MATH 3113-005 Test II1

Dr. Darren Ong
November 25, 2014 9:00am-10:15am

Answer the questions in the spaces provided on the question sheets. If you
run out of room for an answer, continue on the back of the page. No
calculators allowed.
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Formula Sheet

f(t) L(f(t))

1 1

f I
to(a>—1) | Tt
eat 1
sin(kt) stLLkQ
cos(kt) e
sinh(kt) ﬁ
cosh(kt) =2

The above Laplace transforms are valid for s > 0, with the exception of sinh(kt) and cosh(kt)
which are valid for s > |k|.

n integer,I'(n + 1) = n!

C(f(t) = / ettt
E(f’( )= s£((0) - 1O

LA0) = s f(0) — .. — FD(0)

0 <9t = [ 100~ 0)as
£i-tf) = 1
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1. (10 points) Write down L(f(t)) for the following functions f(¢) (no work needs to be
shown for this problem).

(a) f(t)=0 (d) f(t) = (e")?

(b) f(t) = sin(mt)

(c) f(t) == (e) f(t) =3 — 2sinh(2t)
Solution:

o

()

(b) /(s> +72)

(c) T(1/2)/V/s

(d) 1/(s = 2)
)

(e) 3/s—4/(s* —4)
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2. (10 points) Write down L£7!(F(s)) for the following functions F(s) (no work needs to
be shown for this problem).

(a) F(s)=0 (d) F(s) =12

(b) F(s) =35

(©) F(s) = 35 (&) F(s) =5~ =
Solution:

(a) 0

(b) cos(2t) + sin(2t)

t5

)
)
(c) 3sinh(2t)
(d)
)

(e) 17—
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3. (10 points) For z,y functions of ¢, write down the system of equations
&' =2+ 4y + 3¢’y = 5x —y — %,

as a matrix equation x’ = P(¢)x + f(¢).

Solution:

() -G )6
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4. (25 points) Consider the boundary value problem

y" + Ay =0,y(0) =0,y (r) = 0.

Find all eigenvalues A. For each A, find one associated eigenfunction.

(i)

(i)

Solution:

First consider negative eigenvalues A = —a? < 0 for some o > 0. Our equation
is 4" — o’y = 0. Substituting y = € we get that » = £a, so the general
solution is y(t) = Cre* + Cye~®. This implies

Y (t) = aCae® — Chae .

Plugging in ¢ = 0, 7 and using the given initial conditions we have C; — C5 = 0,
and Ce*™ — Cye®™ = (0. These two equations imply that e = ¢™*" and so
e?%™ = 1, which is impossible for & > 0. Thus there are no negative eigenvalues.
Next, consider the possibility that A = 0. In this case our differential equation
becomes y” = 0, which has a general solution y(t) = Cit + Cy. We have
y'(t) = C1, and plugging in the initial conditions we have C; = 0. Thus
y(t) = Cy is a solution for any constant Cy, and we can check that it works by
plugging it in. Thus A = 0 is an eigenvalue, and y(t) = C3 is a corresponding
eigenfunction for any nonzero constant Cs.

Lastly, consider the case where A = o? > 0 for some a > 0. Our differential
equation becomes y” + o’y = 0. We substitute y(t) = €, and we obtain
r = +ia. Thus our general solution is y(t) = C} cos(at) + Cysin(at). Then,

y'(t) = —Chasin(at) + Coa cos(at).

The 3'(0) = 0 then implies 0 = Csa, and so y'(w) = 0 then implies 0 =
—Cyasin(ar). Thus for C; to be nonzero, we need sin o(m) = 0. This is only
true if « is an integer. Thus the only eigenvalues happen when o« = 1,2,3,.. .,
so A =1,4,9,16,.... For each A = o?, a corresponding eigenvector is C; cos(at)
for any nonzero constant Cf.
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5. (15 points) Solve the initial value problem
2" (t) + 16z(t) = 0; 2(0) = 2,2'(0) = -3,

using Laplace transforms. You will get no credit for solving this problem using
any other method.

Solution: Taking F'(s) = L(z(t)), we have
L(z"(t)) = s*°F(s) — 25 — (—3).
Thus taking the Laplace transforms of both sides gets us
(s +16)F(s) —2s +3 = 0.
And so,

2s — 3
52+ 16

F(s) =

Using the table, we find that
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6. (10 points) Calculate the Laplace transform

L(e* cosh(10t))

Solution: L(cosh(10t)) = =", s0

s—3

L(e* cosh(10t)) = Go3E—10
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7. (10 points) Show that the initial value problem

2 (t) + 92(t) = £(t); 2(0) = 0,2(0) = 0,

has a solution

() = % /0 F(t — 0) sin(30)d0.

Solution: Taking F(s) = L(x(t)), we have L(2"(t)) = s*F(s) and so taking the
Laplace transform of both sides, we get (s> + 9)F(s) = L(f(t)), or equivalently

Thus

w(t) = L7F(s) =L7HL(f (1) = L7(1/(s* +9))
=f(t) x %Sm(i’)t)

/ F(t — 0) sin(30)do.
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8. (10 points) Let f(t), g(t) be two functions for which Laplace transforms L(f(t)), L(g(t))
exist for s > ¢, for some constant c¢. Assume also that ¢(¢) and L(g(t)) are always
nonzero. Is it true that

(L0 - 20,
g9(t) ) Llg(t))
If it is true, derive this formula using the definition of the Laplace transform. If it is not
true, use a counterexample to show that the formula is false.

Solution: The statement is false. As a counterexample, take f(t) = €', g(t) = 1.
The LHS becomes 1/(s —a), and the RHS becomes s/(s — a). There are also several
other possible counterexamples.
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