
A FEARSOME FOURSOME:LANGLANDS, TUNNELL, WILES AND FERMATKIMBALL MARTINModulaire! Modulaire!Those words are so unfair!Many meetings, many seatings,Many meanings, many gleanings.Yet so obtusive, so elusive,Is there nothing more 
ondu
ive?Ah, here's a friend by far more fair!Though rough and rugged for the wear.Seldom was a longer name so seemly,Or 
ame fun
toriality so dreamy,Than when I turned from modulaire,And found that automorphy in the air.These notes are from a presentation for Ma 162b taught by Edray Goins at Calte
h in Winter 2004. Iattempt here to give a rough sket
h of the role of automorphi
 forms and representations in the proof ofFermat's last theorem (that is, the proof that all (semistable) ellipti
 
urves are modular). I am really notat all following Gelbart's arti
le in the Cornell-Silverman-Stevens volume, ex
ept perhaps in Se
tion 4. InSe
tion 3, I attempted to follow Cogdell's le
ture notes from a 
ourse at the Fields Institute (available ontheir website) in Winter 2003. I 
laim absolutely no responsibility to the vera
ity of the words whi
h follow.Notation: GQ = Gal(Q/Q), H is the upper half-plane, tr is the tra
e map, and Frp denotes a Frobenius
onjuga
y 
lass for p in an appropriate �nite quotient of GQ.1. L-Fun
tionsWe've talked about a 
orresponden
e between two-dimensional Galois representations and modular forms,but I'd like to rephrase things in terms of L-fun
tions, though I suppose I don't a
tually need to. Howeverit will be mu
h more 
onvenient for stating things more generally. Let f be a eigen-
usp-new-form of weight
w ≥ 1 and 
hara
ter ε. By Deligne, Serre, Ei
hler and Shimura, one 
an atta
h to f an odd, 
ontinuousGalois representation ρ : GQ → GL2(F ) su
h that for almost all primes p,(1) tr(ρ(Frp)) = ap , det(ρ(Frp)) = ε(p)pw−1,where F = C if w = 1 and F 
an be Ql for any prime l if w ≥ 2.In fa
t for F = C or Fl, it's 
onje
tured that any odd, 
ontinuous irredu
ible Galois representation
ρ : GQ → GL2(F ) should 
orrespond to a modular form f (de�ned over F ) in the above sense. (I'm toldthings are more deli
ate when F = Ql.) In this 
ase, we'll say that ρ is modular. Let's reformulate theweight-one 
ase with L-fun
tions. Write f =

∑

n≥1 anq
n. De�ne the L-fun
tion

L(s, f) =
∑

n≥1

an
ns

=
∏

p

Lp(s, f) , Lp(s, f) =
1

1 − app−s + ε(p)pw−1−2s
(p 6 | lN)Let ρ : GQ → GL2(C) be a 
ontinuous Galois representation. De�ne the Artin L-fun
tion by

L(s, ρ) =
∏

p

Lp(s, ρ),1



where at the unrami�ed pla
es for ρ (so at almost all pla
es),
Lp(s, ρ) =

1

det(I − ρ(Frp)p−s)
=

1

1 − tr(ρ(Frp))p−s + det(ρ(Frp))p−2s
.Thus f 
orresponds to ρ if and only if Lp(s, f) = Lp(s, ρ) for almost all p. This 
an only happen when ρ isodd. I'll remark that if ρ is even, ρ should 
orrespond to something 
alled a Maass form. Similarly, you 
ande�ne an L-fun
tion L(s, E) for an ellipti
 
urve E so that E is modular if and only if L(s, E) = L(s, f), butwe'll do something a little di�erent. 2. There and Ba
k AgainLet it be known that E is a semistable ellipti
 
urve over Q. The goal is to prove that E is modular.Re
all we have asso
iated to the l-torsion points of E a Galois representation ρE,l : GQ → GL2(Zl). Thisgives a residual representation ρE,l : GQ → GL2(Fl). We'll say that ρE,l is residually modular (of weighttwo) if ρE,l (more or less) 
orresponds to a weight-two normalized eigenform f mod l, i.e., that Equation (1)holds mod l for nearly all p. In this 
ase we'll say that ρE,l is modular (of weight two).Theorem 1. (Wiles) If ρE,3 is irredu
ible and modular (of weight two), then ρE3

