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1 Introduction
Forn>2 R>0,7 €R", let

Ri = { ('r17“'7xn717t) | (x17"',xn71) ERnil,t>0 },

Bp(t)={zeR"[[r—z| <R},  Bgr= Bgl0),

Bjp(7) ={ (z1, -, 2n1,t) € Ba(¥) [t >0}, Bf = Bj(0).
We always use the notation z = (2/,t) € R’}.
For n > 3, ¢ € R, we consider

{—Au :n(n—Q)uZitg in R7,

U _ nts n
5 = cCu on 8R+.
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It is easy to check that for all € > 0, x) € R""! and ty = (n — 2)"lec, the
following functions are solutions of (1):

€ n—2

u(@'t) = (62 RTE (%’tO)P)T. (2)

Theorem 1.1: Let u € C*(R%) N CY(R?}) (n > 3) be any nonnegative
solution of (1). Then either v = 0 or u takes the form (2) for some € > 0,
z) € R" ! and ty = (n — 2) tec.

Almost the same proof applies to the following equation for n > 3.

{—Au =0 in R, )

% = cun? on OR' .
When ¢ < 0, for any € > 0, 2, € R and t, = —(n—2)"'ec, the following
functions are clearly solutions of (3):

€ n—2

Gt o =P @

u(z' 1) = (

Theorem 1.2: Let u € C*(R}) NCY(R?) (n > 3) be any nonnegative
solution of (3). When ¢ > 0, u = at + b with a,b > 0,a = cb™/("=2)  When
¢ < 0, either u = 0 or u takes the form (4) for some € > 0 , 2, € R""! and
to = —(n — 2)tec.

We also study a two dimensional problem which is similar to (1):
—Au =e¥ in R?, (5)
%7; = ce*/? on OR?..
It is easy to see that for any x, € R, A > 0, and ¢y = c)\/\/§,

8\
(N + (o = 20)* + (£ = 10)?)*

u(x',t) = log

satisfies (5) and

/ e < o0, e"? < 0. (7)
R2 el

Theorem 1.3 Let u € C*(R%)NC'(R?) be any solution of (5) satisfying
(7). Then u takes the form (6) for some A\ > 0, z, € R and g = c\/v/2.



Theorem 1.1 and Theorem 1.2 under a further hypothesis:
1

|I|n—2

u(z) = O( ), for |z| large, (8)
were proved by Escobar in [12] in connection with his studies of conformal
metrics with prescribed mean curvature on the boundary. Our method is
very different from his. We prove it by using the method of moving spheres,
a variant of the method of moving planes. Roughly speaking, we make reflec-
tion with respect to spheres instead of planes, and then obtain the symmetry
of solutions. The method of moving spheres were used by Chou and Chu [10],
Padilla [22] , Chen and Li [7]. The method of moving planes goes back to
Alexandroff in his study of embedded constant mean curvature surfaces. It
was then used and developed through the work of Serrin [25], Gidas, Ni and
Nirenberg [15]. More recently further progress has been made, see for exam-
ple [1], [2], [3], [5], [6], [19], ... and the references therein. After we essentially
completed our work, we learned that Terracini [27] had given an alternative
proof of Escobar’s result (i.e. Theorem 1.1 and Theorem 1.2 under a further
hypothesis (8)) through the method of moving planes. In [9], Chipot, Shafrir
and Fila have also presented a proof of Theorem 1.1 and Theorem 1.2. Their
original proof did not address the possible singularity at infinity, i.e. they
implicitly assumed a decay hypothesis as in Escobar’s result. The authors of
this paper showed them the way to handle the possible singularity at infinity.
After this paper was submitted, the authors were informed that Theorem 1.2
in the case ¢ < 0, was proved independently by Ou in [28]. The case ¢ > 0 is
much more delicate in, among other things, handling the possible singularity
at infinity.

In R™, the classification of all nonnegative solutions of —Au = us was
given by Obata [24], Gidas, Ni and Nirenberg [15] under (8). The hypothesis
(8) was then removed by Caffarelli, Gidas and Spruck [5]. This latter result
has played important roles in obtaining energy independent apriori estimates
for solutions of Yamabe type equations and scalar curvature equations, see
Schoen [26] and Li [21]. In particular, it is used in the work of Schoen [26] in
obtaining the compactness of all solutions to the Yamabe problem when the
manifold is not conformally equivalent to the standard sphere. This gives
an alternative proof of the Yamabe problem, as well as a counting (with
multiplicities) of all solutions. Yamabe type problem with prescribed mean
curvature on the boundary has been studied by Escobar ([12]-[14]), and ex-
istence results are obtained by minimizing the corresponding functionals. In



this case, a natural question to ask is whether or not one can obtain compact-
ness results similar to what was done in Schoen’s work [26] for the Yamabe
problem. This is the motivation of our present work. We believe that The-
orem 1.1 and Theorem 1.2 will be useful in understanding the compactness
problem raised above.

Some subcritical problems with nonlinear boundary conditions have been
studied by Hu [18], and nonexistence of positive solutions have been proved.
Such nonexistence results in R” was obtained by Gidas and Spruck [16].

Theorem 1.3 concerns a similar problem in RZ. In R?, the problem was
studied by Chen and Li [6], also Chou and Wan [11].

The paper is organized as following. In Section 2, we prove Theorem
1.1-1.2. In fact we only present the proof for Theorem 1.1 since the proof
of Theorem 1.2 is very similar. This section is divided into two subsections,
one treating the case ¢ > 0 and the other ¢ < 0. The first case is more subtle
than the second case, so we give more details in the first case and set the
structure of the proof which will be followed in the second case, also in the
proof of Theorem 1.3. In Section 3 we prove Theorem 1.3. In the proof we
often apply the moving sphere method to the Kelvin transformations of the
solutions. This is because we do not know a priori any asymptotic behavior of
solutions at infinity. Once we have suitable asymptotic behavior of solutions
at infinity, we can work on the solutions directly.

It is easy to see that our approach can be used to give somewhat different
proofs of the classification results in R™.

2 Proof of Theorem 1.1-1.2.

Due to similarity, we only give the proof of Theorem 1.1. If u = 0 somewhere
in R, it follows from the strong maximum principle and the Hopf lemma
(see [25] and [15]) that u = 0. Therefore we assume throughout this section
that u > 0 in R7}.



2.1 Case c > 0.

Let u be a positive function satisfying the hypotheses of Theorem 1.1. We
perform the Kelvin transformation on u by setting

1 €T
= a2

v(x)

r € RY. 9)

It follows from elementary calculations that v satisfies

n+2

—Av =n(n—2)v=2 in R},
% = cyﬁ on 8]12{1\{0}, (10)
v >0 in R} \ {0}.

