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A Characterization of Cyclic Groups via Indices of Maximal Subgroups

ALAN ROCHE

ABSTRACT. We show that cyclic groups are the only finitely generated groups with
the property that distinct maximal subgroups have distinct indices.

1. INTRODUCTION

It’s well known that distinct subgroups of a cyclic group G have distinct indices in G.
It’s also well known that if a finite group of order n has at most one subgroup of order
m—and so of index n/m—for each divisor m of n, then the group is cyclic (see, for
example, [1, p. 192]). The property that distinct subgroups have distinct indices thus
characterizes the class of finite cyclic groups. It’s less well known that the same property
characterizes the infinite cyclic group: if distinct subgroups of an infinite group have
distinct indices (as cardinal numbers) then the group is cyclic—see [7] which also covers
the case of finite groups. The proof relies crucially on a result of Schur: if the center of
a group G has finite index then the commutator subgroup of G is finite. Schur’s result
also underpins a similar characterization of the infinite cyclic group as the only infinite
group in which each nontrivial subgroup has finite index (see [2] or [8, p. 446], or the
more elementary treatment in [4]).

Recall that a mazximal subgroup of a group is a proper subgroup that is not strictly
contained in another proper subgroup. We prove an analogous characterization of cyclic
groups to that in [7] using maximal subgroups in place of arbitrary subgroups. To be
precise, we establish the following.

Theorem. A finitely generated group is cyclic if and only if distinct mazximal subgroups
have distinct indices.

To be more precise, we take the well-known “only if” direction as given and prove the
“if” direction. The result seems to be new. At least, we’ve not been able to find it in the
literature. Whether the gap we (appear to) fill was much needed, you, dear reader, can
decide (see [3, p. 332]). Our proof hinges on a property of the Frattini subgroup. We
discuss this and other background material in Section 2. In the case of finite groups, we
give a second proof of the theorem using the inclusion-exclusion principle. The result
fails without the hypothesis that G is finitely generated—see Section 3.

There are several characterizations of families of groups in terms of properties of max-
imal subgroups. For instance, a finite group is a product of its Sylow subgroups (equiv-
alently, is nilpotent) if and only if each maximal subgroup is normal [5, Cor. 10.3.4].
Another example: a finite group is supersolvable! if and only if each maximal subgroup

2020 Mathematics Subject Classification. 20E34.

Key words and phrases. finitely generated group, Frattini subgroup, inclusion-exclusion principle.

Received on 29-3-2022; revised 26-5-2022.

DOI:10.33232/BIMS.0089.65.72.

LA group G is supersolvable if it admits a chain of normal subgroups G = Go 2 G1 D -+ D G, = {1}
(for some positive integer r) such that each quotient G;_1/G; is cyclic.
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has prime index [5, Cor. 10.5.1 and Thm. 10.5.8]. Our characterization of cyclic groups
is a modest companion to these classical observations.

Acknowledgements. I am grateful to the Editor, Anthony O’Farrell, for saving me from some
infelicities and to a referee for helpful suggestions.

2. PRELIMINARIES.

For ease of reference, we collect several results which feature in the proofs of the
theorem. It may be best to just skim this section, referring back to look more closely
as needed.

Finitely generated groups and maximal subgroups. A finite group has only
finitely many subgroups, and thus each proper subgroup is contained in a maximal
subgroup. By the magic of Zorn’s lemma, the same conclusion holds for a finitely
generated group.

Lemma 1. Fach proper subgroup of a finitely generated group is contained in a mazximal
subgroup.

Proof. Let G be a finitely generated group, say with generating set {g1,...,g,}. For H
a proper subgroup of G, write C for the collection of proper subgroups of G' containing
H, ordered by inclusion. If we show that every chain in C has an upper bound, then
by Zorn’s lemma C has a maximal element, that is, there is a maximal subgroup of G
containing H.