(and hen
e E) is modular.(Due to Conrad, et al., you probably don't even need that E is semistable.) Pretty mu
h, either ρE,3 or
ρE,5 is irredu
ible. Using his unpatented �3�5 swit
h�, Wiles shows it su�
es to assume ρE,3 is irredu
ible.A theorem of Langlands and Tunnell then applies to show that ρE,3 is a
tually modular. This is whereinlies the 
onne
tion with automorphi
 forms and what we shall dis
uss in the �nal se
tion.3. Why eat modular when you 
an have automorphi
 every day of the week?The annoying thing about modular forms is their modularity. Say f : H → C is a modular form on
Γ = SL2(Z) of weight w. Let

j(g, z) = det(g)−1/2(cz + d) , g =

(

a b
c d

)

.The modularity 
ondition then means f(γz) = j(γ; z)wf(z) for γ ∈ Γ. This isn't too bad if w = 0, but Ithink you'll agree we'd all be better o� without this j term. So let's get rid of it.Not only does SL2(Z) a
t on H, so does GL2(R)+. Note
StabGL2(R)+ {i} = Z ·K ,Z = Z(GL2(R)+) , K = SO(2).So H ≃ Z\GL2(R)+/K. Lift f to a fun
tion F on GL2(R)+ so that

F (g) = f(g · i) , F (zgk) = F (g), z ∈ Z, k ∈ K.Let ϕ(g) = j(g; i)−wF (g). Then(i) ϕ(γg) = ϕ(g), γ ∈ Γ(ii) ϕ(zg) = ϕ(g), z ∈ Z(ii) ϕ(gkθ) = eiπwθϕ(g), kθ =

(

cos θ sin θ
− sin θ cos θ

)

∈ K(iiii) ϕ(g) is an eigenfun
tion for the invariant di�erential operators Z on GL2(R).(v) for any norm on GL2(R)+, |ϕ(g)| ≤ C||g||r for some C, r.Then ϕ : ZΓ\GL2(R)+ → C is an automorphi
 form on GL2(R)+. Condition (iiii) 
orresponds toholomorphy of f and (v) to holomorphy of f at ∞. If you have a good imagination, I'm sure you 
an guessthat things go similarly for Γ a dis
rete subgroup of GL2(R)+.Sin
e we 
laim to be doing number theory, we should probably get some other �elds involved now. Let Abe the adèles of Q so we have a restri
ted dire
t produ
t de
omposition GL2(A) = GL2(R) × ∏′ GL2(Qp).Let K = K∞Kf ⊆ GL2(A) where K∞ = O(2) and Kf =
∏

GL2(Zp). (K,K∞,Kf are maximal 
ompa
tsubgroups in their respe
tive GL2 ambient groups, and Kf is open.) As every Japanese 3rd grader knows,
Γ\GL2(R)+ = GL2(Q)\GL2(A)/Kf , so

Z(R)Γ\GL2(R)+ = Z(A)GL2(Q)\GL2(A)/Kf ,where Z(F ) means Z(GL2(F )). So our automorphi
 form ϕ is a
tually a fun
tion of the quotient on theright. 2



Pi
torially, we have a parallelo-diagram
GL2(Q)\GL2(A)