For b € OR} = R, we define the Kelvin transformation of u centered

at b by .
T
Ub(x) = |ZL‘|n_2Ub(W)7

where uy(z) = u(a’ + b, t).

Proposition 2.1 Let u be a positive function satisfying the hypotheses
of Theorem 1.1 for some ¢ > 0. Then for all b € JR"} = R"! there exists
Ay > 0, such that

N
- |2

N2

|2

up(x) up( ), VaxzeR].

We establish the above proposition by the moving sphere method. From
the properties of the Kelvin transformation, we only need to show Proposition

2.1 for = outside B (b). First we need a lemma which makes it possible to
Ab

get started.
Lemma 2.1 Let v € C*(R}) N CY(R%) \ {0} satisfy (10). Then for all
0 <e<min{l, min v}, wehave v(z) > 555 forall z € BI\{0}.
8B noB, ¢
Proof: For 0 < r < 1, we introduce an auxilary function

€ r"2e n et
2(c+1)  Jx|n2 27

polz) = z e Bl \ Bf.



Considering w = v — . Clearly w satisfies

Aw <0 in Bi\B.,
S =con2—5  on J(B\Bf)NJRY.
We will show that
.+
w>0 in B, \B/. (12)
On 0B NOB,, w = v — (355 —€+9) > v > 0. On 0B N OBy,
w=uv-— (ﬁ — ﬁ;ié + %t) > v — € > 0. Suppose the contrary of (12), it

follows from the maximum principle that there exists some z¢ = (7, 0) with

r < |xp| < 1 such that w(zg) = min w < 0. It follows that % (29) > 0.
B\B;

Using the boundary condition of w, we have v(zq) > (2(;1))("_2)/” > 5o

It follows that

€ r2e €

TR AT Ty

w(xo) = v(zo) — ( > 0,

which contradicts to w(zy) < 0. Thus we have (12). For z € Bf \ {0}, it
follows from (12) that for all 0 < r < |z| we have w(x) > 0. Let r — 0,
Lemma 2.1 follows.

Corollary 2.1 (scaled version ) Let v € C*(R:)NC'(R)\ {0} satisfy

(10). Then for all 0 < ¢ < min{R®™/2 min v}, we have v(z) >

__€
OBLNOBR 2(e+1)

for all = € B\{0}.
Proof: We just apply Lemma 2.1 to #(z) = R"2 v(Rz).
Proof of Proposition 2.1: Define for A > 0,b € R} =R",

A2 N2y
wip(z) = vp(z) — W"ab(w)

In the following we always write v(z) = vo(x), va(x) = ﬁ%v(%), wy(z) =

v(xz) — vy(x). Clearly, w) satisfies:

—Awy, =ci(z)wy in By, (13)
s = cy(x)wy  on OBF NOR" \ {0},
4 2 .
where ¢1 = n(n + 2)&(2)"2, o = 56 (x)"2, &,& are two functions

between vy, and v.



Claim 1: For A large enough, wy(z) > 0 for all z € B \ {0}.

Proof: We prove this claim by three steps.

Step 1: 3R, > 0, such that for all Ry < |z| < A\/2, we have wy(x) > 0.

Proof: Set A = limy, o |y[" ?v(y) = u(0). It is clear that for Ry > 0
large, we have for all Ry < |z| < A\/2 that

S(RE o)
- (A+0(9))

— 7 N

Step 1 is established.
Step 2: IRy > Ry, such that for Ry < A/2 < |z| < A, we have wy(z) > 0.
Proof: Let g(x) = ||~ with 0 < a < n — 2, and wy(x) = wy(z)/g(x). It
follows from (13) that

Awy +2Vg- Vs + (ci(z) + £ wy =0 in B, (1)
s = cy(z)wy on OBF NORT\ {0}.
Suppose the contrary, 3 xy = (xf, to) with A/2 < |xo| < A, such that w)(xy) =

/\/211<1|11T</\w,\( x) < 0. Then |zo| # A from the definition of wy, |zo| # A/2 from

Step 1. It follows that A/2 < |zo| < A and

)\21‘0 C
vy (o) < 2" %0 ,
o) <270 B) S e
C
(o) < va(wo) < I

Here and in the following, C' denotes various constant independent of A.
Thus, ¢;(zg) < ﬁ By a direct calculation we have

Ag y__an-2-aq)
g @ EE

It is clear that for Ry > Ry large enough we have

Cl(ZL’Q) + Aj(xo) < 0. (15)



For ¢ > 0, it is clear that ¢y > 0. When ¢ = 0 it follows from (15) and the
strong form of the Hopf lemma ([25]) that to > 0. Using (15), we reach a
contradiction simply by evaluating (14) at zo. Step 2 is established.

Step 3: d Ry > Ry, such that for A > Rs,

wy(z) >0 for x e Bf \ {0}

Proof: It follows from Corollary 2.1 that v(z) > 1/C > 0 for z € B \{0}.
Writing
e

wx(@) = v(@) = 5 (15" e(3)):

|2

|2

Step 3 follows from the fact that limy, . |y[" *v(y) = u(0) and ]%
A?/Ry > R3/Ry for all x € B \ {0}.

We have verified Claim 1.

Now we define for b € OR"} = R™! that
Ao =1inf {A >0 [ wup(x) >0 in BF\{0} for all A<pu<oo}. (16)

Claim 2: There exists b € R*!, such that \; > 0.
First we prove a general lemma.
Lemma 2.2: Suppose f € C'(R") satisfying: for all b € R" 1, X > 0,

A2 N2y N
—W‘fb(w) SO, VxEBA,

fo()
where fy(x) = f(2’ +0b,t), Vo = (2/,t) € R}. Then
f(z) = f(«',t) = f(0,t), Va=(a,t)eR].
Proof: For all b€ R" ™1, )\ > 0, set

n—2 2
gA(z) = filr) — ‘;\’be()\x

’$‘2)7 S R:L_,|{L'| < A.

It is easy to see that for all b € R* ™1, 2 € R?, we have

{ Gy jz) () =0,

Gojz)(rz) <0, VO<r<Ll



It follows that i
%{gb,m(m)}h:l > ().

A direct computation yields
2V fo(x) - x + (n — 2) fiy(x) <0,
namely,
20y f(2' +0,t) - 2" + 20, f (2" + b, t)t + (n —2) f(z" +b,t) > 0.
Since 2/,b € R"!, t > 0 are arbitrary, by a change of variable we have
20, f(2',t) - (' = b) + 20, f (', )t + (n — 2) f(2', ) > 0.

Dividing the above by |b] and sending |b| to infinity, we have: for all 2/ € R,
t>0,werR |wl =1,

—Op f(2',t) - w > 0.

