
Math 4853 homework solutions (version of April 5, 2010)

18. Verify that if U is open in the standard topology on R, then it is open in the lower
limit topology on R.

Let U be open in the standard topology, and let x ∈ U . Then there exists ε > 0 such that
(x − ε, x + ε) = B(x, ε) ⊆ U . Therefore x ∈ [x, x + ε) ⊆ U , so U is open in the lower-limit
topology.

19. Verify that the cofinite topology on R is a topology. You will probably want to make
use of DeMorgan’s identities: If {Aα}α∈A are subsets of a set X, then X−∪α∈AAα =
∩α∈A(X − Aα) and X − ∩α∈AAα = ∪α∈A(X − Aα).

Let U be the cofinite topology on R. By definition, ∅ ∈ U . Since R − R = ∅ is finite,
R ∈ U .

Suppose that {Uα}α∈A ⊆ U . If all Uα = ∅,then ∪α∈AUα = ∅ ∈ U . Otherwise, Uβ 6= ∅
for some β ∈ A. We have Uβ ⊆ ∪α∈AUα, so R − ∪α∈AUα ⊆ R − Uβ. The latter is finite,
hence so is R − ∪α∈AUα, so ∪α∈AUα ∈ U . [Or one can use DeMorgan here: R − ∪α∈AUα =
∩α∈A(R− Uα) ⊆ R− Uβ is finite.]

Suppose that {Ui}ni=1 ⊆ U . If some Uk = ∅, then ∩ni=1Ui = ∅ ∈ U . Otherwise, each R−Ui
is finite, and R − ∩ni=1Ui = ∪ni=1(R − Ui) is a union of finite sets, so is finite. Therefore
∩ni=1Ui ∈ U .

20. Define A = {U ⊂ R |U is finite} ∪ {R}. Verify that A satisfies two of the three
properties to be a topology on R, but not the other one.

∅ is finite, and R ∈ A by definition.

Suppose that {Ui}ni=1 ⊆ A. If all Uk = R, then then ∩ni=1Ui = R ∈ A. Otherwise, some
Uk is finite, and ∩ni=1Ui ⊆ Uk so ∩ni=1Ui is finite and hence is in A.

The union condition fails: For n ∈ Z, {n} ∈ A, but ∪n∈Z{n} = Z /∈ A.

21. Define A = {U ⊂ R | ∀x ∈ U,∃a, b ∈ R, either x ∈ [a, b) ⊆ U or x ∈ (a, b] ⊆ U}.
Verify that A satisfies two of the three properties to be a topology on R, but not the
other one.

∅ ∈ A since it vacuously satisfies the condition to be in A. Let x ∈ R. Then x ∈ [x, x+ 1) ⊆
R, showing that R ∈ A.

Suppose that {Uα}α∈A ⊆ A. Let x ∈ ∪α∈AUα. Then x ∈ Uβ for some β. Since Uβ ∈ A,
there exist a, b ∈ R such that either x ∈ [a, b) ⊆ Uβ or x ∈ (a, b] ⊆ Uβ. Since Uβ ⊆ ∪α∈AUα,
either x ∈ [a, b) ⊆ ∪α∈AUα or x ∈ (a, b] ⊆ ∪α∈AUα.

The intersection condition fails: [0, 1) and (−1, 0] are in A, but [0, 1) ∩ (−1, 0] = {0} is
not in in A. [To check this, if 0 ∈ [a, b) then b > 0 so [a, b) 6⊆ {0}, and if 0 ∈ (a, b], then
a < 0 so (a, b] 6⊆ {0}.]
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22. Let X = Q, the set of rational numbers, with the subspace topology as a subset of
R. Prove that if U is any nonempty open subset of Q, then there exist nonempty
open subsets U1 and U2 such that U = U1 ∪ U2 and U1 ∩ U2 = ∅. Notice that this
appears not to be true for the standard topology on R (and indeed it is not true).

Let U be a nonempty open set, and choose x0 ∈ U . Now U = V ∩ Q for some open set
V in R. Since V is open, there exists ε > 0 such that (x0 − ε, x0 + ε) ⊂ V , and hence
(x0 − ε, x0 + ε) ∩Q ⊂ U . Choose a rational number r with r ∈ (x0, x0 + ε) ∩Q, and choose
an irrational number s with x0 < s < r. Let V1 = (−∞, s) ∩Q and V2 = (s,∞) ∩Q. These
are open in the subspace topology on Q, and V1 ∪ V2 = (((−∞, s) ∩ Q) ∪ ((s,∞) ∩ Q) =
((−∞, s) ∪ (s,∞)) ∩ Q = (R − {s}) ∩ Q = Q. For i = 1, 2, let Ui = Vi ∩ U . Since x0 ∈ U1

and r ∈ U2, U1 and U2 are nonempty. We also have U1 ∪ U2 = (V1 ∪ V2) ∩ U = Q ∩ U = U ,
and U1 ∩ U2 ⊆ (−∞, s) ∩ (s,∞) = ∅.