ϕ
//

ttiiiiiiiiiiiiiiii

C

Z(A)GL2(Q)\GL2(A)/Kf Z(R)Γ\GL2(R)+

ϕ

55llllllllllllllllThus we may think of ϕ as a fun
tion of GL2(A) su
h that(o) ϕ(zg) = ω(z)ϕ(g), z ∈ Z(GL2(A)), ω(z) = 1(i) [automorphy℄ ϕ(γg) = ϕ(g), γ ∈ GL2(Q)(ii) [K-�nite℄ ϕ(gkθkf ) = eiπwθϕ(g), kθ ∈ K+
∞ = SO(2), kf ∈ Kf ; and in fa
t, 〈ϕ(gk)|k ∈ K〉 is �nitedimensional(iii) [Z-�nite℄ 〈Xϕ(g)|X ∈ Z〉 is �nite dimensional(iiii) [moderate growth℄ for any norm on GL2(A), |ϕ(g)| ≤ C||g||r for some C, r.Note ϕ is smooth, i.e., C∞ at ∞ and lo
ally 
onstant at the �nite pla
es. Any smooth fun
tion ϕ : GL2(A)satisfying these 
onditions (i)�(iiii) is 
alled a (K-�nite) automorphi
 form on GL2(A). Generally, the 
entral
hara
ter ω in 
ondition (o) might not be 1, just as there are modular forms with nontrivial 
hara
ter. Wewill say ϕ is a 
usp form if(v) [
uspidality℄

∫

Q\A

ϕ

((

1 x
0 1

)

g

)

dx = 0.(Re
all that 
lassi
ally, 
uspidality states
a0 =

∫ 1

0

f(x+ iy)dx =

∫ 1

0

f

((

1 x
0 1

)

· iy
)

dx = 0.)Denote the ve
tor spa
e of K-�nite automorphi
 (resp., 
usp) forms by A (resp., A0). Unfortunately, wedon't quite get �automorphi
� representations of GL2(A) on A but we do get ones of a He
ke algebra. On theother hand, one 
an de�ne smooth automorphi
 forms and L2 automorphi
 forms whi
h relax the 
onditionof K-�niteness whi
h do a�ord �automorphi
� representations of GL2(A). Using L2 automorphi
 forms you
an get representations of GL2(A) on the spa
e of K-�nite 
usp forms, but we won't worry about this.
GL2(A) a
ts by right translation on the spa
e of 
usp forms. Given a 
usp form ϕ whi
h is an eigenformin some sense, let π = Vϕ be the representation of GL2(A) spanned by ϕ. Any su
h representation π is
alled a 
uspidal automorphi
 representation of GL2(A). More generally1, any irredu
ible representation of

GL2(A) on the spa
e of 
usp forms is a 
uspidal automorphi
 representation π, but it's a big deal (
alledMultipli
ity One) that (for GLn) π = Vϕ for some 
usp form ϕ.When I started o� writing this, I thought I 
ould de�ne some things and present a bit of the relevant theory,but somehow things degenerated and 
haos ensued, like a Chesterton novel (or so I'm told). So don't feelbad if none of this makes sense, and if perhaps automorphy doesn't sound like su
h a great idea anymore.But the point is that things 
alled automorphi
 forms 
an be de�ned on GLn(AF ) (or other algebrai
groups more generally) and over any number �eld F , and (for GLn) they 
orrespond to other things 
alledautomorphi
 representations of GLn(AF ), whi
h have meromorphi
 L-fun
tions (a
tually entire for 
uspidalrepresentations). Langlands 
onje
tured that any irredu
ible Galois representation ρ : GF → GLn(C)
orresponds to a 
uspidal automorphi
 representation π of GLn(AF ) on some spa
e of 
usp forms (in thesense that they have L-fun
tions whi
h agree almost everywhere). This is 
alled, among other things, thestrong Artin 
onje
ture and does indeed imply Artin's 
onje
ture that L(s, ρ) is entire for ρ 6= 1 irredu
ible.The Langlands-Tunnell theorem stated in the next se
tion (and what we need) is a spe
ial 
ase of the strongArtin 
onje
ture.Note that modular forms and Maass forms are essentially automorphi
 forms (or representations) for
n = 2, F = Q. In fa
t, an irredu
ible two-dimensional Galois representation ρ should 
orrespond to amodular form if ρ is odd and a Maass form if ρ is even.1By the end of this senten
e, I seem to say that it's not more general at all, so I don't know why I wrote any of this.3



