Mathematics 2443-006H Name (please print)
Examination I

February 14, 2006
Instructions: Give brief, clear answers. All functions are assumed to have continuous derivatives of all orders, so

results such as Clairaut’s Theorem may be freely applied if needed.

I Let f(z,y) be a function of two variables, and let (zo,ys) be a point in the zy-plane. Consider the curve
(6) given by the vector-valued function 7(¢t) = (xo + )T+ yoT+ f(xo + ¢, Y0)k.

df(mo + t; yO)
dt

df(xo +t,%0) » . d(zo + 1) d(yo)\ 7
d—tk =7+ (fz(wo +¢,90) - —x " fy(mo +t,90) - 7 )k

=T+ (fol@o + £, %0) - 1+ fy(@o +t,%0) - 00& = T+ fulzo +t,30)k.

1. Calculate 7/(¢) (to find , you may need the Chain Rule). Calculate 7/(0).

7'(t) = 17+ 07+

50 7/(0) = T+ fo(®o, Yo) k.
2. -Draw a sketch of the graph of f, the curve, and 7/(0).
(see last page)

II. Consider the helix z = cos(t), y = sin(t), and z = ¢t where ¢ is a positive constant. Its velocity vector is
d
(12) B(t) = —sin(t)7+ cos(t)7+ ck, so its speed — is || 7(t) || = V1 + 2.

1. Calculate the unit tangent vector T'.

S e Lo sin(t) ,  cos(t) ¢
T =9/||7|| = (—sin(®)7+ cos(t) 7+ ck) /1 +¢2 = — 7+ k.
/191 = (= sin(e)i-+ cos(t)g+ cR) VT T =~ 0t 2y oL
2. Use the Chain Rule — dT = @ @ to calculate d—T and the curvature kK = ar
dt ~ ds dt ds

dT  dT ;,ds 1 TP
=== (—\/_1_-:_——-0—2(—005(75 )& — sin(t)7) )/\/1 +c¢? = 2(—cos(t)z —sin(t)7),

[ —cos(t)7 —sin(®)7 || =

SO K =

1+4c2 14 ¢

—
—

3. Calculate the unit normal N = 7"/ T" ||, and verify that Z—f =k N.

From part (b), T" = (—cos(t)7— sin(t)7), so

- 1 \/— 1 ~
IT" | = m” —cos(t)7 —sin(®)7|| = Wi and N = — cos(t)7 — sin(t)7.
4. Calculate the binormal B =T x N , and use the formula Z—lj = —rN to calculate the torsion 7.
B=TxN = Lsin(t)i’— Lcos(t)j’-{- ——k,
. V1+c? \/l—I-*c2 1+¢?
0 %]SE CZ'? zi (\/%_ cos(t)7 SR sin(t) /\/l—l——c2
=1 —I— 2 (cos(t)7+ sin(¢)7) = — T fCQN, giving 7 = : _:02 (Of course, when ¢ = 0 the curve is planar

so 7 = 0, but more interestingly, the maximum torsion occurs when ¢ = 1, and the torsion limits to 0
as ¢ — 00. Does this make sense to you geometrically?)
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ITI. In an zy-coordinate system, sketch the gradient of the function whose
(4) graph is shown to the right.

(see last page)

OR 1 1 1 1
2)/ Use implicit differentiation to calculate R | (R B s)=(/352) if — 7= R_f + R_g + R_g .

2 2
_10R =040 — 2 s OR _ i When (R1, Rz, R3) = (v/3,v6,2), R = 4/3,

R® 5Rg R38R R}
. OR RO
8R3 (R1,Rz,Ra)=(v36,2) & 9

V. Five positive numbers z, v, z, u, and v, each less than or equal to 10, are multiplied together. Use
(4) differentials to estimate the maximum possible error in the computed product that might result from
rounding each number off to the nearest whole number.

We calculate d(zyzuv) = yzuv dz + zzuv dy + zywv dz + zyzvdu + zyzudv. Rounding off to the
nearest integer allows any of dz, etc., to be as large as 0.5, and each of the four-term products is at
most 10,000, so the linear part of the error is no more than 5 - 10,000 - 0.5 = 25, 000.

VI.  Five positive numbers z, y, 2, u, and v, each less than or equal to 10, are multiplied together. The first
(4) three are increasing at 2 units per second, while the last two are decreasing at 4 units per second. Find
the rate of change of the product at a moment when each of the numbers equals 10.

The Chain Rule gives

_—d(myzuv) = YU d —I—:czuvdy+:c uvd + xyz du + udv
a g Yy IR TR

Specializing to a moment when each of z, etc. equals 10, we obtain

10,000 - 2 + 10,000 - 2 + 10,000 - 2 — 10,000 - 4 — 10,000 - 4 = —20, 000 .

VII. 1If z is a function of 2 and y, calculate % and %;—, where r and @ are the polar coordinates. Write each
(6)

0z 0
result in terms of az 8;’ z, ¥, and r, that is, without using 6 explicitly.

We have ¢ = 7 cos(f) and y = rsin(f), so using the Chain Rule gives

Oz _ Oz d(rcos(9))  0z29(r sm(9)) 1y 0z Oz
or Oz or t o Oy or s(0) + sin (0) Oy T (ma_ + y@)
0z _ 0z 0(rcos(d)) & 0z0(rsin(h)) ) Oz 0z
6 = 52 50 + 5y 50 = —rsm(@)% + rcos(0)8~y =Yg +m5§
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VIII. Calculate each of the following.

(12)

IX.
(4)

1
(a) The directional derivative of - + - at (2,1,2) in the direction toward the origin.

1 1 1 1 1 1 -

We have V(——I— —) =——1— <—+ —)j’— —k. so the gradient at (2,1,2) is —Zz— — —k A
zYy Yz z%Y zy? Yz yz?

vector in the direction of the origin is —27— j — 2k, whose length is 3, so a unit vector in the direction

of the origin is —£7'— 3 j — —k Taking the dot product of the gradient vector with this unit vector

2
gives 3.

(b) The maximum rate of change of ge™ — pe~? at (p,q) = (0,0), and the direction in which it occurs.

We calculate V(ge™ — pe™?) = (~ge™ — e 97+ (e™? + pe~9)7. At this origin, this is —7+ 7, so this
is the direction of the maximum rate of change, and this maximum is || — 7+ 7| = v2.

(¢) A vector-valued function giving the line perpendicular to the level surface of zyz at the point (1,2, 3).

We calculate V(zyz) = y27+ 227+ zyk, whose value at (1,2,3) is 67+ 37+ 2k. This is a direction
vector for the normal line, which is then given by the vector-valued function #(t) = (1 + 6t)7+ (2+
3)7+ (3 + 2t)k.

1
(d) An equation for the tangent plane to the level surface of p at the point (1,2, 3).

1
The level surfaces of @ are the same as those of the function zyz. We already calculated the gradient

vector of zyz at this point to be 67+ 37+ 2k, and it is a normal vector to the tangent plane. So an
equation for the tangent plane is 6(z — 1) + 3(y — 2) + 2(z — 3) = 0, or 6z + 3y + 2z = 18.

2, 2
Suppose that z is a function of z and y for which Z—z + g—; = 0. Show that g 5 = gT;
0 0 . . .
Applying — 5 and By to the given equation, we obtain
&2 0%
dz2 Oz 0y
2 2
0z 0z _,
Oyor = Oy?
Using Clairaut’s Theorem, we have
5%z 0%z 0?2 8%z

822 0zdy  oyox Oyl
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