23. Let X be a set and let B be a collection of subsets of X. Define U = {U ⊆ X | ∀x ∈
U,∃B ∈ B, x ∈ B ⊆ U}. Prove that U ∈ U if and only if U is a union of elements of
B.

Suppose that U ∈ U . For each x ∈ U , choose Bx ∈ B satisfying x ∈ Bx ⊆ U . Then
U ⊆ ∪x∈U{x} ⊆ ∪x∈UBx ⊆ U , so U = ∪x∈UBx.

Suppose that U = ∪γ∈GBγ where each Bγ ∈ B. Let x ∈ U . Then x ∈ Bδ for some δ ∈ G,
and x ∈ Bδ ⊆ U .

24. Let X be a set and let B be a collection of subsets of X. We say that B is a basis if
it satisfies:
B1. X = ∪B∈BB.
B2. ∀B1, B2 ∈ B,∀x ∈ B1 ∩B2,∃B ∈ B, x ∈ B ⊆ B1 ∩B2.
Define U = {U ⊆ X | ∀x ∈ U,∃B ∈ B, x ∈ B ⊆ U}. Prove that if B is a basis, then
U is a topology on X.

Since X = ∪B∈BB, Problem 23 shows that X ∈ U . The empty set ∅ vacuously satisfies
the condition ∀x ∈ ∅,∃B ∈ B, x ∈ B ⊆ U , so ∅ ∈ U .

Suppose Uα ∈ U for α ∈ A. Let x ∈ ∪α∈AUα. Then x ∈ Uβ for some β ∈ A. There exists
B ∈ B such that x ∈ B ⊆ Uβ ⊆ ∪α∈A. Therefore ∪α∈A ∈ U .

For T3, it suffices to show that the intersection of any two elements of U is in U . Suppose
that U, V ∈ U , and that x ∈ U ∩ V . Choose BU , BV ∈ B such that x ∈ BU ⊆ U and
x ∈ BV ⊆ V . There exists B ∈ B such that x ∈ B ⊆ BU ∩ Bv ⊆ U ∩ V . Therefore
U ∩ V ∈ B.

25. Let X be a topological space and let B be a basis for the topology on X. Let A ⊂ X,
and define BA = {B ∩ A | B ∈ B}.

a. Prove that BA is a basis.
b. Prove that BA generates the subspace topology on A.
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For B1, let a ∈ A. Since B is a basis, there exists Ba ∈ B such a ∈ Ba. Then, a ∈ Ba∩A ∈
BA. Since each element of BA is a subset of A, this proves that A ⊆ ∪a∈ABa ⊆ ∪B∈BA

B ⊆ A,
so A = ∪B∈BA

B.

For B2, let B1, B2 ∈ BA, and let a ∈ B1 ∩B2. There exist basis elements B′
1, B

′
2 ∈ B such

that B1 = B′
1∩A and B2 = B′

2∩A. Since a ∈ B1∩B2 ⊆ B′
1∩B′

2, and B is a basis, there exists
B′ ∈ B such that a ∈ B′ ⊆ B′

1 ∩B′
2. So a ∈ B′ ∩A ⊆ (B′

1 ∩B′
2)∩A = (B′

1 ∩A)∩ (B′
2 ∩A) =

B1 ∩B2.

To show that BA generates the subspace topology, let U be the subspace topology and let
UA be the topology generated by BA.

Suppose that U ∈ U . Let a ∈ U . There exists V open in X with U = V ∩ A. Since
a ∈ V and B is a basis for the topology on X, there exists B′ ∈ B such that a ∈ B′ ⊆ V . So
a ∈ B′ ∩ A ⊆ V ∩ A = U , and B′ ∩ A ∈ BA. This proves that U ⊆ UA.

Suppose that U ∈ UA. For every a ∈ U , choose Ba ∈ BA with x ∈ Ba ∈ U . Each
Ba = B′

a ∩ A for some B′
a ∈ B. Let V = ∪a∈AB′

a; it is a union of open sets in X, so is open
in X. We have V ∩ A = (∪a∈AB′

a) ∩ A = ∪a∈A(B′
a ∩ A) = ∪a∈ABa = U , so U ∈ U .

We conclude that U = UA.
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