For {H)}xep a chain in C (so that Hy C Hy or Hy C H)y for \,\ € A), we set
H= Uxea Hx. Then Hisa subgroup of G containing H. If His a proper subgroup,

then it’s an upper bound in C for {H)} ea and the proof is complete. Now if H= G,
then g1 € Hy,,...,gr € H), for suitable A1,..., A\, € A. As the subgroups Hy (A € A)
form a chain, it follows that there is a single A\; such that each H), is contained in
H), . Hence each g; belongs to H), and H), = G, a contradiction. Thus Hisa proper
subgroup, and we’ve proved the lemma. O

The Frattini subgroup. Next we introduce a core notion.

Definition. The Frattini subgroup ® = ®(G) of a group G is the intersection of the
maximal subgroups of G. If G has no maximal subgroups then ®(G) = G.

Since each automorphism of a group permutes the maximal subgroups in the group,
® is characteristic in G (that is, stable under each automorphism of G). In particular,
® is always a normal subgroup. We set G = G/®. Further, for H a subgroup of G, we
write H for the image of H under the canonical quotient map g — g® : G — G. That
is, if H is a subgroup of G, then H = H®/®.

We can now record the crucial property of ® that we exploit.

Proposition 1. Let G be a finitely generated group and let H be a subgroup of G.
Then:

(a) G = H if and only if G = H;

(b) G is cyclic if and only if G is cyclic.

Proof. Tt’s obvious that G = H implies G = H. For the other direction in part (a),
suppose G = H, so that G = H®. Suppose also that a maximal subgroup M of G
contains H. Since ® C M, we then have G = H® C M which is absurd. Hence H is
not contained in a maximal subgroup of G. Using Lemma 1, we see that G = H, as
required.

Part (b) follows from part (a). In detail, G is cyclic if and only if G = (g) for some
g € G. By part (a), this is equivalent to G = (g®) for some g® € G. O
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Maximal subgroups and distinct indices. We note a quick consequence of the
hypothesis that distinct maximal subgroups of a group have distinct indices.

Lemma 2. Suppose that distinct mazimal subgroups of a group G have distinct indices
in G (as cardinal numbers). Then each mazimal subgroup is normal in G of prime
index.

Proof. Let M be a maximal subgroup of G. For g € G, the conjugate gMg~! is again
maximal and has the same index in G as M. Thus gMg~! = M for all g € G, that is,
M is normal in G.

We can therefore consider the quotient group G/M. Its subgroups have the form
H/M as H varies through the subgroups of G containing M. Hence G/M has no
nontrivial proper subgroups, and so is cyclic of prime order. Indeed, for g ¢ M, the
group (gM) is a nontrivial subgroup of G/M, and thus (¢M) = G/M; moreover, gM
must have prime order as otherwise G/M would admit a nontrivial proper subgroup. [

Relatively prime indices. In the case of finite groups, our second proof of the theo-
rem uses the index formula of the next lemma. The formula applies equally to infinite
groups and is no harder to prove in this generality.

Lemma 3. Let G be a group and let Hy,. .., H, be finite index subgroups of G whose
indices are pairwise relatively prime, that is, ged (|G : H;, |G : Hj]) = 1, for i # j.
Then Hi N ---N H, has finite index in G and

G:HN--NH]=[G:H] - [G: Hb. 1)

Proof. To simplify the notation, we set K = Hy N ---N H,. Consider the map of left
coset spaces
gK — (gH1,...,9H;) :G/K — G/H; x --- x G/H,.

Observe that this map is injective. Indeed, if gH; = ¢'H; for each i, then ¢'"lg € H;
for each 4, and so ¢’ "'¢g € K and gK = ¢’K. Thus K has finite index in G and

[G:K| <[G:H]-|G: H,]. (2)
On the other hand,
G: K] =[G:H][H;: K] (fori=1,...,r).

