Math 4163
Assignment 8

Note: In solving these problems, if there are any steps which have already been worked out in the class
lectures, you can use what we did in class without having to repeat the derivations.

1. Consider the following boundary-value problem for Laplace’s equation for a function u(r, 6, z) on the
cylinder C = {(r,0,2) : 0<r<a, —w <0 <m 0<z<b}.

1 1
Upr + ~Up + —Ugg + Uz =0 for (r,0,z) € C,
r r
u(r,8,0) = a(r,0) for0<r<agand -7 <6<,
u(r,8,b) =0 for0<r<agand —w<0<m,
u(a,0,z) =0 for — <9< mand 0 < z <b.

Here «(r, ) is a known function.

a) Look for solutions of the problem of the form u(r,0,z) = f(r)g(0)h(z). What ODEs should the
functions f, g, and h satisfy?

(b) The function g(#) should be 2m-periodic. What are the solutions of the ODE for 6 that are 27-
periodic? (We've already done this part in class several times, so you can just copy the answer here.)

(c) Show that the ODE for f, after an appropriate change of variables (like the one we did in class) is

Bessel’s equation
2

P + 27+ (1-2) 1) =0

Express f in terms of the Bessel functions J,,, and Y.

(d) Use the boundary condition at » = a and the condition that the limit of u exists as r — 0 to obtain
an explicit expression for f(r). Your answer will involve z,,, the nth zero of J,,(2).

(e) Verify that the functions sinh(k(z — b)) and cosh(k(z — b)) are independent solutions of the ODE for
h(z) (where k is an appropriate constant). Use the boundary condition at z = b to express the solution of
the ODE for h in terms of one of these two.

(f) Write a series for u(r,d,z) and use the boundary condition at z = 0 to find expressions for the
coefficients of the series as integrals involving the function a(r,6). Use the orthogonality relation

a2Jm+1(zmn)2
2

6nn/7

/Oa I Zon? /@) Iz 7 [ )T dr =

where d,,,/ is the Kronecker delta.

2. Find the solution u(r, 0, z) of the following boundary-value problem for Laplace’s equation on the
semi-circular cylinder D = {(r,0,2) : 0<r <a,0< 8 <7, 0<z<b}.

Upp + %ur—i— T%’LL@Q + Uy, =0 for (r,0,z2) € D,
u(r,8,0) =0 for0<r<aand 0<6<m,
uz(r,0,b) =0 for0<r<aand 0<6<m,
u(r,0,z) =0 for0<r<aand0<z<b,
u(r,m z) =0 for0<r<aand0<2z<b,
u(a,0,z) = B(0, z) for0<f<mand 0 <z <b.

Here §(0, z) is a known function. Your answer will be a series for « with coefficients which are given in terms
of integrals involving 3(6, z).



3. Consider the following boundary-value problem for the heat equation on the interval [0, 7] with
time-dependent boundary conditions:

Ut — Ugy = 0 for0 <z <mandt>0,
u(0,t) =0 for t > 0,
u(m, t) = weost for t > 0,
u(z,0) =z for0 <z <.

(a) Find a simple function r(z,t) satisfying the boundary conditions r(0,¢) = 0 and r(w,t) = wcost for
t>0.

(b) Let v(x,t) = u(zx,t) —r(z,t). What differential equation, boundary conditions, and initial condition
does v satisfy?

o0
(¢) Substitute v(z,t) = Z Ay (t) sin(nx) into the differential equation for v, and obtain an ordinary
n=1

S : - 2=
differential equation for A, (¢). You may use that x = Z —_—

n=1
(d) Use the initial condition for v to determine A, (0).
(e) Use your answers to (c¢) and (d) to find A, (t). You may use that the general solution to the equation
@' (t) + n?¢(t) = bsint is

sinnx for 0 < x < 7.
n

o(t) = 1_+_7n4(712 sint — cost) + Ce "t

(f) Use your answers to the above to write out a formula for u(z,t).