It follows that
Owf(a',t) =0, V2’ e R", t > 0.

Lemma 2.2 is established.

Proof of Claim 2: If \, =0 for all b € R"!, we have for all b € R"!
and A > 0 -2 2
'Ub(l') 2 WU{,(@) Vx € B}\ .

It follows that for all b € R*!, and A > 0 that

>\an )\72?/
uy(y) < W%(W> Vy € B1+/A-

Therefore, from Lemma 2.2 we know that u(x) depends only on ¢. Writing
u(t) = u(z), it follows that u € C*(0,00) N C*[0, 00) satisfies
W) +n(n—2ui(t) =0, 0<t< oo, an

u(t) >0, 0<t<oo.

An elementary phase-plane argument (writing (17) as a first order autonomous
system) shows that (17) has no solution. This is a contradiction. We have
verified Claim 2.



10

Claim 3: Suppose A, > 0 for some b € 9R? = R"!, then we have
wy,p(x) =0, Vo eRY.

Proof: Without loss of generality, we assume b = 0. Suppose the con-
trary of Claim 3, w), satisfies

ZXIUAO <0 N in 13;5(0)’
Mo =i —cof,? on OBf, NORY\ {0}, (18)
U})\O Z 0, in B)TO \ {O}

It follows from the strong form of the maximum principle and the Hopf lemma
(using also the boundary condition of w), given in (18) ) that

{ wy,(2) >0, VazeBf, 0<|z] <, (19)

P(r) >0,  VaedBfNER,

where v denotes the inner unit normal of the sphere 0B,,.
Lemma 2.3: There exists some constant v = y(Ag) > 0 such that

wy,(z) > 7 for = € By, » \ {0}.
Proof: Recall that vy, (x) = ‘iﬁ%v(%), U () — Ao® "u(0) as |z| — 0.
Thus 3C; > 0 such that vy, (x) < Cy for |z| < Ag. Using (19), we have

min wy, > €, for some 0 < € < 1. Without loss of generality, we

0B ﬂ@B,\O/Q

+
Xo/2
assume \g = 2. For 0 < r < 1, we introduce an auxilary function,
n—2

€ r"2e et(l — p) Ty oo
= - € B\ B 20
(p1<l'> 2(C—|— 1) |.T|"_2 + 9 ) x 1 \ ro ( )

where 0 < 1 < 1 being chosen later. Let P(z) = wy,(z) — ¢1(x), then P(x)
satisfies

61;(;”) = cvna — oyt — 6(12_“) on A(Bf \ B}) NoRrY.
We will show that B
P(z)>0, VYazeBf\B (22)

On B NOB; : P(x) > e — (e — 7" %) > 0; on OB NIB, : P(z) >
wy, () > 0. If (22) does not hold, there exists some zy = (xy, tp) such that,

P(zy) = min P(z) < 0. It follows from the above consideration and the
x€B, \B,fr
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maximum principle that ty = 0,7 < |z{| < 1. Then we have 8};?) (x9) > 0.

From P(xy) < 0, we have v(xg) — vy, (o) — ¢1(x0) < 0. It follows that
v(zo) < Oy, (23)

for some constant Cy = C'(¢,Cy). Also

e rn2e 0

e+ 1) Jwol 2~ 2t 1) (24)

wy, (o) <

n

From (23),(24), and the mean value theorem we have v7-2 (1) —v} 7 () <
Cswy, (20) for some constant C5 > 0. Combining with 22 (24) > 0, we have

wi() = o S (1 ). (25)

c+ 1)03
Combining (24)and (25) we have

1
1+Cy

If we choose p such that 0 < pu < ﬁ from the beginning, We reach a

contradiction. (22) is established. Let r — 0, we have proved Lemma 2.3

o>

From the definition of \g, there exists a sequence A\, — Ay with Ay < Ao,
such that

inf  w,, <O.
Bi Aoy

It is not difficult to see from Lemma 2.3 and the continuity of v at 0 that for
k large enough, we have

=+
wy, () >7/2, Ve By /2 \ {0}
It follows that there exists x; = (2}, tx) € By, \ By, /o such that

Wi, (.I'k) = B{&-n{?o}w)\k < 0.
k

It is clear that \g/2 < |zx| < Ax and, due to the boundary condition, ¢ > 0.
Hence Vw,, (z) = 0. After passing to a subsequence (still denoted as xy)
xp — xo = (2, t0). It follows that

wy, (z0) =0, Vwy,(zo) = 0. (26)
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It follows from (26) and (19) that ¢y = 0, |z{| = Ao-

Lemma 2.4: If (18) and (19) hold, then agu:O (z0) > 0 for all g = (x},0),
|| = Ao

Once we establish Lemma 2.4, we reach a contradiction due to (26), thus
have verified Claim 3.

Proof of Lemma 2.4: Without loss of generality we assume Ao = 1. Set
Q={z=(2,t)|x € Bf\Bf/z, t < 1/4} and, for some a > max{n/2,n—3},

h(x) = (|| — 1)t + 1), al) = h(z) — mi_?mﬁg, reQ,

where 0 < €, u < 1 being chosen later. A direct computation yields
Aps(z) >0, Vel

Consider A(x) = wy,(z) — p2(z), it follows that

AA <0, n 0,
9 = cy(w)wyy(z) — % on 092 N OR",
where cy(z) = n”’_%fg(ﬂf)%, & is some function between v, and v.

For suitably chosen € and p, we want to show
A(x) = wyy(x) — pa(x) >0, Vaze (. (27)

Using (19), we can choose €y > 0 small enough, such that for all 0 < € < ¢,
we have A(xz) > 0 on 0Q N {08/, U {t =1/4}}. Also from the construction
of @9, we know A(z) = 0 on 02 N JB;. Suppose the contrary of (27), there
exists some x; = (7,t;) € Q such that

Axy) = innA < 0. (28)

From the above and the maximum principle, we have t; = 0,1/2 < |z}| < 1.
Thus

0A
E@l) > 0. (29)
A simple calculation yields
8902 - /|-« I |—n+a
— (@) = e(ly |7 = (|3 [T + 1), (30)

ot
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Combining (29) and (30) we have
ca(an)wag (1) — ey |7 = )(Jay 7" 4+ 1) = 0. (31)
It follows from (28) that
wio (1) < ep(|2y |7 = D)(|24 |7+ 1), (32)

Combining (31) and (32) we have

co(z1)p > 1.
So if we choose 0 < p < 1/2I£1‘irll<1(62($) +1)~! from the beginning, we reach a
contradiction. Thus (27) holds. Since we also know that A(zg) = 0, we have
0A
— > 0.
v (%0) 2

It follows from a direct computation that

0wy oy = 04y, 092 02y —
v (SC(]) - v (.fl'(]) + v ('TO) > v (1:0) - 2a€u >0

Lemma 2.4 is established, also Claim 3 as remarked earlier.