As the indices [G : H;] are pairwise relatively prime, the product [G : Hy|---[G : H,]
divides [G : K]. In particular,

G:H] -G H] < [G: K], (3)
Comparing (2) and (3), we've proved (1). O
The Inclusion-Exclusion Principle. We recall the statement and give a short proof.
Proposition 2. For finite sets S1,...,Sy,

Us

i=1

=D 1S =D 18 NSk 44 (1) S NN Sy (4)
i j<k

Proof. Let S = U:Zl S;. Given T' C S, we write 17 for the characteristic function of 7.
In this notation, we’ll establish the equality of functions

Iy s = 1s =3 Igns, +-+ (=) 'gn.ns,. (5)
i j<k

The identity (4) then follows by taking the integral of each side with respect to the
counting measure on S (the one that gives each element of S measure 1).
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We set 1 = 1g. For T'C S, we also write T° for the complement of 7" in S, so that
Lye =1 — 1. (6)
Further, for 7; C S (for i = 1,2), we have
Irynr, = 1y Ly, (7)

Now, taking 7' = (|J!_; S;)" in (6) gives

Lusi =1 =Ly, s
=1-1n s
=1—1g;---1ge (by (7))
=1-(1-1g) - (L—1s) (by (6)).

Expanding the product on the last line, we see that

R S R S oo s R
i i<k

= Z ]15‘1. — Z ﬂsjmsk + st + (_1)r71]15’1m...m5,r.
i i<k

We’ve shown that (5) holds and hence also (4). O

3. Two EXAMPLES.

We prove the theorem in Sections 4 (finite groups) and 5 (infinite groups). In this
section, we give two examples of groups that are not finitely generated, and so certainly
not cyclic, but have the property that distinct maximal subgroups have distinct indices.
Thus the theorem fails if we drop the hypothesis that our groups are finitely generated.

First, let M be a maximal subgroup of an abelian group A, so that the quotient A/M
has no proper nontrivial subgroups. As noted in the proof of Lemma 2, it follows that
A/M = 7,/pZ for some prime p.

Example 1. Suppose an abelian group A is such that nA = A for all nonzero integers
n (using additive notation). Abelian groups with this property are called divisible. For
example, the additive group Q is divisible. Further, a quotient of a divisible group is
divisible. In particular, A can never have Z/pZ as a quotient (for p a prime), and so A
has no maximal subgroups. Thus the maximal subgroups of A have distinct indices—
vacuously. By Lemma 1, if A is nontrivial then it is not finitely generated.

Example 2. Consider the additive group A = @p Z/pZ where the sum is over all
primes. By construction, A is not finitely generated.

Its maximal subgroups are the subgroups [A as [ varies through the primes. Indeed,
for | prime, multiplication by [ is an isomorphism on Z/pZ for p # | and is the zero
map on Z/I7Z. Thus [A = G}p# Z/pZ. The projection map from A to Z/I7Z therefore
induces an isomorphism

AJIA= 717, (8)

whence [A is a maximal subgroup of A. On the other hand, say M is a maximal
subgroup of A. Then A/M = Z/IZ for some prime [, so that [A C M. Maximality of
lA now implies that A = M.

By (8), distinct maximal subgroups of A have distinct indices in A.
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4. FINITE GROUPS.

We now prove the theorem for finite groups—in two ways.

Let G be a nontrivial finite group and write My, ..., M, for the maximal subgroups
of G. By hypothesis, the indices [G : Mj],...,[G : M,] are distinct. By Lemma 2,
each M; is normal in G and there exist primes p1, ..., p, such that G/M; = Z/p;Z (for
i=1,...,7).

