Mathematics 2443-006H Name (please print)
Examination IT
March 13, 2008

Instructions: Give brief, clear answers.

L
(6)

(6)

Let a be a positive number and let 7" be the triangle in the zy-plane bounded by x = 0, y = 0, and
x+y = a. Find the centroid (Z,7) of T' (i. e. the center of mass, assuming that p = 1) of . You may take
it as obvious that the centroid lies on the line y = x, so it is only necessary to calculate one of T or .

The mass m is the area of T, so m = a?/2. We calculate
2 3|a 3

N T e 3

M, /m = a/3. Therefore the centroid is (a/3 a/3).

Let E be the region in the first octant bounded by the surfaces 22 +y? =1, 2 =1,andy+2z=1 (so z = 1
forms the top of the solid). Sketch the region, and supply limits of integration, in cylindrical coordinates,

for the integral // flz,y,z)dV.

X

//Ef(x,y,z) dV = /0”/2 /01 /jrsmmrf(rcos(ﬁ),rsin(H),Z) dzdrdf .

1 3
III.  Evalute / / e dx dy.
0 J3y

13 3 rxf3 3, , |3
/ / e’ da;dy:/ / e’ dydx:/ re” /3dr=¢")6| = (e —1)/6 .
0 J3y 0 JO 0 0
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IV. Find the surface area of the part of the paraboloid y = 1 — 22 — 22 that has y > 0.

(6)
z

ox 0z

2m 1
area(S):// \/1+4x2+4z2dA:/ / rv 1+ 4r2drdf
R o Jo
2m
:/ (1+4r%)3/2 /12
0

oy 2 oy 2
dS=4/1+=2) + (=2 ] dA=+V1+422+422dA

1 27
do = / (5v5—1)/12 df = 7(5v/5 — 1) /6
0 0

V. Find the z-coordinate Z of the center of mass of the portion of the region F in the first octant that lies
(7) inside the sphere 22 +12 + 22 = 4, assuming that the density is proportional to the distance from the origin.

the density is kp

m:///Ek:pdV:/OW/Q/OW/Q/OQkp?’sin(gb)dpdgbdG
= / " / " 4k sin(¢p) do df = / " 4k df = 2km
/// zkpdV = /ﬂ/2 /ﬂ/Q/ kp* cos(¢) sin(¢) dp de df

w/2 /2 /2
= / / 32k cos(¢) sin(¢)/5dp do = / 16k/5df = 8km /5
0
= Myy/m =4/5

NI
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VI. Let S be the sphere of radius a with center at the origin. -
(6)
(a) The differential of surface area on S can be expressed in terms of d¢
and df. Using the picture shown to the right, explain why dS appears
to be a?sin(¢) de db. o

(b) Using the expression dS = a?sin(¢) d¢ df, use a double integral in the
variables ¢ and 6 to calculate that the area of S is 4ma?.

BN

r=asn( @)

ds\ adoe
4 rde

a

X
area(S) = / /S ds = /O " /0 "2 sin(¢) dp df = /0 " —a? cos(¢)

VII. Let x =e"sin(t), y = e cos(t), and z = f(z,y).

™

21
dh = / 202 df = 4ma® .
0

0

(5) 9 9
1. Calculate 8_13 and E)_gtJ
oz = e"cos(t) =y and LA sin(t) = —x
ot ot ’
0 0
2. Calculate gz and express it purely in terms of z, y, —z, and g
ot ox oy

dz 0z @ 0z 0y 0z 0z

o " ozot oxor 0z’ oy

o (0
3. Calculate g <a—z:1:> and express it purely in terms of z and y and partial derivatives of z.
x

Applying the Chain Rule, we have
9 (0z N _ 0 (0z \ox 0 (0z \0Oy
ot\oz" ) ox\ox" ) ot oOy\oz" ) ot

= &x—k% + aQZa: (—:1:)—%3: - 0%z :1:2+%
022 e Ox Oy = 92 Ox Oy oz’
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VIII. The figure to the right shows

()

(a)

a change-of-coordinate func-
tion v, of the form

1/’(”? 2}) = (1‘(u, U)a y(u7 U))

In the xy-coordinate system,
sketch a possibility for what

the vectors 7, 83:44_ y -
vectors 7, = — 7 + —
8u ou 8uj
and 7, = —xi'—k —= 7 might
ov v

look like.

Calculate the length of their
cross product, and use it

to write the relation between
dx dy and du dv.

T
17 x 7 || = [9% 9
ou Ou
or oy
ov  Ov

!

Vv y
" —
V0 1
o
X
=Jor+or+ (5ge ~ s Fl =l 5use ~ 5
dxdy = ‘g—z% — %%‘ du dv
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IX.  Consider the change-of-coordinate function z = 3u, y = 2v.
(5)
(a) Calculate the Jacobian of this change of coordinates.

0 0
— —(2
IR A Gl R E R 6
0 0
— —(2 2
Ov(?)u) 8’0( v) 0
2 2
b) Find the curve in the uv-plane that corresponds to the ellipse T + v 1.
9 4
(3u)* | (2v)?
=1
9 + 4
w02 =1

(c¢) Use this change of coordinates to find the area inside the ellipse, by calculating an integral in the wv-plane.
Letting E be the region inside the ellipse and D the unit disk in the uv-plane, we have

area(E):// d:z:dyz//Gdudsz// dudv = 6area(D) = 67
E D D