Claim 4: For all b € R} =R""!, we have \, > 0.
B Proof: It follows from Claim 2 and Claim 3 that there exists some
b € R such that A\; > 0 and wy,_3(x) =0, V x € R}. Tt follows that

—n —-n y n
up(y) = X" |y|? UE(w)» Vy€eR].

Ny
Clearly B
JimJy" g (y) = X"u(b,0),
namely, B
Jim Jy"u(y) = A7 u(b, 0). (33)

Suppose the contrary of Claim 4 for some b € R"~!, namely,

A2 N2y L
wip(r) = vp(z) — WUb( ) >0, YA>0, x€ By \{0}.

R
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It follows that

A2 x x _

Fixing A > 0 in the above and sending |z| to 0, we have (using (33))

/\n—2 _

b

Sending A to 0, we have
u(b,0) = ,(0) <0,
a contradiction. Claim 4 has been verified.

Proposition 2.1 follows immediately from Claim 1-4.

Lemma 2.5: Suppose f € C'Y(R"!) (n > 3) satisfying: V b € R"!,
there exists p, € R such that

Fl@' +b) = " f(“gx,er), V2’ e R\ {0). (34)

- |$l|n72 |x/|2

Then for some a > 0,d > 0,z € R" !,
no_ a (n—2)/2 / n—1
)= (—""5"— , VY2 eR",

uce (]x’—w{)P—i—d)

or

a n—2)/2 n—1
) = g™ YR

Proof: Rewriting it as

piy (2" —b)
2" — bJ?

f(2) = i f( +b), Va er" 1\ {b}.

- ’3?/ o b‘n72
It follows that

A= lim |22 ) =i 2f0), Wber™. (35)
If A =0, itis easy to see from (34) and (35) that f = 0. If A # 0, both
f(b) and py, can not change sign. Without loss of generality we assume that
A =1. It follows from (35) that f(b) > 0, >0,V b € R"L.
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For 2’ large,

of Ho’ ] 1

57 0) - o o) (36)

P = LU o) +

2/ =]

and
n—2 8 2 l’l~ - bz
F) = e+ g T e, e

7 -
Combining (36), (37), (35) and our assumption A = 1 we have

() L) = 1 0) - 250) — (0 -2

It follows that for some xj € R"™! d >0

2

fra2(a) = |o" — 2|2 + d.

Lemma 2.6: For some a,d > 0, 2, € R"™1,

a n— n—
U(QT/, 0) = (m)( 2)/27 i x/ € R 1.

Proof : It follows from Lemma 2.5 and «w > 0 in R".
Proof of Theorem 1.1 for ¢ > 0: Let 2o = (), —V/d), set

1 T — o
Plr) = |z — xo!”‘2u( |z — 2|2 + %),
and B = {(2/,t) : —YL ___ _ \/d > 0}. Clearly, B is a ball in R".

e —ap |2 (tVd)?
Without loss of generality, we assume a = 1 in Lemma 2.6. It follows that

on 0B
2-n @ —x! |2 2-n
P ) = =+ (4 VAP + et
' —! 2-n
= {dlle’ = @t + (t + VO + e

_ gd4Vd) | Vda'—apPy2on
=1 Vi T t+\/&0}2 =1

Define Q(x) = ¢(z) — 1, we know that @) = 0 on 0B and

~AQ =n(n—2)(Q+1)"> in B. (38)
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It follows from the maximum principle that ¢ > 0 in B. Applying the
result of [15] we know that @ is radially symmetric about the center of B.
Hence by the uniqueness of the ode solution of (38), ¢(x) must take the form
0(2) = (7)™ ?/2 for some € > 0 and x; € R". Then

e2+|z—z1]?

uly) = ly— :v(l)l” QSO(Iyy ;)()'2 +20)

( : )z
(€2+|zo—z1]?)|ly—z0|>+2(y—x0) (zo—21)+1 ’

Theorem 1.1 when ¢ > 0 follows immediately.

2.2 Case ¢ < 0.

The main procedure of this case is similar to Case ¢ > 0, so we define
up, v(2),vp(x),wyp and wy as before. It is clear that this case is much easier
than the case C' > 0 since the boundary condition has the good sign.
Proposition 2.2 Let u be a positive function satisfying the hypotheses
of Theorem 1.1 for some ¢ < 0, then for any b € R*~!, there exists a A\, > 0

such that . )
i~ A ‘x
up(z) = ’xl"n_2ub( ’;‘2 ) for x eR].

Lemma 2.7: Let v € C*(R})NC (R)\{0} satisfy (10),e = min v(x),
9B}NOBR

R > 0. Then we have v(z) > ¢ for all z € By, \ {0}.
Proof Since ¢ < 0, it follows from the maximum principle that v(x) >
VOo<r< R,z € BR \ Bf. The lemma follows by sending r to 0.

€=
Proof of Proposition 2.2: We still prove it by four Claims. As in Case
¢ >0, w)y satisfies (13).
Claim 1: For A large enough, wy(z) > 0 for all z € B, \ {0}.
Proof: The proof is still divided into three steps.
Step 1: 3R, > 0, such that for all Ry < |z| < /2, we have wy(x) > 0.
Proof: The same as in Case ¢ > 0.

Step 2: IRy > Ry, such that for R; < A/2 < |z| < A\, we have w) () 2 0.
Proof: Let g(z) = |2|™® with0 < @ <n—2, z =z +(0,0,...,3). Als
wx(x) = wx(z)/g(z).
Aﬂ))\ += Vg Vw, + (61( ) + %)’JJ)\ =0 n B;\_, (39)
aa% (cz(az) - é 81t)w,\ on OBy N ORrR% \ {0}.
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If Jxg with A\/2 < |zg| < A, such that wy(zg) = A/221n|<,\w’\<$) < 0. Then
S|To|>
zoé{|z] = A} U{]z| = A\/2}. Asin Case ¢ > 0,
Ch Cy
0< <—, 0= < .
< aif@o) < o[ = Ca(z0) < EE
Also % = —W, —é : %hzo = ﬁ. For A large enough, zg = z¢ +
(0,0, ..., 3),
aln—2—«)
<0
|Z0|2 +Cl($0) s
and
a\ n
PIPAE + ca(x9) > 0, when zy € ORY}.

This contradicts to the maximum principle.
Step 3: d Ry > Ry, such that for A > Rs,

wy(z) >0 for = e Bf, \ {0}

Proof: From Lemma 2.7 we have v(z) > 1/C > 0 for x € Bf; \ {0}. Step
3 follows as in Case ¢ > 0.
We have verified Claim 1.