First proof. Consider the homomorphism

g (gMi)izl,...r G — HG/Mz
i=1
Its kernel is My N ---N M, = ®, and thus G = G/® embeds in [[_; G/M;. Now
i=1 i=1

Hence G embeds in a cyclic group, and so is cyclic. Using Proposition 1 (b), we conclude

that G is cyclic. O
We need a preparatory observation for the second proof. Let i1,...,i; be distinct
indices between 1 and r. Since the various (group) indices [G : M;,] are (pairwise)

relatively prime (for j =1,...,k), it follows from Lemma 3 that
[G:Milﬁ'”ﬂMik] = [GM“][GM“J =Diy " Pig- (9)

We set n = |G| and rewrite (9) as
n

M;,n---NM;,|=—— 10
M, = (10)

Second proof. The strategy of the proof is to show that there are elements of G that lie
outside each maximal subgroup. For any such g € G, the cyclic subgroup (g) cannot
be proper, so that G is cyclic with generator g. To implement the strategy, we count
the number of elements in [ J;_; M;. A trivial estimate then shows that this number is
less than n = |G|, whence G is cyclic.

Using the inclusion-exclusion principle and (10), we have

U

= D M =) M N M| + - 4 (=1 M0 -0 M
7

i=1 i<k
n n n
:Zf_ 7+...+(_1)T*17
. Pi j<kpjpk b1 Dr
1 1 1
D S
. Pi i<k PiPk p1---Dr
1 1
b1 Dr
< n.
We’ve proved (again) that G is cyclic. O
Remark 1. For n a positive integer, let p1,...,p, be the distinct prime divisors of n.

Recall that ¢(n) is the number of integers between 1 and n that are relatively prime to
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n. Applying the above proof to a cyclic group of order n gives the well-known formula

gb(n):n(l—pll)-'-(l—;r). (11)

The inclusion-exclusion principle also yields the formula directly—without an appeal
to group theory. To spell this out, write n for the set of integers between 1 and n and
n/p; for the set of elements of n that are divisible by p;, so that |n/p;| = n/p; (for
i=1,...,7). Then the union (J;_, n/p; consists of the integers between 1 and n that
are divisible by some prime divisor of n—that is, the integers between 1 and n that are
not relatively prime to n. Thus
T

U n/p;

i=1

=n— ¢(n).

Counting | J;_, n/p;| via the inclusion-exclusion principle (exactly as above), we obtain
(11) once more.

5. INFINITE GROUPS.

Next we prove the theorem for infinite groups. We treat abelian groups first (finite
and infinite) and then reduce to this case.

To start, note that if distinct maximal subgroups of a group G have distinct indices
then each quotient of G inherits the property. Indeed, for N a normal subgroup of G,
a maximal subgroup of G/N has the form M/N for a unique maximal subgroup M of
G containing N and [G/N : M/N| =[G : M].

Lemma 4. Let A be a finitely generated abelian group such that distinct mazximal sub-
groups of A have distinct indices in A. Then A is cyclic.

Proof. By (a part of) the fundamental theorem of finitely generated abelian groups,
there is a nonnegative integer r and a finite abelian group T such that A £ Z" x T'. As
quotients of A, the groups Z" and T have the property that distinct maximal subgroups
have distinct indices.

If =0, then A is finite and hence cyclic (since we’ve proved the theorem for finite
groups).

Suppose r > 0. We need to show that T is trivial and » = 1. If T' is nontrivial, then
it admits a maximal subgroup, say Timax, and [T : Tiax] = p for some prime p. In this
case, the subgroups Z" x Tax and pZ x Z"~' x T would each have index p in Z" x T
We conclude that T is trivial, so that A = Z”". In the same way, we have r = 1: for
r > 1 and p a prime, the subgroups pZ x Z x Z"~2 and Z x pZ x Z"~? each have index
pin Z". O

Combining Lemma 4 and earlier arguments, the theorem for infinite groups follows
readily.

Proof. Let G be a finitely generated infinite group such that distinct maximal subgroups
of G have distinct indices in G. We want to show that G is cyclic.

