Mathematics 2433-001H Name (please print)
Examination I

September 20, 2007
Instructions: Give concise answers, but clearly indicate your reasoning.

t t
I A curve is give parametrically by the equations = = / cos(mu?/2) du, y = / sin(ru?/2) du. Find the
0 0
(4) length of the portion of this curve with 0 <t < 7.
dz

pri cos(mt?/2) and Z—i = sin(7t2/2), so

d 2 d 2 e
ds = \/(d%:) + (d_?;> dt = \/cos?(rt2/2) + sin?(7t2/2) dt = dt. So the desired length is / dt =
0

dy
J hl

II. An equation r = f(6) defines a polar curve. Use the Chain Rule d_y = Ell—;f to derive a general formula for
(4) R
du

d
d_y in terms of r and € for such a curve.
o

dy  d(rsin(d) dr .
dy @ p7 W sin(6) + r cos(6)

dr dx dz dr
do db db

III. A curve given by the parametric equations x = 2t3, y = 1 — 12, —0o < t < co. Find the area of the region
(4) bounded by the curve and the z-axis.

We have y > 0 exactly when —1 < ¢t < 1, so we want the area between the curve and the z-axis
t=1 1 1

for these t-values. We calculate it as / ydr = / (1 —t3)d2t3) dt = / (1 —t*)d(6t*) dt =
t=—1 —1 -1

/16t2—6t4dt:4t3—§t51 g, 128
1 5 1-1 5 5°

IV. Find the surface area of a sphere of radius R by regarding it as + = Rcos(f), y = Rsin(f) and rotating
(4) about the z-axis.

We have ds = Rdf, and the distance to the axis of rotation is p = y = Rsin(f). So the sur-
face area, integrating from 6 = 7w to # = 0 so as to integrate in the direction of increasing z, is

0 0 ™
/ 21 Rsin(f) Rdf = 2w R? / sin(f) df = —2w R? / cos(e)\?r = —27R*(—1—1) = 47R%
s 0

T

V. Calculate the area of the region that lies inside the polar curve r = 4sin(f) and outside the polar curve
(4) r=2.
57/6 1
We have 4sin(f) > 2 when sin(¢) > 1, that is, 7/6 < 6 < 57/6. So the desired area is/ 5(16 sin?(6)—
/6
5m/6 57/6
4)dh = / 2 — 4cos(20)do = 20 — 2sin(29)|ﬁ/6 = 107/6 — 2sin(57/3) — (27/6 — 2sin(7w/3)) =
/6

57/3 4+ V3 — /3 + V3 = 4n/3 +2V3.



r

VI. The graph of a certain equation r = f(0) is
(4) shown at the right, in a rectangular 6-r coordi-

nate system. In an z-y coordinate system, make

a reasonably accurate graph of the polar equa-

tion r = f(0) for this function. m

N —— 5
T 21

a

(2n —1)!

VII. State the Squeeze Theorem. Use the Squeeze Theorem to find the limit of {m
n !

} by comparing it
(5)

to the sequence {0} and to some sequence of the form {n”}.

If a, < b, < ¢, for all n (or, for all sufficiently large n), and lima,, = L = lim ¢, then lim b,, exists
and equals L.

(2n—1! 1-2-3---(2n—1) 1 1 1 Y
We h = = . Also, 0 < < =n"2 S
A e T T 123 2n+ 1 2m(2nt D) 0 S e+ l) Snen O
2n —1)!
lim0 = 0 and limn~2 = 0, the Squeeze Theorem shows that lim (2n

W‘H;'} exists and equals 0.
n !

VIII. Determine whether each of the following series converges or diverges.
4)
1. Zarctan(n)
n=1

lim arctan(n) = 7/2 # 0, so the series diverges.
o
2. ) (sin(1))"
n=1
The series is geometric with » = sin(1) lying in the range —1 < r < 1, so the series converges.
o0
. . . 1
IX. Find all x for which the series Z — converges.
(4) e
1

The series is geometric with r = -, so it will converge exactly when —1 < % < 1, that is, when x < —1
orl<z.
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n
X. State the Monotonicity Theorem. Analyze the convergence of the sequence { T 1} as follows:
n

1. State the Monotonicity Theorem.

A bounded monotonic sequence of real numbers converges to some real number.

2. Calculate that the derivative of the function a 1 is nonpositive when x > 1. Deduce that { 27:_ 1} is
n

z2 +
decreasing.
2 2
1)-1—z-2 1-—
The derivative is (2" +1) LA a: . For x > 1, 1 — 22 < 0 so this function is negative
(x2 +1)2 (22 +1)2

is decreasing. In particular, its values at the integers, which are the terms of the

and therefore
2 +1

n .
sequence { ——— ¢, are decreasing.
n®+1

3. Verify any other hypotheses of the Monotonicity Theorem, to deduce that {%} converges.
n

n n?+1

n2+1 7~ n2+1
Applying the Monotonicity Theorem, we deduce that the sequence is convergent.

= 1, so the sequence terms are bounded between 0 and 1.

For each n, we have 0 <

4. Now, find the limit by dividing numerator and denominator by n and observing the effect of letting n — oo.

1
L T Since 1 0, the denominator n + 1 — oo, while the numerator is always 1, so
n2+1 n + - n n
1
r —0
n -+ n
XI.  Use a simple diagram involving dr and df to derive an expresssion for ds in terms of dr and df.

(5)
r=f(9)

dr
ds

r do

From this diagram, we have ds? = (r df)? + dr?, so

ds = VEdE T d% = y[r2do? + (2 T 2 g2 4 (2 2d02— 2y (I 2d9
S=Vr re = r a0 = r a0 = r a0 .




