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It is a useful basic fact from algebra that the group of automorphisms of
the finite field IF;, where ¢ is the prime power p®, is a cyclic group generated
by the Frobenius automorphism & that sends each x to zP. Since ® has
order s, the integer [] is trivially a lower bound for the number Orb, of
orbits of Aut(F,), and since ® fixes each element of the subfield I, [ 2] +p
is an obvious lower bound. In fact, the exact number of orbits of Aut(F,) is
given by a simple closed formula:
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Orbg =~ > (s/r)p"

r|s

where ¢ is the Euler totient function.

This formula for Orb, is surely well-known, although we have not found
an explicit statement in the literature. Experts in finite fields (we thank, in
particular, H. Niederreiter) observe that the number of orbits is the same
as the number of monic irreducible polynomials over IF,, of degree dividing
s, each orbit being the set of roots of one such polynomial. Consequently,
the number e(r) of orbits with r elements (which equals the number of
monic irreducible polynomials of degree r) satisfies ¢ = ., re(r), and a
formula for e(s) can be obtained using Mobius inversion (see for example
[3, Ch. III.2]). In fact the formula for e(s) is the same as our formula
for Orb, but with ¢ replaced by the Mdbius function p. Summing these
for r dividing s and then manipulating using the fact (also a consequence
of Mobius inversion) that @ =2 rs @ gives our formula for Orb,. The
purpose of this note is to show how to establish this formula for Orb, in a few
lines using Burnside’s Lemma and a few of the most elementary properties
of Fy,.

Burnside’s Lemma says that the number of orbits of a finite group acting
on a finite set equals the average number of fixed points of the elements of
the group:
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Lemma 1 (Burnside’s Lemma). If a finite group G acts on a finite set €2,
then the number of orbits is given by

1
@ Z m(g)

geG

where 7(g) is the number of points fized by g.

Burnside’s Lemma can be proven by elementary counting arguments (see
for example [1]), and a better name for it is the Burnside-Cauchy-Frobenius
formula (see [4]).

To obtain the formula for Orb,, we will apply Burnside’s Lemma with
Q' =T, and G = Aut(Fps). Recall that Fpr occurs as a subfield of Fps if
and only if r|s, and that it is the unique subfield of this order. Each element
O™ of G has order s/r, where r = ged(m, s), and there are ¢(s/r) elements
of this order for each divisor r of s. Such an element has the same fixed
points as ®", since each is a power of the other, and the fixed points of ®"
are the roots of the polynomial 27" — . These roots form the subfield Fyr,
so m(®"™) = p”. Burnside’s Lemma now implies that the number of orbits is

% > els/r)p"

rls

The same argument, with ¢ in the role of p, shows that for any prime
power ¢, the number of orbits of the action of the Galois group Autp, Fgs

1 T
on Fgs is . Tzs:go(s/r)q .

The obvious lower bound [4-2] 4 p gives the exact count whenever s is
prime (or s = 1), since then all orbits contain s elements except those in the
subfield IF,,. But even for composite s this bound is very accurate, apart from
a few small values of ¢, because the vast majority of elements of I, do not lie
in any proper subfield and consequently almost all orbits have s elements.
For example, using GAP [2] we find that for Orbys = 35,792,568, the
bound of 35,791,397 is approximately 99.9967% of the exact value, while
the bound of 29,484, 565,267,122,446 is approximately 99.99999984% of
Orbygie = 29,484, 565,316, 813, 125.
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