Define X, for b € R} = R"! as in (16).

Claim 2: There exists b € R""!, such that \; > 0.

Proof of Claim 2: If A\, = 0 for all b € R}, it follows from Lemma
2.2 that u(x) just depends on t. Writing u(t) = u(x), it follows that u €
C?(0,00) N C0, c0) satisfies (17). Claim 2 follows exactly as in Case ¢ > 0.

Claim 3: Suppose A, > 0 for some b € 9R? = R"!, then we have
wy,p(x) =0, Vo eRY,

Proof: Without loss of generality, we assume b = 0. Suppose the con-
trary of Claim 3, w), satisfies (18) and (19) with ¢ < 0. It follows that

3111)\0
ot

Lemma 2.8: There exists some constant v = v(A\g) > 0 such that
wy, () > 7 for = € By, » \ {0}.

Proof: Set v = min  wy,(z). It follows from (19) that v >
0B ﬂaB)\O/Q

(x) <0, z€dR, 0<|z| <. (40)

4
Ao/2

0. Using (18) , (40) and the maximum principle we have wy,(z) > ~v —
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”yﬁ%,v 0<r<X/2z¢€ B;ro/z \ B;f. Lemma 2.8 follows after sending r to

From the definition of Ay and arguing in a way similar to that in Case
¢ > 0, there exists some zg = (z(,0) with z{, € R""!,|z{| = Ao, such that

ow
'I.U/\O(.T()) = 07 8:0 (xO) = Oa

where v denotes the inner unit normal of 0B, .

Lemma 2.9: If (18) and (19) hold, then ag:‘) (o) > 0 for all g = (z,0),
5] = Ao.

Proof: Without loss of generality we assume Ay = 1. Set Q = {z =
(«',t) | © € BY \ By, t < 1/4} and, for some o > max{n/2,n — 3},

1 €T
" e )

hz) = e(|2'™* =11 +1), @s(z) = h(z)
where € > 0 will be chosen later. A direct computation yields
Aps(r) >0, ze€Q.

Considering A(z) = wy, () — p3(z), it satisfies

94 <0 ondQNn{t=0}. (41)

{AA <0, in Q,

By (19) we can choose € small enough, such that for 0 < € < ¢, we have
A(z) > 0 on 0QN {08, U{t =1/4}}. Also from the construction of ¢z we
know A(x) =0 on 02N 0B;. It follows from the maximum principle that

A>0, in Q. (42)

Also we know A(zg) = 0, thus 22(z0) > 0. A direct computation yields

It follows that

ov

Lemma 2.9 is established and Claim 3 follows immediately.
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Claim 4: For all b € R} =R"!, we have \, > 0.
Proof: It is exactly the same as that in Case ¢ > 0.
Proposition 2.2 follows from Claim 1-4.

The rest of the proof of Theorem 1.1 in Case ¢ < 0 follows immediately
the same way as in Case ¢ > 0.

3 Proof of Theorem 1.3

Proposition 3.1: Suppose u € C*(RY) N C*(R%) satisfies (5) and (7).

Then supu < +o0.
%
Lemma 3.1: Suppose u € C%(Bf)NC(BY) satisfies, for some ¢, A; € R,

—Au = e, in By,
ou u/2 — R+
o ce"?  on {t=0}nN B3J+ (43)
u(zg) =1, for some zy € By,
u < Ay, in By .

Then there exists some constant C; = Ci(e, Ay), such that, u(x) > —Cy in
Bf.
Proof: Set
[={t=0}nBS, Ty={t>0}NIB.
Let

C _
— _ _ i) eu®@)/2 +
ualy) = 5 /aMB;aogrx y| +log |z — g)e"®/2dx, y € Bf,

where g is the reflection point of y about {t = 0}.
A direct computation yields

{ —Auy =0 in By,
Jug u/2
o = ce on I'.
Define uq, us by
—Au; =¢%, in BY,
Gu ), on Iy,

ot
Uy :O, on FQ,



—AU:), = 0, in B;r,
Juz _
ot 0, on Fl,
Uz =u— Uy, on [

Clearly u = uy + us + us.
Extending u; evenly, we have

—Au; =e*, in By,
u; =0, on 0Bs.

Since e* < e, it follows from the W?? estimates that

Hjlgax|u1| < C(Aq,0).

A direct computation yields for y € By

|u2(y)| = %| f@RiﬁaB; (log |[E — y| + log |ZL‘ _ g|)€u(x)/2dl,|
< %eAl/z fE)RimaB; |log |z — y| + log |x — y||dx
< C(Aluc>'

Reflecting usz evenly, we have

—AU3 == O, ln 327
Uz = U — Ug, on 0B,.

Notice that u = u; 4+ us + us, we have
uz(z) = u(z) — uy(x) —ug(z) < Ay + C(Ay,¢), on B,

and
uz(xo) = u(wo) — ur (o) — us(xg) > 1 — C(Ag, ).

Applying the Harnack inequality to A; + C(Ay, ¢) — us, we have

minug(z) > —C(c, Ay).

By

Lemma 3.1 follows from (44),(45),(46).

20

(44)

(45)

(46)
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Lemma 3.2: For ¢ € R, there exists ¢ = ¢y(c) > 0, such that for all

u € C?(By) N CY(BY) satisfying

—Au= e, in By,
9u— "2 on 0ByN{t=0},
fBQ+ e < €o,
we have
axu < C(c).
Bt
1/4

(47)

Proof: We prove it by contradiction through a blow up argument used
in the proof of Proposition 2.1 of [20]. Suppose the contrary, there exists

some u; satisfying (47), z; € Bf/zp such that u;(x;) — oco.

In the following, we always denote ST = SN {t > T} for any set S
and ST = S° Considering (3 — |z — z;])%e"® in BY/Q(:EZ-), there exist y; =

(si,t;) € ET/Q(@), such that

1 1
(5 = Iy —@)?e ™) = max (5 —|o — @)%
2 :):EBT/Q(xi)
Let 0; = 5(3 — |y; — a;]) > 0. We have
doie" V) = max (5 — |v —x])%e" T > —e"i T,
mGBT/Q(zi) 4
Thus

wi(y;) + 2log oy > wi(x;) — 2log 4 — 0.
Also for z € E; (i), 3 — |z — x;] > ;. Therefore

4o2eti i) > o2 max e",
Bo'i (yz)

namely,
wi(y;) > max u; — log4.
BY, (vi)
Considering
wi(x) = ui (i + ;) + 2log i,

(48)
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ugi (Y;)

with p; = 2e~ 72 . Then

—sz = e%i n B;%,
agf = ce”/?  on 832 N{t =T},
Jgmi € < e,
R; _
wi(x) < 4log2  forz € BE_,
w;(0) = 2log?2,

where R; = %,Ti = —t;/p; < 0. We know from (48) that R; — oco. Using
Lemma 3.1 when 7; > —1/2 and Theorem 3 of [4] when T; < —1/2, we
conclude that for some constant C' = C(c) depending only on ¢ , w;(z) >
—C(c), V x € Ef/m It follows that

/+ Vi@ > 1/0(c).
B

1/4

If we choose 0 < ¢y < 1/C(c) from the beginning, we have a contradiction.
Proposition 3.1 follows from Lemma 3.2 and Theorem 3 of [4].

