Mathematics 2423-001H Name (please print)
Examination III
April 26, 2007

L Evaluate the following integrals:
(20)
1. /sinS(Bx) cos(3x) d

/sin3(3x) cos?(3x) dx = /sin(Sx) (1—cos?(3z)) cos*(3z) dz = /sin(Sx) cos?(3x)—sin(3x) cos*(3z) dx =

cos®(3z)  cos®(3x)
9 15

2. /sin2(x) cos®(x) dx

+C

] =
] =
N

/sin2(aj) cos?(z) dz = /%(1 ~ cos(22)) =(1 + cos(2z)) da = /%(1 _ cos?(20)) dz :/

1 1 x .
cos(4x)) dr = /§ ~3 cos(4x) dx = s 35 sin(4x) + C

— Do =

3. /sin_l(aj) dx.

dx
Using integration by parts with v = sin~!(z), du = ——, v = x, dv:da:,wehave/sin_la:dx:
g integ Y P () N ()
. 1 T .1 1/ —2x .1
rsinT (2) — | ———=drx=xsin” (2)+ = | ——=dr=zsin” (2)+V1—-224+C
@ | = Wty ) e @)+

3
x
4. — dx.
/m2+1 v
3

3 2
1
Dividing gives m;:— :x—%ﬂ, so we have/ T dr = /x— T = x——iln(x2+1)+0.

x
+1 z2+1 22 +1 2
(This can also be solved using the trigonmetric substitution x = tan(f), but that method seems a bit
more complicated in this example.)

5. /sinh(\/E)d:U.
First we substitute w? = 2 and 2wdw = dx, obtaining / 2w sinh(w) dw. Then, using integration

by parts with v = 2w, du = 2dw, v = cosh(w), dv = sinh(w)dw, we have /Zw sinh(w) dw =

2w cosh(w) — /ZCOSh(w) dw = 2w cosh(w) — 2sinh(w) + C = 2v/z cosh(y/x) — 2sinh(y/x) + C
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11. Calculate the following derivatives:
(6)
1 L5y
dx
d 4 d e “In(s 2 _ =1 2
(5717) = — (e 0O)/z) = =Gz n(5) /22 = 57V In(5) /2.

dx dzx

2. (logy (o — 4))

d
%(logg,(:ﬁ —4)) = dz (111(3) In(z* - 4)) - In(3) 22 —4 = In(3) 2% — 4

ITI.  Use the method of partial fractions to evaluate /

(6)

———dzx
xzt + 22
Setting up partial fractions, we have

1 1 Az+B _C D

zi+r? (224122 22+1 R
1= (Az + B)z? + Cx(2® +1) + D(z% + 1)

Putting x = 0 gives D = 1. So we have

1= (Az+ B)z?* + Ca(z? +1) + 22 + 1
—2? = (Az + B)2? + Ca(2? + 1) = (A+ C)2® + Ba® + Cx

Sowe have C =0, B=-1,0=A+4C = A+ 0= A. Therefore

1 -1 1 . 1
/mdm:/ﬂ—“+ﬁd$:‘tan @) -2 +¢

(Note: there is also a clever way to find the partial fractions quickly:

I 1 ! 1 1
ri+22 (22 4+ D22 (22 + 122 (22 +1)22 22 2241

dx. Make it clear how you are obtaining the answer

IV.  Use the substitution x = tan(#) to evaluate / 5

x4+
(6) in terms of x.

Putting x = tan(#) and dx = sec?(0) df, we have

b e sec?(0) _ sec?(0)
/ x4 + 2 dr = / tan?(6) + tan?(0) dr = / tan?(6)(tan?(0) + 1) dz
_ ﬂ T = CO2 T = CSC2 . = — o B
B / tan?(0) sec?(6) du = / t°(0) do = / (0) —1dx = t(0) — 0 + C.

1
But cot(f) = 1/tan(f) = 1/z, so the last expression equals —— — tan~!(z) + C.
T
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V. On a single coordinate system, sketch the graphs of y = sinh(z), y = cosh(z), and y = e®/2. Make the
(4) relation between them clear.

y = cosh(X)

1

12 =g

VI.  Evaluate the following limits. Show your reasoning.
(6)
1. lim xln(2)/(l+ln(m))
Tr—00
. ln(2)/(l+ln(x)) . ln(xlil(Q)/(1+lIl(I)>) . In(2) In(xz) . RN , .
lim x = lim e = lim e @m® . Applying I’'Hopital’s rule gives
Tr—00 Tr—00 Tr—00
. In(2) In(x) . In(2)/x . 11’1(2) .
lim e #n@@) = lim e Y= = lim e = lim 2=2.
rT—00 Tr—00 Tr—00 Tr— 00
—9 _
, 1 fE ) ~27@) + fz—h)
h—0 h?

Applying 'Hopital’s rule twice, we have

. fle+h)=2f(x)+ fle=h) . flle+h)—f(x—h)
Jimy 12 = Jim )

g DM@ W @) ) £ ()
h—0 2 2

(@) .
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VII. Suppose that f(x) is a function whose second derivative f”(z) exists and is continuous. Define E(h) by
(8) the formula f(a+ h) = f(a) 4+ f'(a)h + E(h). That is, E(h) is the error of linear approximation.

h
1. Use integration by parts to calculate that E(h) = / (h—1t) f"(a+1t)dt.
0

Using u=h —t, du = —dt, dv = f"(a +t) dt, v = f'(a +t) gives

h h h
/O (h —1t) f”(a+t)dt:(h—t)f’(a+t)0+/0 flla+t)ydt=—f'(a)h+ fla+h)— f(a)=E(h) .

2. Let m be the minimum and M the maximum of f” on the interval [a,a + h], so that
m< f'la+t) <M

for 0 <t < h. Notice that
(h—t)ym < (h—t)f"(a+t) < (h—t) M

for 0 <t < h. Now, show that %h2m < E(h) < %h2 M.

Since integration preserves inequalities, we have

h h h
/O(h—wmdtg/o (h—t)f (a+t)dt§/0 (h—t) M dt .

h 2 2 h 2
— M
Now / (h —t)ymdt = _(h Zt) m‘g = %, and similarly / (h —t)Mdt = Th So the last
0 0
inequalities become
mh? h?
— < F < —
2 (h) < 2
2

3. Use the Intermediate Value Theorem to show that there exists ¢ in [a,a + h] so that E(h) = £ f”(c) h.

Since 7 E(h) lies between the function values m and M of f”(a+ t), where ¢ lies in the interval [0, ],

the Intermediate Value Theorem shows that there exists some number ¢ between 0 and h so that
f"(c) = ZE(h). That is, E(h) = 1 f"(c) h*.



