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Abstract. We obtain a classical interpretation of the representation theoretic statement of
the Generalized Ramanujan Conjecture for Siegel cusp forms of genus n in terms of estimates
on Hecke eigenvalues.

1. Introduction

In this note, we wish to obtain a classical interpretation of the representation the-
oretic statement of the Generalized Ramanujan Conjecture for Siegel cusp forms
of genus n in terms of estimates on Hecke eigenvalues. Let F be a cuspidal Siegel
Hecke eigenform of genus n, weight k and level 1 with Hecke eigenvalues µF (m)

for any positive integer m. Let πF = ⊗′πp be the irreducible, cuspidal, automorphic
representation of GSp(4, A) corresponding to F . If F is not in a suitably defined
space of lifts, the Generalized Ramanujan Conjecture states that, for any prime p,
the local representation πp has to be tempered. In classical terms, this means that
the Satake parameters have absolute value 1.

In the genus 1 case, the p-Hecke algebra is generated by the Hecke operators
T (p),�(p) and it is well-known that πp is tempered if and only if |µF (p)| ≤
2p(k−1)/2. In the genus 2 case, since the p-Hecke algebra is generated by Hecke
operators T (p), T (p2),�(p), one might expect to prove that πp is tempered if and
only if the Hecke eigenvalues µF (p) and µF (p2) satisfy some suitable estimates.
To the best knowledge of the author, such a proof is not yet available. In Theo-
rem 3.1 and Corollary 3.1 we show, for any genus n ≥ 2, that πp is tempered if
and only if the Hecke eigenvalues µF (pr ) satisfy the estimate (19) for all r ≥ 0.
One should notice that, in the genus 2 case, even though µF (pr ) (for any r ) can
be expressed as a polynomial in the µF (p), µF (p2), the estimates for µF (pr ) do
not follow trivially from those of µF (p), µF (p2), since it is difficult to estimate
the size of the coefficients of these polynomial expressions.

The main tool for the proof of Theorem 3.1 is a result on formal power series
obtained in Proposition 2.1. Using the work of Andrianov [1] on Siegel cusp forms
of genus n and the result of Chai and Faltings [3] regarding the Satake parame-
ters of πp, we see that the Satake parameters of F and its eigenvalues satisfy all
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the hypothesis of Proposition 2.1. Hence Proposition 2.1 can be applied to Siegel
modular forms to give Theorem 3.1.

2. A result on formal power series

Let n be a positive integer with n ≥ 2. Let k be a fixed positive integer and p a
prime number. Let a0, a1, . . . , an and µ(r), r ≥ 0, be complex numbers satisfying
the following conditions.

|a0.a1 . . . an| = 1 (1)
∞∑

r=0

µ(r)

p
r
(

nk
2 − n(n+1)

4

)

ar
0

T r = P̂n(T )

Q̂n(T )
(2)

where

Q̂n(T ) = (1 − T )

n∏

δ=1

∏

1≤i1<···<iδ≤n

(1 − ai1 · · · aiδ T ) (3)

and

P̂n(T ) =
2n−2∑

i=0

φi (a1, . . . , an)T i . (4)

Here, φi are some symmetric polynomials in a1, . . . , an , with φ1 ≡ 1 and

φ2n−2(a1, . . . , an) = p− (n−1)n
2 (a1 . . . an)2n−1−1.

Proposition. 2.1. Let a0, a1, . . . , an and µ(r), r ≥ 0, be complex numbers satisfy-
ing (1) and (2). Then the following two statements are equivalent.

(i) We have

|a0| = |a1| = · · · = |an| = 1. (5)

(ii) For every ε > 0, we can find a Cε > 0, depending only on ε, n and p, such
that

|µ(r)| ≤ Cε p
r
(

nk
2 − n(n+1)

4 +ε
)

for all r ≥ 0. (6)

Proof. We will first show (i) ⇒ (i i). We have |a0| = |a1| = · · · = |an| = 1.
Define An(r) by the formal power series formula

∞∑

r=0

An(r)T r = 1

Q̂n(T )
. (7)

We claim that, for all n and r , the An(r) satisfy the following estimate

|An(r)| ≤ (r + 1)2n−1. (8)
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We will prove this by induction on n. First let n = 1. Using partial fractions,
geometric series and calculus (if a1 = 1), we get

A1(r) =
r∑

i=0

ai
1 which implies |A1(r)| ≤ r + 1 for all r ≥ 0,

as required. Now, assume that (8) is true for n − 1, i.e., |An−1(r)| ≤ (r + 1)2n−1−1

for all r ≥ 0. From (3), we have Q̂n(T ) = Q̂n−1(T )Q̂n−1(anT ), which implies

∞∑

r=0

An(r)T r =
( ∞∑

r=0

An−1(r)T r

)( ∞∑

r=0

An−1(r)(anT )r

)
.