Next proposition is concerning the decay of u(z) at infinity.
Proposition 3.2: Suppose u € C*(R2) N C'(R%) is a solution of (5)
satisfying (7). Then

ulz) =d = 1 e dz + € ey,
2| —o0 log |z T Jr2 T Jor2

Proof: Let

w(z) = 3 fe (log |z — y| + log |7 — y| — 2log |y|)e"@dy
~on faRi(log lz — y| +log |z — y| — 2log |y|)e* W)/ 2dy.

It is easy to check that w satisfies

{ Aw = e in RZ,
ow _ . u/2 2
5 = —ce on OR%,

and, using (7) and Proposition 3.1,

w(x)

im =
2| —+o0 log |z
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Considering v(x) = u(z) + w(z). Then

{AT): 0 in RZ,

ov __ 2
S = 0 on 8R+.

We extend 9(z) to R* by even reflection. From Proposition 3.1, we know
o(x) < C(1 4+ log(|xz| + 1)) for some positive constant C. Thus o(z) is a
constant. This completes the proof.

3.1 Casec>0

Proposition 3.3 Suppose u € C*(R%) N C'(R?) satisfies (5) and (7) with
¢ > 0. Then d = —4, and for all b € R, there exists some A\, > 0, such that
A 2]

Ub('f) = ub( |ZE|2 ) - 410g(F)7 Ve Ri—v
b

where uy(2) = u(s + b,t), V= (s,t) € R:.

It is crucial to show that d = —4. We will show it by obtaining contra-
dictions when assuming d < —4 or d > —4.

First we assume d > —4.

Set .
vp() = Ub(w) — 4log |z],
and \2 .
x x
wip(z) = vp(z) — (vb(W) — 4log T)

In the following we always write v(z) = vg(x), vi(x) = v(%) — 4log %' and

wy(z) = v(x) —vr(x). So w) satisfies:

{ Awy+ ci(z)wy=0 in By, (49)

s = cy(x)wy on 9By NORZ,

where ¢; = 8@ ¢, = %e%, & (i = 1,2) are two functions between v, and
v. We will derive a contradiction from the following four claims.

Claim 1: For A large enough, wy(z) > 0 for all z € B, \ {0}.
Proof: We prove this claim by three steps.
Step 1: 3R, > 0, such that for all Ry < |z| < A\/2, we have wy(x) > 0.



Proof: For Ry < |z| < A/2, Ry large enough

wx(z )

) —

e
u(s) —
O(i

m

(v

(\m|2) 4log T)
4log |z| — (u(5z) —

41og 2 z “2| —4log |’”‘)
) + 4log |’\‘ > O(pyy) +4log2 > 0.
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Step 2: IRy > Ry, such that for Ry < A/2 < |z| < A, we have wy(z) > 0.

Proof: Let g(z)

have

0wy
ot

Suppose the contrary, 3 x¢ =

= co(x)w)

AWy, +§Vg -Vwy + (cl(x) + %
on {t=0}ynB, \ {0}.
(80, to) with A/2 < |zg| < A, such that wy(zo) =

Yion =0 in By,

= log(|z| — 1), and wy(x) = wy(x)/g(z). From (49) we

min wy(x) < 0. Then |zo| # A from the definition of wy, |xo| # A/2 from

A/2< ]z <A

Step 1. It follows that A/2 < |zg| < A and

Thus, C1 (‘IO) >~

C
lzo

*

?J)\(l‘o)

v(zo) < va(zo) < Ch

2 (2) = —

<

U(’\ ) — 410g lzol

|zol?

u(55) — 410g

|zo|

—4log

C —4log) < 01 —4log\x0]

1

— 4log |x]-

|zo[(|zo| — 1) log(|zo| — 1)

It is clear that for R; > Ry large enough we have

A
er(zo) + gg(xo) <.

Arguing as in Section 2.1, we have ty > 0, and reach a contradiction. Step 2

is established.

Step 3: d Ry > Ry, such that for A > Ry,
wx(z) >0 for x e Bf, \ {0}

Proof: For 0 < |z| < Ry, d > —4, A large enough we have
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Notice that as |z| — 0, u(%3) —4log|z| = (—d — 4+ 0(1)) log |x| > 0. So we

|2
know that
( T
u R
|z |?

) —4loglz| > —C for x e B \{0}.

Plugging it into (50), we have established Step 3. Claim 1 follows from Step
1-3.
Remark 3.1: We only used d > —4 in Step 3.

Now we define for b € 8Ri = R that
Ao = nf{A >0 | wyp(z) >0 in B \ {0} for all X< p < oo}.

Claim 2: 3Jb € R, such that \; > 0.
Lemma 3.3: Suppose f € C'(R%) satisfying, for all b € R, A > 0,

\x x
folz) — [fb(w) — 4log ‘)\|] <0,Vze B;\r,

where f,(z) = fy(s,t) = f(s+b,t), Vo = (s,t) € R:. Then
f(x) = f(s,) = f(0,1),  Va=(st) R
Proof: For all b€ R, A > 0, set

)\2
g (T) = fo(z) — [fb(]x\:s) — 4log |$)\’], T € Ri, lz| < A.

It is easy to see that for all b € R, x € RY}, we have

{ ool () =0,

Goz)(rz) <0, VO<r<l

It follows that ;
—{gujal (re)}Hr=1 = 0.

A direct computation yields
2V fy(x) -2z +4 >0,
Since b is arbitry, similarly as in lemma 2.2, we can deduce

Osf(s,t) =0, Vs €R, t > 0.



26

We finish the proof.
Proof of Claim 2: If )\, = 0 for all b € R, we have for all b € R* ! and

A>0 \2 ]
T T
vp(x) > [vb(w) — 4log7 Vi € By

It follows that for all b € R*!, and A > 0 that

A2y
up(y) < [up( e ) —4dlogAz|] Vye B1/,\

Therefore from Lemma 3.3 we know that u(x) depends only on ¢t. This
obviously violates (7). We have verified Claim 2.

Claim 3: Suppose \, > 0 for some b € 9R?% = R, then we have w), y(z) =
0, Vz eR2.

