Answer to problem 2.5.1(a)

As we found in class the general solution to the PDE in 2.5.1(a) with

boundary conditions 2% (0 y) =0, 2“(L,y) =0, and u(z,0) = 0 is given by

u(z,y) = Coy + i C,, cos (?) sinh (nzy) : (1)
n=1

To satisfy the boundary condition u(z, H) = f(z), we have to choose the
constants Cy and C,, (n =1,2,3,...) correctly.

Putting y = H in equation (1) above, and setting u(z, H) equal to f(x)
we get that

f(z)=CoH + nZ:; C,, cos (n_z:r) sinh (#) :

Multiplying through by the eigenfunction 1 for the eigenvalue A = 0 and
integrating with respect to x from z = 0 to x = L gives

L L . ) nmH L nmwx
/0 f(z) d$=CoH/O 1dx+nz:10nsmh<T)/o COS( 7 ) dzx.

From the fact that different eigenfunctions are orthogonal, we know that
all the integrals on the right-hand side of the equation are zero, except for
fOL 1 dx, which is easily seen to be equal to L. So

/Lf(x) dr = CoHL,
0

and solving for Cj gives |Cy = TL / f(z) dx
0

Similarly, for m = 1,2,3,..., multiplying through equation (1) above by
the eigenfunction cos (%) and integrating, we get

/f cos m7r dx—C’OH/ cos x dz+

+ Z C,, sinh <n7zH) / oS <$) cos (?) dz,
0

1



and again orthogonality gives that all the integrals on the right-hand side
are zero, except for the one where n = m, and we get

/OL f(z) cos <mzx> dx = C,, sinh (mzH) /OL cos <?> cos (m;m) dx.

Since fOL cos? (%) dx = L/2, this gives

L mmx , mrH \ L
/Of(m)cos< 7 ) d:zc:C'msmh< 7 >§,

and solving for C,, gives

s

2 L m
Om—m/o f(S)COS<T> ds,form—1,2,3,....




