Math 4853 homework solutions (version of April 5, 2010)

18. Verify that if U is open in the standard topology on R, then it is open in the lower
limit topology on R.

Let U be open in the standard topology, and let € U. Then there exists ¢ > 0 such that
(x —e,x +¢€) = B(x,e) C U. Therefore z € [x,x+¢) C U, so U is open in the lower-limit
topology.

19. Verify that the cofinite topology on R is a topology. You will probably want to make
use of DeMorgan’s identities: If {A,}ac4 are subsets of a set X, then X —Uye 44 =
maeA(X — Aa) and X - maeAAa - Uae_A(X - Aa)

Let U be the cofinite topology on R. By definition, ) € 4. Since R — R = () is finite,
Rel.

Suppose that {Us}aca C U. If all U, = O,then UyeaU, = 0 € U. Otherwise, Uz # ()
for some 3 € A. We have Ug C UpgeaUs,, 50 R — UyeaU, € R — Us. The latter is finite,
hence 0 is R — UaeaUs, 80 UgealUs € U. [Or one can use DeMorgan here: R — Uy U, =
Naca(R —U,) € R — Uy is finite.

Suppose that {U;}"-; CU. If some Uy = 0, then N, U; = () € U. Otherwise, each R — U;

is finite, and R — N, U; = U (R — U;) is a union of finite sets, so is finite. Therefore

20. Define A = {U C R|U is finite} U {R}. Verify that A satisfies two of the three
properties to be a topology on R, but not the other one.

() is finite, and R € A by definition.

Suppose that {U;}; C A. If all Uy = R, then then N ,U; = R € A. Otherwise, some
Uy, is finite, and N, U; C Uy so N, U; is finite and hence is in A.

The union condition fails: For n € Z, {n} € A, but U,ez{n} =7Z ¢ A.

21. Define A = {U C R|Vz € U,3a,b € R, either z € [a,b) C U or z € (a,b] C U}.
Verify that A satisfies two of the three properties to be a topology on R, but not the
other one.

() € A since it vacuously satisfies the condition to be in A. Let z € R. Then z € [z,2+1) C
R, showing that R € A.

Suppose that {Uy}taca C A. Let € UyeaU,. Then x € Us for some . Since Ug € A,
there exist a,b € R such that either z € [a,b) C Ug or = € (a,b] C Ug. Since Us C UpeaUs,,
either = € [a,b) C UyealU, or z € (a,b] C UyeaU,.

The intersection condition fails: [0,1) and (—1,0] are in A4, but [0,1) N (—1,0] = {0} is
not in in A. [To check this, if 0 € [a,b) then b > 0 so [a,b) € {0}, and if 0 € (a,b], then
a < 0so (a,b] Z{0}]
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22. Let X = Q, the set of rational numbers, with the subspace topology as a subset of
R. Prove that if U is any nonempty open subset of Q, then there exist nonempty
open subsets U; and U, such that U = U; U U, and U; NUy = (. Notice that this
appears not to be true for the standard topology on R (and indeed it is not true).

Let U be a nonempty open set, and choose o € U. Now U = V N Q for some open set
V in R. Since V is open, there exists ¢ > 0 such that (g — €,29 + €) C V, and hence
(xo — 6,20+ €) NQ C U. Choose a rational number r with r € (xg,zo + €) N Q, and choose
an irrational number s with xy < s <r. Let V] = (—00,s) N Q and V5 = (s,00) N Q. These
are open in the subspace topology on Q, and Vi U Vo = (((—o0,s5) N Q) U ((s,00) N Q) =
((—o0,8)U(s,00))NQ =R —={s})NQ=Q. Fori=1,2,let U; =V;NU. Since zy € U;
and r € Uy, Uy and Uy are nonempty. We also have Uy UU; = (ViU VL) NU =QNU =U,
and Uy NUz C (—o00,s) N (s,00) = 0.

23. Let X be a set and let B be a collection of subsets of X. Definetd = {U C X | Vx €
U,3dB € B,x € B C U}. Prove that U € U if and only if U is a union of elements of
B.

Suppose that U € U. For each x € U, choose B, € B satisfying x € B, C U. Then
U - UCCEU{'%.} C UCEEUBCC C Ua soU = UxEUBx-

Suppose that U = U,cg B, where each B, € B. Let x € U. Then x € B;s for some d € G,
and x € B CU.

24. Let X be a set and let B be a collection of subsets of X. We say that B is a basis if
it satisfies:
Bl. X = UpgesB.
B2. VBl,BQ € B,Vl’ € Bl ﬂBg,EIB € B,l‘ eB g B1 ﬂBg
Defined ={U C X |Vz € U,dB € B,z € B C U}. Prove that if B is a basis, then
U is a topology on X.

Since X = UpgepB, Problem 23 shows that X € Y. The empty set () vacuously satisfies
the condition Vo € ),3B e B,xr € BC U, so ) € U.

Suppose U, € U for a € A. Let v € UpeaU,. Then x € Up for some 3 € A. There exists
B € B such that x € B C Ug C Ugea. Therefore Uyea € U.

For T3, it suffices to show that the intersection of any two elements of I/ is in U. Suppose
that U,V € U, and that + € UN V. Choose By, By € B such that x+ € By C U and
r € By C V. There exists B € B such that t € B C BynN B, € UNV. Therefore
Unv ek.

25. Let X be a topological space and let B be a basis for the topology on X. Let A C X,
and define By = {BNA | B € B}.
a. Prove that B4 is a basis.
b. Prove that B4 generates the subspace topology on A.
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For B1, let a € A. Since B is a basis, there exists B, € B such a € B,. Then, a € B,NA €
B.. Since each element of By is a subset of A, this proves that A C UgeaB, € Upep, B C A,
so A= UBGBAB-

For B2, let By, By € B4, and let a € By N By. There exist basis elements B}, B, € B such
that B; = B{NA and By = B5NA. Since a € BiNBy, C B{NBY, and B is a basis, there exists
B' e Bsuchthat a € B C BiNB,. Soa€e BNAC (BiNBy)NA=(BiNA)N(B,NA)=
B N Bs.

To show that B4 generates the subspace topology, let U be the subspace topology and let
U4 be the topology generated by B4.

Suppose that U € U. Let a € U. There exists V open in X with U = V N A. Since
a € V and B is a basis for the topology on X, there exists B’ € B such that a € B’ C V. So
ae BNACVNA=U, and BN A € By. This proves that U C Uy,.

Suppose that U € Uy. For every a € U, choose B, € B4 with x € B, € U. Each
B, = B! N A for some B/ € B. Let V = U,c4B.; it is a union of open sets in X, so is open
in X. We have VN A = (UyeaB)) NA=Uuea(B,NA)=UueaB, =U,s0U €U.

We conclude that U = Uj,.