4. Hurray hurray! Automorphy saves the day!Theorem 2. (Langlands-Tunnell) Let ρ : GQ → GL2(C) be a 
ontinuous representation. If the image of ρis solvable, then ρ 
orresponds to an automorphi
 representation π of GL2(A) in the sense that Lp(s, ρ) =
Lp(s, π) for almost all primes p.This is a great theorem, and if I had time to prove it, you'd reprimand yourself for ever having doubtedautomophy. See for example Rogawski's arti
le �Fun
toriality and the Artin Conje
ture,� Pro
. Symp. PureMath. 61 (1997). It's also available on his website.(For those who know the ba
kground, here's a re
ap of Langlands's proof of the tetrahedral 
ase. Let
σ : GF → GL2(C) be a tetrahedral representation. Then there is a normal 
ubi
 extension K/F su
h that
σK is modular. Say σK ↔ Π. There are three representations π0, π1, π2 of GL2(AF ) whose base 
hange
πi,K to K is Π. One of these should a
tually 
orrespond to σ. There is a unique π = πi whose 
entral
hara
ter mat
hes with the determinant of σ. Then one proves Sym2(σ) ↔ Sym2(π). This 
ombined withthe 
orresponden
e σK ↔ πK allows one to 
on
lude that, at any unrami�ed pla
e v, either σv ↔ πv or
σ(Frv) ∈ A4 has order divisible by 6. But A4 has no elements of order 6, so in fa
t σ ↔ π.)We want to dedu
e that ρE,3 is modular when it is irredu
ible. If it is irredu
ible, then it is absolutelyirredu
ible, i.e., irredu
ible over F3. Furthermore, it is odd. Then the following result applies.Corollary 1. Let ρ : GQ → GL2(F3) be an odd, absolutely irredu
ible representation. Then ρ 
orrespondsto a weight-two normalized eigenform f .I'll now try to outline how this goes. It's fortunate that GL2(F3) embeds inside GL2(C), and in a waythat (more or less) respe
ts tra
e and determinant. Spe
i�
ally, we 
an de�ne a faithful honomorphism
ψ : GL2(F3) → GL2(C) by

ψ

(

−1 1
−1 0

)

=

(

−1 1
−1 0

)

, ψ

(

1 −1
1 1

)

=

(

1 −1

−i
√

2 −1 + i
√

2

)

.Then in fa
t ψ : GL2(F3) → GL2(Z(i
√

2)). Note 333 = (1 − i
√

2) is a prime of Z(i
√

2) above 3 (sin
e
(1 − i

√
2)(1 + i

√
2) = 3) and you 
an 
he
k that

tr(ψ(g)) ≡ tr(g) mod 333 , det(ψ(g)) ≡ det(g) mod 3.Now we 
an extend ρ to a representation ρ : GQ → GL2(C) as
GQ

ρ //

ρ ##H
H

H
H

H
H

H
H

H
GL2(C)

GL2(F3)

ψ

OONote that ρ is an odd, 
ontinuous, irredu
ible Galois representation with solvable image. It is odd be
ause
ρ is odd and ψ preserves determinants mod 3. It is 
ontinuous be
ause it evidently has �nite image. It'sirredu
ible be
ause its image is non-abelian (or else ρ would not be absolutely irredu
ible). It has solvableimage be
ause PGL2(F3) ≃ S4 (and hen
e GL2(F3)) is solvable.By the Langlands-Tunnell theorem, ρ 
orresponds to some 
uspidal automorphi
 representation π of
GL2(A). So in fa
t ρ 
orresponds to a weight-one eigenform f . So ρ 
orresponds to f mod 333. We want toshow that ρ 
orresponds to a normalized eigenform of weight two. The idea is to multiply f by an Eisensteinseries of weight one. Let χ be the �mod 3� 
hara
ter, and

E(z) = E1,χ(z) = 1 + 6

∞
∑

n=1

∑

d|n

χ(d)e2πinz .Then E ≡ 1 mod 333 (i.e., ea
h Fourier 
oe�
ient ex
ept for the 
onstant term is 0 mod 333), so g = fE isa normalized weight-two form. However, it's highly unlikely that g is a
tually an eigenform, but it will bea �mod 333 eigenform,� meaning that Tng ≡ Tnf ≡ anf ≡ ang mod 333 for all n. A result of Deligne andSerre, whi
h I won't state, applies in this 
ase to say there's another normalized weight-two form h whi
h isan eigenform and h ≡ g mod 333 (i.e., their Fourier 
oe�
ients are the same mod 333). Then h is the desiredmodular form. 4


