−1/s for eachi . Now it
remains to check that the sequence (mi) has the required properties. It tends to infinity
sincemi > 3C(ni)s. Also each ballBi ⊂ X̃ is least-volume, so there is a constantD
such thatmi 6 D(ni)s for all i .1 Thenmi+1/mi 6 (D/C)(ni+1/ni)s, which is bounded.
Now Remark 2.1implies thatδ(k+1)(x) < x2−1/s.

We are now in a position to proveTheorem D.

Proof of Theorem D Fix r , P, andq, let s(`) = 2(̀ +1)α−`
2`α−(`−1) , and letG` be the group

Σq−1Gr,P × Z` . (Or let s(`) = `+2
`+1 andG` = Σq−1Z2 × Z` .) We verify by induction

on ` the following statements forG` :

(1) δM(x) 6 Cxs(`) for all (q + ` + 1)–manifoldsM and some constantC > 0,

(2) δ(q+`)(x) < xs(`) , and

(3) δ(q+`)(x) has embedded representatives.

The first two statements together implyδ(q+`)(x) ' xs(`) .

If ` = 0 then (1) follows from Theorem 7.2andLemma 7.4. Statement (2) holds by
Theorem C, and we have already observed that (3) holds for these groups.

For ` > 0 note first thats(`) = 2−1/s(`−1). Then statement (1) holds byTheorem 8.1
and property (1) of G`−1. Proposition 8.6implies (2) and (3) by properties (1)–(3) of
G`−1.

1Here we are using the upper bound forδ(k)
G (x).
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