This gives us

An(r) =
∑

i+ j=r

An−1(i)An−1( j)a j
n

and hence, we get

|An(r)| ≤
∑

i+ j=r

|An−1(i)||An−1( j)|

≤
∑

i+ j=r

(i + 1)2n−1−1( j + 1)2n−1−1 ≤ (r + 1)2n−1,

as required. Now, mathematical induction gives us (8).
Comparing coefficients of T r in (2), and using (4), (7) we get

µ(r)

p
r
(

nk
2 − n(n+1)

4

)

ar
0

=
2n−2∑

i=0

φi (a1, . . . , an)An(r − i). (9)

If r − i < 0, we set A(r − i) = 0. Hence

|µ(r)|
p

r
(

nk
2 − n(n+1)

4

) ≤
2n−2∑

i=0

|φi (a1, . . . , an)||An(r − i)| ≤ Kn(r + 1)2n−1, (10)

where

Kn =
2n−2∑

i=0

|φi (1, . . . , 1)|

depends only on n. Here, we have used (8). It is now a simple exercise in calculus
to show that, for any ε > 0, we can find Cε > 0, depending only on ε, n and p,
such that

Kn(r + 1)2n−1 ≤ Cε prε .

Combining the above estimate with (10), we get (6), as required.
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Now, we will show (i i) ⇒ (i). We see that (6) implies that the series

∞∑

r=0

µ(r)

p
r
(

nk
2 − n(n+1)

4

)

ar
0

p−rs,

obtained from (2) by substituting T = p−s , is absolutely convergent for Re(s) > 0,
and hence, does not have a pole for any s with Re(s) > 0. We claim that there is a
δ ∈ {1, 2, . . . , n − 1} such that the right hand side of (2) has a pole at

ps = ai1 . . . aiδ for all 1 ≤ i1 < · · · < iδ ≤ n. (11)

To prove this claim, first notice that P̂n(T ) is symmetric in the a1, . . . , an . This
implies that, if

(
ai1 . . . aiδ

)−1 is a root of P̂n(T ) for any i1, i2, . . . , iδ , then so is
(ai ′1 . . . ai ′δ )

−1 for any 1 ≤ i ′1 < · · · < i ′δ ≤ n. The claim now follows from the fact
that

P̂n(T ) 	=
n−1∏

δ=1

∏

1≤i1<···<iδ≤n

(1 − ai1 . . . aiδ T )

because the constant term on both the sides above is 1 but the coefficient of T 2n−2

on the right hand side is

(a1 . . . an)2n−1−1 	= φ2n−2(a1, . . . , an).

Now (11) and Re(s) ≤ 0 implies that

|ai1 . . . aiδ | ≤ 1 for all 1 ≤ i1 < · · · < iδ ≤ n.

This, combined with (1) and δ ≤ n −1, implies that |ai | ≤ 1 for all i = 1, 2, . . . , n.
Again using (1), we get |ai | = 1 for all i = 1, 2, . . . , n, as required. This completes
the proof of the proposition. 
�

3. Siegel modular forms

Let the symplectic group of similitudes of genus n be defined by

GSp(2n) :={g ∈ GL(2n) : tgJng=λ(g)Jn, λ(g)∈GL(1)} where Jn =
[

In

−In

]
.

Let Sp(2n) be the subgroup with λ(g) = 1. The group GSp+(2n, R) := {g ∈
GSp(2n, R) : λ(g) > 0} acts on the Siegel upper half space Hn := {Z ∈ Mn(C) :
t Z = Z , Im(Z) > 0} by

g〈Z〉 := (AZ + B)(C Z + D)−1 where g =
[

A B
C D

]
∈ GSp+(2n, R), Z ∈ Hn .
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Let us define the slash operator |k for a positive integer k acting on holomorphic
functions F on Hn by

(F |kg)(Z) := λ(g)
nk
2 det(C Z + D)−k F(g〈Z〉)

where g =
[

A B
C D

]
∈ GSp+(2n, R), Z ∈ Hn . (12)

The slash operator is defined in such a way that the center of GSp+(2n, R) acts
trivially. Let S(n)

k be the space of holomorphic Siegel cusp forms of weight k, genus

n with respect to �(n) := Sp(2n, Z). Then F ∈ S(n)
k satisfies F |kγ = F for all

γ ∈ �(n).
Let us now describe the Hecke operators acting on S(n)

k . For M ∈ GSp+(2n, R)∩
M2n(Z), we have a finite disjoint decomposition

�(n)M�(n) =
⊔

i

�(n)Mi .

For F ∈ S(n)
k , define

Tk(�
(n)M�(n))F := det(M)

k−n−1
2

∑

i

F |k Mi . (13)

Note that this operator agrees with the one defined in [1]. Let F ∈ S(n)
k be a simulta-

neous eigenfunction for all the Tk(�
(n)M�(n)), M ∈ GSp+(2n, R)∩ M2n(Z), with

corresponding eigenvalue µF (�(n)M�(n)). For any prime number p, it is known
that there are n +1 complex numbers αF

0 (p), αF
1 (p), . . . , αF

n (p) such that, for any
M with λ(M) = pr , we have

µ(�(n)M�(n)) = αF
0 (p)r

∑

i

n∏

j=1

(αF
i (p)p− j )di j , (14)

where �(n)M�(n) = ⊔
i �(n)Mi , with

Mi =
[

Ai Bi

0 Di

]
and Di =

⎡

⎢⎣
pdi1 ∗

. . .