Proof: Without loss of generality, we assume b = (0. Suppose the con-
trary of Claim 3, w), satisfies

Aw,, <0 in By,
agio —ce3 —ces  on OB;, NoRr3 \ {0}, (51)
wy, =0, in By .

It follows from the strong maximum principle and the Hopf lemma (using
also the boundary condition of w), given in (51)) that

{ wy(z) >0, VaeBf, 0<|z] <,

o
20 () > 0, V& € dBy, NRY,

(52)

where v denotes the inner unit normal of the sphere 0B,,.
Lemma 3.4: There exists some constant v = (A\g) > 0 such that

wy,(x) >y for x € Ej{o/z \ {0}.
Proof: Notice that

U)o (.T) U(

:u(

‘>/

) —4log § I:v\

2) 4log )\o < C1(No)- (53)

owthz

From (52) we have min  wy, > € for some 0 < € < 1.Without loss

oBt NoB 0
Ao Xo/2
2

of generality, we assume \g = 2. For 0 < r < 1, we introduce an auxilary
function,

1 t(1—
Ell ()g Lr| %_ € ( IL) = ng— \ lg;k’

21 = 505D T Toar 2
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where 0 < 1 < 1 being chosen later. Let P(z) = wy,(z) — @4(x), then P(x)
satisfies

AP(z) <0 in B\ B},
0@ — ces — ce — 1 on (B \ Bf)NOR:.
We will show that _
P(z) >0, VaeeBf\B/. (54)

On OB NOB; : P(x) > e —¢=0; on B NIB, : P(x) > wy,(z) > 0.
If (54) does not hold, there exists some zg = (so,to) such that, P(xy) =
EmgilB+ P(z) < 0. It follows from the above consideration and the maximum
rEL) \br
principle that ¢y = 0,7 < |sg| < 1. Then we have aPng)(xo) > 0.
From P(zy) < 0, we have v(xg) — vy, (z0) — wa(zo) < 0. It follows from
(53) that
v(zg) < Cy, (55)

for some constant Cy = Cy(e, C1). Also

en _logle]  _ en
2(c+1) logr 2(c+1)

W, (T0) < (56)

From (55),(53), and the mean value theorem we have e s Cswy, (zo)for

some constant C'3 > 0. Combining with %—f(xo) > 0, we have

wio(0) = o (1= ). (57)

c+ 1)03
Combining (56)and (57) we have

1
> .
=7 + (s
If we choose p such that 0 < p < ﬁ from the beginning, We reach a

contradiction. (54) is established. Let » — 0, we have proved Lemma 3.4
From the definition of A, there exists a sequence A\, — A\g with A\, < Ag,
such that

inf w,, <O0.
B oy
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It is not difficult to see from Lemma 3.2 and the continuity of v at 0 that for
k large enough, we have

=+
wrn () 27/2, Ve B, ;\{0}
It follows that there exists zj = (s, tx) € BY, \ By,  such that

wy, (Tg) = B?i?o}w,\k < 0.
k

It is clear that A\g/2 < |zx| < A and, due to the boundary condition, t; > 0.
Hence Vw,, (z) = 0. After passing to a subsequence (still denoted as xy)
xp — o = (So, o). It follows that

wy, (o) =0, Vw,,(z9) = 0. (58)

It follows from (58) and (52) that ¢y = 0, [so| = Ao.

Lemma 3.5: If (51) and (52) hold. Then 81;30 (xg) > 0 for all zg =
(80, O), ’80| == )\0.

Once we establish Lemma 3.5, we will have reached a contradiction, thus
have verified Claim 3.

Proof of Lemma 3.5: Without loss of generality we assume \g = 1,59 =
1. Set Q={z=(s,8) | 1/2 < s> +t* < 1,5 > 0,0 <t < 1/4}, and

h(z) = e(1—s)(t+p), os(z) = h(z) - h(kfpx

where 0 < €, u < 1 being chosen later. A direct computation yields
Aps(x) =0, Vazel

Consider B(z) = wy,(z) — ¢s5(x), it follows that

AB <0, in €, (59)
9B = cy(z)wy,(x) — % on 9Q N IR,

&2 . .
where ¢ = Se?, § is a function between vy and v.
For suitably chosen € and p, we want to show

B(z) = wy,(z) — ps(z) >0, Vaze Q. (60)
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Using (52), we can choose €y > 0 small enough, such that for all 0 <
€ < €, we have B(z) > 0 on 0Q N {08y U {t = 1/4}}. Also from the
construction of 5, we know B(z) = 0 on QN 0B;. Suppose the contrary of
(60), there exists some z; = (s1,t;) € € such that

B(zy) = innB < 0. (61)

From the above and the maximum principle, we have t; = 0,1/2 < s; < 1.
Thus

0B
E(xl) > 0. (62)
A simple calculation yields
9250,y = 1 R 63
20 (01) = el = 1) (57" + 1) (63)

Combining (59), (62) and (63) we have
co(m1)wy, (z1) — (1 — 81)(57° +1) > 0. (64)
It follows from (61) that
wy, (71) < ep(1 —s1)(s7 +1). (65)
Combining (64) and (65) we have
co(zy)p > 1.

So if we choose 0 < p < 1/2rg‘ir|1<1(02(m) +1)~! from the beginning, we reach a

contradiction. Thus (60) holds. Since we also know that B(zg) = 0, we have

0B
It follows from a direct computation that
GwAO 0B 8905 8905
= — R > _ et
oy ({L‘o) o (ZL‘()) + o (.170) = By (170) 2e,u >0

Lemma 3.2 is established, also Claim 3 as remarked earlier.

From Claim 2 and Claim 3, it is easy to see that d = —4. This contradicts
to our assumption d > —4. We have thus proved d < —4.
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Lemma 3.6: For d < —4, a = lim,_.[u(z) — dlog|z|] exists and is
finte. Furthermore

C'log ||

lu(z) — dlog |z| — | < ——=—,
|z

VreR:, |z| > 1.

Proof: Since d < —4, it’s easy to see that for |y| > 1, e*® < Cly|™,
e"W/2 < COly|=2. From the proof of Proposition 3.2 and the above decay
property of e, we have for some constant «

u(z) — dlog |z| — a = —i fRi(log |z —y| +log |z — y| — 2log |x|)6u(y)dy
Ton fami(log |z —y| +log |z — y| — 2log |x|)e ¥/ 2dy.

Lemma 3.6 follows from some elementary calculations.

With Lemma 3.6, we simply repeat the previous moving sphere argument
for u instead of for v and we will also reach a contradiction if d < —4. One
difference we need to point out is in Step 3. For this step, d < —4 for u will
play the same role as d > —4 for v. The other difference is in Step 1. We
leave the details to readers.

