Math 4853 homework

61. Let { z, = (zn,yn) } be a sequence in X x Y. Prove that {z,} — (z,y) if and only
if {z,} — x and {y,} — y. Hint: For one direction, you can use an earlier problem
applied to the projection functions.

Suppose first that {z,} — (z,y). By problem 59, {7x(z,)} — 7x((z,y)), that is,
{z,} — z, and similarly {y,} — y. Conversely, assume that {z,} — x and {y,} — y. Let W
be a neighborhood of (z,y), and choose a basic open set U x V such that (z,y) € UxV C W.
Since x € U and y € V, there exist N; and N, such that if n > Nj then z, € U, and if
n > Ny then y,, € V. So if n > max{ Ny, No}, (2, y,) €U xV C W.

62. Prove that every uncountable subset of R has a limit point in R. (Let A be an un-
countable subset of R, and for n € Z put A, = AN[n,n+1].)

Suppose that A is an uncountable subset of R. For n € Z put A, = AN |[n,n + 1], so
that A = U,ezA,. If every A, were finite, then A would be a countable union of finite sets,
so would be countable. So some A, say Ay, is infinite. Since Ay C [N, N + 1], which is
compact, Ay has a limit point z in [N, N + 1]. It is also a limit point of A in R, since if U
is any neighborhood of z( in R, then U N [N, N + 1] is a neighborhood of z( in [NV, N + 1],
so contains a point of Ay other than xzg.

63. Let {z,} be a sequence in a metric space X. Prove that if z, — z, then {z,} is
Cauchy.

Given € > 0, choose N so that if n > N, then d(z,,z) < €/2. If m,n > N, then
AT, Tn) < d(Tm,z) +d(z,2,) < €/2+€/2 =¢.

64. Give R* the metric d(x,y) = || x —y||. Let {2,} be a sequence of points in R¥, written

in coordinates as z, = (21,22 ..., 2F). Prove that {z,} is Cauchy if and only if each

n»~n?

{z!} is a Cauchy sequence in (R, |z — y]).

Assume that {z,} is Cauchy. Given € > 0, choose N so that if m,n > N, then || z,, —
Zn || < €. For this N and for each 1 < i < n, we have |2/ — 2!| = /(21 —2i)2 <

V(= 22 = [l 2 — 2| < e
Conversely, assume that each {2’} is Cauchy, and let € > 0 be given. For each i, there
exists IV; such that if m,n > N;, then |z}, — 2!| < €/y/n. Let N = max N;. For m,n > N,

we have || 2, — 2, | = /2, (2 — 202 < VL (e/Vn) = /L én= Ve =«




65. Let {f.} be a sequence of functions in C([0, 1], R¥) (the set of continuous functions
from [0, 1] to R*. Prove that if {f,} — f uniformly, then {f,} — f pointwise.

Fix zp € [0,1], and let ¢ > 0. Since {f,} — f uniformly, there exists N so that if
n > N, then for every = € [0,1], || fu(z) — f(2)| < e. In particular, if n > N, then

| fu(zo) — f(o) || < €. Therefore {f(xo)} — f(x0).

66. Let f,: [0,1] — R be f,(z) = 2", and let f: [0,1] — R be defined by f(z) =0ifz < 1
and f(1) = 1. Using the definitions, prove that f, — f pointwise but not uniformly.

For pointwise convergence, suppose first that 0 < x5 < 1. Then by calculus, {2} — 0 =
f(zo). For zg =1, {zf} = {1} — 1 = f(x0).

Suppose for contradiction that {z"} — f uniformly. Then there exists N so that if
n > N, then for all z € [0,1], |2 — f(x)] < 1/2. Fix ng > N, and put 2, =1 — 1/n. Then
{z,} — 1. Since the function 2" is continuous, {z/°} — 1" = 1. Therefore there exists n;
such that 270 > 1/2, s0 |20 — f(2y,)| = |2,°| > 1/2, a contradiction.



