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All vector spaces on this exam are real vector spaces. The definition of a real vector
space, as it appears in your textbook, is provided below.

Definition: A real vector space is a set V' of elements on which we have two
operations @ and ® defined with the following properties.

(a) If u and v are any elements in V, then u @ v is in V. (We say that V is
closed under the operation @®).
(1) uov=vaouforaluvinV.
2 ued(veow)=(udv)dw forallu,v,win V.

(3) There exists an element 0 in V' such that u@® 0 =0 @ u = u for any u in
V.

(4) For each u in V there exists an element —u in V' such that
u®-u=-udu=0.

(b) If u is any element in V' and ¢ is any real number, then cOuisin V' (i.e. V is
closed under the operation ®).

5) cO(udvV)=cOudcOv for any u,v in V and any real number c.

7
8

(5)

(6) (c+d)@u=coOuddou for any u in V' and any real numbers ¢ and d.
(7) c®(d®u) = (cd) ®u for any uin V and any real numbers ¢ and d.

(8)

c
l®u=ufor any uin V.



1. Let V' be the set of pairs of real numbers (z,y). Define the following
operations on V:
(z,9) & (¢ ¢) = (v + 2’ 22’ + yy)
ro(z,y) = (re,y)

Check if V' together with & and © satisfy properties 3 and 5 from the
definition of a vector space. The properties are repeated below.

(a) Property 3: There exists an element 0 in V such that u80=0d u=u
for any uin V. (8 pts)

(b) Property 5: c® (ud®v)=c@u@cO®v for any u,v in V' and any real
number c. (8 pts)



2. Let W be the set of all 2-vectors z such that x and y are both greater than

or equal to 0 or are both less than or equal to 0. Assume the regular addition
and scalar multiplication in R2.

(a) Is W closed under addition? Why or why not? (6 pts)
(b) Is W closed under scalar multiplication? Why or why not? (6 pts)
(c) Is W a subspace of R?? (3 pts)



3. Let W be the subspace of Mss which consists of matrices {Z d

a—b=c—d.

b} such that

(a) Find a basis for W. (7 pts)
(b) What is the dimension of W? (3 pts)
(c¢) Find a basis for My which contains your basis from part (a). (5 pts)



4. Let S = {v1,Va, Vs, vya} be a set of vectors in a vector space V.
Let W = span S

Fill in the following blanks with <, >, <, >, =.

Choose the best possible answer that can be determined from the given
information. You do not need to show work or explain your answer for this

problem. (3 pts each part)
(a) dimW 4.
(b) If S is linearly independent, then dim W ____ 4.
(¢) If vo =3vy — vy, then dimW 4.
(d) If S is a basis for V, then dim W dim V.
(e) If S is linearly independent and does not span V, then dimV 4.
(f) If S is linearly dependent and spans V', then dimV 4.
(g) dimspan{vy, vy, vy, vy, ve — 3vy} dim W.




5. Let S = {t? +t,t> —t,t> 1} be a set of vectors in Ps.

(a) Is S linearly independent? Why or why not? (5 pts)
(b) Does S span P,?7 Why or why not? (5 pts)
(c¢) Find a basis for span S which is contained in S. (5 pts)
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(a) Find the rank and nullity of A. (4 pts)

(b) Is [5 5 5 —5 5] in the row space of A? Why or why not? (5 pts)

1 0 0
(c) Is 8 ; (1) ; ? a basis for the column space of A7 Why or why
0 0 0
not? (5 pts)
0
-3
(d) Is the vector | 1 | in the null space of A7 Why or why not? (4 pts)
-2
1



