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Fermat's theorem. Let p > 0 be a prime number and let a be an integer;
then : )

a?=a (mod p).

To prove this theorem using finite induction we must find a proposition
P(n) to which the method can be applied. The proposition is

n? =n (mod p) for an integer n.

Note that the proposition says only that the congruence of the theorem holds
for positive integers. Thus, apparently, we are not proving the theorem in full
generality. However, every integer is congruent, modulo P, t0 a non-negative
integer smaller than p. Hence, it is enough to prove the theorem for 0 < g <

p — 1. In particular, the theorem follows if we prove that the proposition P(n)
holds for every n > 1.

Of course P(1) holds, since 17 = 1. To go from P(n) to P(n + 1) we
must find a way to relate these two statements. This is provided by the binomial
theorem. The proof becomes considerably simpler if we isolate as an auxiliary
result what is really a version of the binomial theorem for integers modulo p.

Lemma. Ler p > 0 be a prime number and let o and b be integers; then
(a+bP =a? + b (mod p).

Proof of the lemma. 1t follows from the binomial formula that
p—1 . p
P_qgP 4 }P £ )aP i,
(a+b)P =P + +§ (Z)a

Thus, to prove the lemma, it is enough to show that
-1
Z (i,))ap—’b’ =0 (mod p).
i=1

But this follows immediately if we prove that the binomial numbers (%) are
divisible by p for 1 < ¢ < p— 1. Now, by definition

(p) _pp-l).(poitl)

i A
Since binomial numbers are integers, the denominator of this fraction must
divide the numerator. But if 1 < i < p— 1, then p is nor a factor of i! Thus the
factor p that appears in the numerator of the fraction will not be canceled by the
denominator. Therefore ! must divide (p ~ 1)...(p — i+ 1) and we have that
(f) is a multiple of p, as we wanted to prove.
We may now return to the proof of Fermat’s theorem. The induction hy-
pothesis is
n’ =n (mod p) for some integer n,
and we must show that (n + 1) = n + 1 (mod p). By the lemma -
(n+1)=nP+1P=n+1 (mod p).
By the induction hypothesis we can replace nP by n in this formula. Doing this,
we conclude that '
(n+1)’P=n+1=n+1 (mod p),

as we wanted to prove.



Lemma. Let a, b, and c be positive integers, and assume that a aﬁd b are
co-prime.

(1) If b divides the product ac, then b divides c.

(2) If a and b divide c, then the product ab divides c.

Fet’s prove (1) first. We have, by hypothesis, that ¢ and b are co-prime;
hhat is, ged(a, b) = 1. It follows by the extended Euclidean algorithm that there
:xist integers o and ( such that

aa+pb=1.
Now we come to the “abracadabra” of this proof: Muluply both: sxdes of the
equation by ¢. This gives -

- o aac+Bcb=c._

The second term on the left-hand side is clearly divisible by b, but so is the first
term. Indeed, it is divisible by ac, which is a multiple of b, by hypothesis. Thus
the left-hand side of (6.1) is itself a multiple of b. Since it is equal to c, we have
proved (1). ’
Now we use (1) to prove (2). If a divides c, then there exists an integer t
such that ¢ = at. But b also divides c. Since a and b are co-prime, it follows
“from (1) and ¢ = at that b must divide t. Thus ¢ = bk for some integer k.
Hence

¢ = at = a(bk) = (ab)k

is divisible by ab, which is the conclusion of (2).