Write {M;}ier for the family of maximal subgroups of G. By Lemma 2, each M; is
normal in G and each quotient G/M; is cyclic, hence abelian. As in the first proof for
finite groups, we consider the homomorphism

g — (gM,‘)Z‘E[ G — HG/Ml
i€l
Since the kernel is ®, we see that G = G//® embeds in the abelian group [],.; G/M;, and
so G is abelian. Moreover, G is finitely generated and distinct maximal subgroups of G
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have distinct indices. Hence, by Lemma 4, G is cyclic. Appealing to Proposition 1 (b),
we conclude that G is cyclic. O

6. A COMMENT ON CYCLIC p-GROUPS.

The maximal subgroups of a finite cyclic group G are the subgroups of prime index,
one for each prime divisor of |G|. In particular, a nontrivial finite cyclic p-group (p a
prime) has a unique maximal subgroup. Conversely, if a finite group G has a unique
maximal subgroup M, then any element of G that is not in M is a generator, so G is
cyclic, and the order of G is a p-power for p = [G : M|. That is, the nontrivial cyclic
groups of prime-power order are precisely the finite groups that have a single maximal
subgroup. This characterization of cyclic groups of prime-power order can be slightly
augmented as follows.

(o) Suppose the maximal subgroups of a finite group G form a single conjugacy class.
Then G is cyclic of prime-power order.

Proof. Let M be a maximal subgroup of G. By hypothesis, the union of the maximal
subgroups of G is | gec 9M g~ '. Now, an elementary counting argument shows that
a finite group is never a union of conjugates of a proper subgroup (see, for example,
[9, Lemma 6.1]). Thus there is an element of G that is not contained in a maximal
subgroup, whence G is cyclic. Moreover, M must be the unique maximal subgroup of
G, and so G has prime-power order. O

Remark 2. What happens if you replace “finite” in («) by “finitely generated”? The
statement is then false—in spectacular fashion. In fact, for each sufficiently large prime
p, there is an infinite group G such that

(a) each nontrivial proper subgroup has order p and so is maximal,

(b) the maximal subgroups (that is, the nontrivial proper subgroups) form a single
conjugacy class.

Note that any such G is generated by two elements: for h # 1 and g ¢ (h), the subgroup
(h, g) has more than p elements, and hence G = (h, g).

An infinite group that satisfies (a) is called a Tarski monster. These ghoulish groups
were shown to exist by A. Y. Olshanskii and independently by E. Rips (for details, see
Chap. 9 of Olshanskii’s bestiary [6]). Among them are ones that also satisfy (b).

REFERENCES

[1] D. S. Dummit and R. M. Foote, Abstract Algebra. 3rd ed. Hoboken, NJ: John Wiley & Sons, 2004.

[2] Y. G. Fedorov, On infinite groups in which all nontrivial subgroups have finite index. (Russian)
Uspehi Matem. Nauk. (N.S.) 6. 41(1) (1951), 187-189.

[3] A. Jackson, Chinese acrobatics, an old-time brewery, and the “much needed gap”: the life of
Mathematical Reviews. Notices Amer. Math. Soc. 44 (1997), no. 3, 330-337.

[4] C. Lanski, A characterization of infinite cyclic groups. Math. Mag. 74(1) (2001), 61-65.

[5] M. Hall Jr., Theory of Groups. Reprint of the 1976 2nd ed. Providence, RI: AMS Chelsea Publish-
ing, 1999.

[6] A. Y. Olshanskii, Geometry of defining relations in groups. Mathematics and its Applications
(Soviet Series), 70. Kluwer Academic Publishers, Dordrecht, 1991.

[7] G. Oman and V. Slattum, A characterization of the cyclic groups by subgroup indices. Coll. Math.
J. 47(1) (2016), 29-33.

[8] W. R. Scott, Group Theory. Eaglewood Cliffs, NJ: Prentice-Hall, Inc., 1964.

[9] J.-P. Serre, Finite Groups: An Introduction. International Press, 2016.

Alan Roche can remember studying at University College Dublin and the University of
Chicago when he was a young and callow fellow. He has worked at the University of Oklahoma



72 ALAN ROCHE
since 2001. His principal mathematical interests are in number theory and related parts of
representation theory.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OKLAHOMA, NORMAN, OK 73019, USA.
E-mail address: aroche@ou.edu



