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P1i is Irrational

Proof by contradiction:

Assume that 1 is rational, then 1”2 must also be rational. Therefore n”2=a/b, where a, b
€ Z, b # 0. The lim(a—o0) a"n/n!=0, then there exist an M>0 such that if n>

M, a"n/n! < 1/ 0, or ma™n/n! <1.

Now choose an integer N>M, then na’\"/N <1

Define polynomial:
foo = x" (- )Y /N
) = 87 (eX® v Crni XM Crs 2l 0¥
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WhereCp is an integer. For integers k N<k < 2N, then 10 (X1= N & (n - \
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Suppose its true for an integer k, f Ve o = (- ) \“4: ‘Y'\,\Z \‘~X3 . R
Then k+1, £ (¢ () =d P00 ] = ATENENES T o) = 7
X ax T

/

(1=X)
RN

So the formula is true for all nonnegative integers by induction.

For, values of k such that Osi'g <N each term in the expansion of

P0\=0  and P - =R 0) =0

For values of k such that N <k < 2N the only term that does not have a pos_i@zce integer
power of x is the first one. This is when n =k. This means -F “f\(o\ = SR
is an integer since, k> N, then £ (1) = (=) *€™ (D\ .is alsoan integer.

b

Define another function:

‘ N ‘ : 3 n-ibinG)
Frx) - bV =, L")JWTZN'ZJP(Z’)L)G - b“gblﬂ%ﬂ“‘»{ﬂ “\__%AHAO{N Jep £'>2)'

It now follows that F(0) and F(1) are both integers and thus the F(0) + F(1) is an integer.

Define:
g(x) = F’(x)sin(1ix) — nF(x)cos(mx)

It follows that:

F’(x)sin(nx) + nF’(x)cos(ux) — nF’ (x)cos(mx) + n2F(x)sin(nx) = [F’(x) +
o 2F(x)]sin(ux).

Now:

Fude o G0 200N ) = 20y = 4y g0
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Also: N Py N-2 A )

T2 = bV 8 -1 0 0 2V 4 w0 o+ GV N ]
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Notice since f(x) is a polynomial of degree 2N, Q Ll 4 X\ =0 for all x.

Thus:

)= R = N Ly

So: 2Ny
dee PN Loy oin i) = '14‘“ R T OO0 i) N fuy)
3\
Since g(x) is continuous on [0,1], and g’ exist on (0,1), by the Mean Value Theorem,
there exists a ¢ € (0,1) such that g(1) — g(0) = g’(c).
Now:
g(1) =F’(0)sin 1 — nF(1)(-1) = nF(1) and g(0) = F’(0)sin(0) — oF(0)(1) = - nF(0)
So:
g(l)—g(0)=nF()+n F(2 i [F(l) + F(0)] and thus,
"r)me A FYd= T fley sinEro) ., Fu) + £w) = TTa§ ) 4nlte)

Since:
0<c<1,0<sin(c) <1 and also 0< 1-c < 1.

ince:
1N =6 L':C?w , it follows that (0 ¢ T a% ften <. L <.\
)
It now follows that [} ‘T\’ﬂ”‘&() &0 (rer 4] and so 0 <F(1) + F(0) < 1. Since F(1) +
F(0) is an integer, there must exist an integer between 0 and 1. Therefore it’s a
contradiction.
QED.
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