Mathematics 3333-001 Name (please print)
Examination I

February 19, 2009
Instructions: Give concise answers, but clearly indicate your reasoning.

L Each of the following matrices is the augmented matrix of a system of linear equations, and is in row

(12)  echelon form or reduced row echelon form. For each matrix, write a general expression for the solutions of
the corresponding linear system, or else explain why the system is inconsistent. You may wish to simplify
the matrix further before finding the solution.

1100 0 7

Llooo115
0 0 0 0 0 0]
1 20
011

5 0 00
0 00
0 00
0 0 0]
12 2 2 2

3. 01 2 2 2 (hint: use row operations to create a lot of zeros before doing back substitution).
0 0 1 2 2]
00000

4. 00000
0 0 0 0 0]

IT. Simplify the following expressions, assuming that all matrices are n x n for a fixed size n.

(4)
1. 3I+ A(3B —4A™1)

2. (ABT — BAT)T
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ITI.  Write the following equation involving a linear combination of column vectors as a system of linear equations
(4)  that has the same solutions:

1 0 3 1 2
T ) + 2 1 + 3 4 + T4 3 = 5
| —1] 1 2] 19 ] 14 | 18]

IV. (a) Suppose that Ay, Ag,..., A are nonsingular n X n matrices. Explain why the product AjAg--- Ay is
(6) nonsingular.

(b) Give an example of nonzero 2 x 2 matrices A, B, and C for which AB = AC but B # C.

(c) Show that if A, B, and C are 2 x 2 matrices with AB = AC, and A is nonsingular, then B = C.

V. Let AX = B be a system of m linear equations in n variables, regarded as a matrix equation. Use properties
(5) of matrix operations to verify the following:

(a) If X1 and X5 are solutions, then X; — X3 is a solution of the associated homogeneous system AX = 0.

(b) If X; and Xy are solutions, then for any scalars r and s with r + s =1, 7 X; + sX» is also a solution.

VI.  For each of the following matrix transformations from R? to R?, describe geometrically what the matrix
(4) transformation does to the plane.
Lrx) =Y M x
10
2. rx) = |0 O x
0 1

VII. Let A be an m x n matrix, A = [a;;]. Let I be the n x n identity matrix. By calculating the (4, j) entry of
(5) the product A I, show that AT = A.

ail alz2 a3 1 2 4

VIII. The inverse of a certain 3 x 3 matrix A = is A7 = . Find all solutions of
a1 a2 a23 -1 -1 0

(4)
laz1 a3z ass] L0 1 1.

the linear system
a1171 + ajprs + aiz3ry = 2

a2121 + agre + aggxrs =1

a31r1 + azaxs + azzrs = —1
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IX.  For the following system of linear equations involving numbers a, b, and c:

(6)
20 —d5y+3z=a

3r —8y+5z2=15b
r—3y+2z=c

(a) Find a condition on a, b, and ¢ so that the system is consistent for any choice of values of a, b, and ¢ that
satisfy the condition.

(b) Assuming that the condition is satisfied, obtain an expression (which will involve some of a, b, or ¢) for the
general solution.



