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Instructions Work all of the following problems in the space provided. If there is not enough room, you may
write on the back sides of the pages. Give thorough explanations to receive full credit.

1. (## points) Solve Laplace’s equation,
25
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on the box 0 <z < L,0 <y < W, 0< z < H, with the boundary conditions

u(0,y,2) =0 u(z,0,2) =0 u(z,y,0) =0
u(L,y,2) =0 u(z, W,2) =0 u(z,y, H) = a(z,y).

You may assume that the product solutions u(z,y, z) = ¢(z,y)h(z) satisfy
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and you do not need to rederive the formulas for the eigenvalues A and eigenfunctions ¢, if you remember
them.
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2. (@ points) Consider the equation
s &%u Py O%u
=3 +4
. 0t dx2 oy?
on the rectangle 0 < z < 1, 0 < y < 1, with Dirichlet boundary conditions u = 0 on all four sides of the
rectangle. Find all separated solutions of the form u(z,y,t) = f(x)g(y)h(t).
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3. (30 points) Shown in the diagram is a sector of a circle of radius @ with angle 45° (or m/4 radians). Solve
the heat equation
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and initial condition
u(r,6,0) = afr, §).

You may assume that the product solutions u(r,8,t) = f (r)g(@)h(t) satisfy

dh d2g &ef 4
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with A > 0.
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4. (20 points) Consider the wave equation for circularly symmetric functions,
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i
on the circular region 0 < r < a, with boundary condition \_
a
Ou
—(a,t) =0.

or

Find all separated solutions of the form u(r,t) = f(r)h(t), where
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and X\ > 0.
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