Now we have proved that d = —4. In this case, we still work with the
Kelvin transformation v of v and can see that Claim 1 to Claim 3 are still
valid. The reason is that, as pointed out in Remark 3.1, we only need to
establish Step 3 when d = —4. But this can be done without much difficulty
with the help of Lemma 3.6. We leave the details to readers.

Claim 4: For all b € R, we have )\, > 0.

Proof: It follows from Claim 2 and Claim 3 that there exists some b € R
such that A\ > 0 and wy,_5(z) =0, V « € RY. That is

T
b

It follows that

lim [ug(x) + 4log |x|] = u(b,0) — 4log \;.

|x|—o00
namely, B
| 1|im [u(z) + 4log |x|] = u(b,0) — 41og A;. (66)

Suppose the contrary of Claim 4 for some b € R, namely,

Nz T _
wip(z) = vp() — [Ub<W) —4log |)\|] >0, V>0, Vxe B\ {0}
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It follows that

x Zz A B
u(7ys) 2 wl5) —4log 7 VA >0, Vo e B\ {0}.

Fixing A > 0 in the above and sending |z| to 0, we have (using (66))
u(b,0) — 4log Ay > u(0) — 4log \.

Sending A to 0, we get a contradiction. Claim 4 has been verified.
Proposition 3.3 follows from Claim 1 to Claim 4.

Lemma 3.7: Suppose f € C'(R) satisfies: V b € R, there exists some
wp > 0 such that

f(s+b) = f('u?’ +0b) —410g(|:b|), VseRr\ {0}

5
Then for some sg € R,a,d > 0,

a

o
<(s—so)2—|—d>’ Vs eR.

f(s) =log

Proof: Considering
h(s) =e T2 seRr

For all b € R, we have

h(s+b)=822h(lf+b), vser)\ {0,

Ho
For |s| large, we have
52 I 1
= — H0)Z2 L 0=
() = 3 {h(0) + K022 + O(5),
(3 — b>2 / u% 1
h(s) = h(b) + h'(b)—— + O(—)}.
(9) = () + 1) 00 )
Comparing the above two formula, we have
h(b)  h(0) 2bh(b)
B = B W) - T =1 (0).

Hp Ho Hy
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It follows that
h(O)

hb) = Ty

—20* + 1 (0)b+ h(0), VbeR.
Therefore for some sg,d € R,a > 0, we have
1 2
h(s) = g{(s — S0)° + d}.
Clearly d > 0 and Lemma 3.7 follows.

Proof of Theorem 1.3 when ¢ > 0: Using Proposition 3.3 and
Lemma 3.7, we know that for some sq € R, a,d > 0 we have

=log(+——)% V¥ R.
u(s0) = logl( % s €
Set 2o = (s0, —Vd), B = {(s,1) : ‘SSOFF—{M —+/d >0}, and

T — Tg

() = u(

——— + 1) —4log |z — x9|, x € B.
|z — ]2

It is clear that B is a ball in R?. On the boundry of that ball 9B = {(s, ) :

|s—50|t2+—\/t>—i-\f \/_ O}, we have
o(s,t) = 2loga — 210g[ o 80J§+?E-L—f + d] — 2log||s — so|*> + (t + Vd)?]
= 2loga — 210g{% +d-[|s — sol* + (t +Vd)]}

= 2loga.

Using the maximum principle and the result of Gidas, Ni and Nirenberg [15],
we conclude that w —2loga > 0 in B and w is radially symmetric about the
center of B. Theorem 1.3 in this case follows basically the same way as in
the proof of Theorem 1.1.

3.2 Case ¢ < 0.

Proof of Theorem 1.3 in Case ¢ < 0: From Section 2.2 and section 3.1,
we can see that almost all steps are the same as in Section 3.1. The main
difference between Case ¢ > 0 and ¢ < 0 when n = 2 is to show Step 2
in the proof of Claim 1. Actually we can prove this step in Case ¢ < 0 by
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using test fuction g(z) = log(]z| — 1) instead of g(z) = log(|z| — 1) with
z=x+ (0,—A/4). The main procedure of this case is similar to Case ¢ > 0,
so we define v(x),vp(),wxp and w) as in Section 3.1.

Proposition 3.5 If u(z) satisfies (5) and (7), then d = —4 and for all
b € R, there exists some A\, > 0, such that

A 2w

||

) — 410g(|i_|1), Vaze ]Ri,
Ab

up(x) = up(

where uy(z) = u(s + b, t).
Similarly we will deduce contradiction if d < —4 and d > —4.
First we assume d > —4. We will derive a contradiction as in Section 3.1.
Claim 1: If A is large enough, then wy(x) > 0 for all = € E;\r \ {0}.
Proof: We still prove this claim by three steps.
Step 1: 3R, > 0, such that for all Ry < |z| < A\/2, we have wy(x) > 0.
Proof: See Section 3.1 (Step 1 in Claim 1).
Step 2: IRy > Ry, such that for Ry < A/2 < |z| < A, we have wy(z) > 0.
Proof: Let g(z) = log(|z| — 1) with z = x + (0,—2) and wy(z) =
wy(x)/g(x). From (49) we have

{ Ay +2Vg- Vs + (cr(z) + 29wy =0 in B, (&)

90— (ey(x) — 1 9ymy  on {t=0}NBy \ {0}.

g Ot

Suppose the contrary, 3 zo = (so,%p) with A\/2 < |zo] < A, such that

wx(zg) = min wy(x) < 0. Then |zg] # A from the definition of wy,
A/2<]<

|zo| # A/2 from Step 1, and ¢y > 0 due to the boundary condition. It follows
that o € By \ By, and

vx(xg) < C' —4log A < C) — 4log |x|,

v(z0) < va(wo) < C1 — 4log |-
Thus, when A is large enough

Ch Cy
ler(2o)] < 2o |ca(2)] < TR |zo| ~ [0 ~ A,

where zp = 29 + (0, —\/4).
By a direct calculation we have
Ag( ) 1
—(x e ,
g |20 ([ 20| — 1)*log(|z0] — 1)
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1 @(x ) =— A
g " 4zo/(|20| — 1) log(| 20| —1)°

Then as A large enough, we have

A
er(zo) + gg(:co) <0,

and L8
@)= £($0) >0

Step 2 can be established as before.
Step 3: d Ry, > Ry, such that for A > R,

wy(z) >0 for = € Bp \ {0}

Proof: See Section 3.1 (Step 3 in Claim 1).

The rest of the proof is very similar to that in Section 3.1, changing test
functions to some standard comparision functions in the proof of Claim 3 as
in Section 2.2. Then we can prove Proposition 3.5.

Theorem 1.3 in Case ¢ < 0 follows by some simple modifications of pre-
vious argument.
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