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1 Introduction

It used to be thought that computing the nth digit of = requires computing the first n — 1 digits.
However, in 1995, David Bailey, Peter Borwein, and Simon Plouffe demonstrated that it is possible to
directly calculate the nth digit (in certain bases) of several transcendental constants in time proportional
to nIn? n and space proportional to Inn.

2.

Here are some examples:

We will be focusing on the formula for = known as the BBP formula:
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The following formula will be used in the proof:
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Now, the BBP formula for  can be written (using the above) as
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This formula allows you to directly calculate the hexadecimal (base 16) digits of 7 beginning at any
arbitrary starting position n without having to calculate the first n — 1 digits; it also allows the use
of smaller data types to compute the first n digits, increasing the speed of the computation. Unless,
of course, you actually want all of the first n digits; then, this algorithm is slower than other, older,

computations.



1 I TP S
16(4 2y —y y)dy
0 16 — 32
16(y — 1)
o (¥2-2)%* — 1)
4

bo4y-8
- /c; ?%dy*/o y2f2y+2dy
= [2In(y® - 2)]1 -4 [tan™ (1 — y) + 2In((y — 1)* + 1)]1
= [2In(-1) - 2In(-2)] - [(4tan"? 0+ 2In1) — (4tan™" 1+ 21n2)]
2In(~1) — 2In(~2) + 4tan"10 — 2In1+ 4tan"* 1+ 2In2
0+2In2-2In2+2~2+4tan"11
4tan~11
= 47

4
= T

(Substitute y = v/2x)
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that we can calculate the n hexadecimal digit of any number z by calculating 16”z modulo 1

(that is, discarding any carry into the one’s place), and using the hexadecimal digits from the fractional
part.

To compute the nth hexadecimal digit of 7 using this formula, we first have to compute the sums of

the terms:

1
> TR
£ 165(8k + 1)
5:9: 1

k
£ 16%(8k +4)

2 1
¢ = kzzo 16%(8% + 5)
ad 1

b = kgowk(skJre)

And then calculate # = 44 — 2B — C — D. This last computation can be done using floating point
calculation modulo 1, and thus in constant time.
To calculate one of the constants above, we use the identity:
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The second sum is < Zk 1 16~*; we only need enough terms to make the sum of the remainder less
than 116~1. Note that Y 5, ; 167% = £ 3777 167%; that is, dropping terms makes the sum decrease
exponentlally Thus, if we take the first two terms, we are guaranteed that the sum of the remaining terms
will be sufficiently low to guarantee the accuracy of the computed digits; the sum of the first two terms
can be computed using regular floating-point arithmetic. For the first sum, the terms are quotients of



expressions whose maximums go to co as n — 0. Thus using floating point arithmetic to calculate them
will lose most of the digits of these terms, leaving a fairly inaccurate quotient with very little accuracy.
Instead, we compute the numerator and denominator exactly, using infinite-precision integer arithmetic,
and the use floating-point arithmetic to perform the division and add up the terms. Since fixed-precision
floating-point operations take constant time and constant space, we do this part of the computation in
linear time and constant space. Calculating p(k) requires a constant number of arithmetic operations,
which take logarithmic time and space in k. Thus, since we don’t have to keep the values of p(k) around
between terms, we can do the total computation in time proportional to nlnn and space proportional to
Inn. The problem is calculating the numerators; since the numbers are taken modulo p(k), we need at
worst space proportional to In k, but a naive computation of the exponent would have time proportional
to (n — k) Ink, giving a total time (for the entire sum) proportional to fn*Inn. Consequently, we need
to pzresent an algorithm for the expeonent with time proportional to In (n — k) Ink, giving total time of
nln®n.
To compute 2™ mod ¢, we use the following algorithm; this leaves the result in s.

s:=1
to:=t; =t :=inf{2%n <2-2% -1}
m:=n
Loop:

Hm>t:
s:=z-smodc
mi:=m-—1

fig>1:
s:=s8-smodc
ty =172

t0:=t0/2
Whiletg > 1

An easy induction shows that we have the following invariants:

sg™ = g™ (modc)
0 <m< 2—1
0 <s< ¢

When the algorithm finishes, we have the following additional conditions:
t, = 1
to = 1/2
From this it follows that after the algorithm is finished we have
0<m<2(1/2)—1=1—-1=0, som =0; and

s'2° =2" (mod c) »=2" (modc), and0< s < ¢, sos=2z" mod c.
Thus, the algorithm gives the correct answer. Clearly, it uses O(Int) multiplications, and ¢ = O(lnn),
so the number of multiplications is O(lnn), so since the multiplications take time O(lnc) = O(lnn), so
the total timeis O(In? n). Thus the total time to compute the nth digit of 7 is O(nln®n).