0 pdin

⎤

⎥⎦ .

Henceforth, if there is no confusion, we will omit the F and p in describing
the αF

i (p) to simplify the notations. The α0, α1, . . . , αn are the classical Satake
p-parameters of the eigenform F . For a positive integer m, we define the Hecke
operator Tk(m) by

Tk(m) :=
∑

λ(M)=m

Tk(�
(n)M�(n)). (15)
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Let µF (m) be the Hecke eigenvalue of F corresponding to the operator Tk(m).
From Theorem 1.3.2 of [1], we have for any prime p,

∞∑

r=0

µF (pr )Xr = P(X)

Q(X)
, (16)

where

Q(X) = (1 − α0 X)

n∏

δ=1

∏

1≤i1<···<iδ≤n

(1 − α0αi1 · · ·αiδ X) (17)

is a polynomial of degree 2n and

P(X) =
2n−2∑

i=0

φi (α1, . . . , αn)αi
0 Xi (18)

is a polynomial of degree 2n − 2 and φi are some symmetric polynomials in

α1, . . . , αn , with φ1 ≡ 1 and φ2n−2(α1, . . . , αn) = p− (n−1)n
2 (α1 · · · αn)2n−1−1.

Note that the polynomials P and Q depend on F, p and n.

Theorem. 3.1. Let F ∈ S(n)
k , with k > n ≥ 2, be a Hecke eigenform with

Hecke eigenvalues µF (m) for any positive integer m. For any prime p, let αF
0 (p),

αF
1 (p), . . . , αF

n (p) be the classical Satake parameters defined in (14). Then the
following two statements are equivalent.

(i) We have

|αF
1 (p)| = · · · = |αF

n (p)| = 1 and |αF
0 (p)| = p

kn
2 − n(n+1)

4 .

(ii) For every ε > 0, we can find a Cε > 0, depending only on ε, n and p, such
that

|µF (pr )| ≤ Cε p
r
(

nk
2 − n(n+1)

4 +ε
)

for all r ≥ 0. (19)

Proof. For simplicity of notation, let us write αi for αF
i (p). It is known that the

classical Satake parameters satisfy

α2
0α1 · · ·αn = pkn− n(n+1)

2 . (20)

By [3, p. 267], we know that if the weight k of F satisfies k > n, then

|α1 · · · αn| = 1. (21)

Using (20) and (21) we see that |αF
0 (p)| = p

kn
2 − n(n+1)

4 is always satisfied. Let

us set a0 = p
n(n+1)

4 − nk
2 α0, a1 = α1, . . . , an = αn and µ(r) = µF (pr ), r ≥ 0.

Using a change of variable T = α0 X in (16), we see that the complex numbers
a0, a1, . . . , an and µ(r), r ≥ 0 satisfy the hypothesis of Proposition 2.1 and, hence,
we get the theorem. 
�
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We can obtain a restatement of Theorem 3.1 in terms of automorphic repre-
sentations. As in [2], we associate to a Hecke eigenform F ∈ S(n)

k , an irreducible,
cuspidal, automorphic representation πF = ⊗′πp of GSp(2n, A), where A is the
ring of adeles of Q. For every prime p, the local representation πp of GSp(2n, Qp)

is unramified, and hence, is the unique spherical constituent of an induced rep-
resentation. This induced representation is obtained from unramified characters
χ0, χ1, . . . , χn of Q

×
p , acting on the Borel subgroup. From Lemma 3.4.1 of [2], the

relation between the classical Satake p-parameters and χ0(p), χ1(p), . . . , χn(p)

is given by

χ0(p) = p
n(n+1)

4 − nk
2 α0, χi (p) = αi for i = 1, 2, . . . , n. (22)

Hence, we get the following corollary to Theorem 3.1.

Corollary. 3.1. Let F ∈ S(n)
k , with k > n ≥ 2 be a Hecke eigenform and let

πF = ⊗′πp be the corresponding irreducible, cuspidal, automorphic representa-
tion of GSp(4, A). For any prime p, let πp be the unique spherical constituent of
the representation induced from the unramified characters χ0, χ1, . . . , χn of Q

×
p ,

acting on the Borel subgroup. Then the following are equivalent.

(i) The representation πp is tempered, i.e., |χ0| = |χ1| = · · · = |χn| = 1.
(ii) For every ε > 0, we can find a Cε > 0, depending only on ε, n and p, such

that

|µF (pr )| ≤ Cε p
r
(

nk
2 − n(n+1)

4 +ε
)

for all r ≥ 0.

Remark. (i) The case n = 1 is not included since it is already well known.
(ii) The above theorem can be generalized to Siegel cusp forms with respect

to Siegel congruence subgroup of level N in a straightforward way. The
theorem then applies to p � N .

(iii) Note that the proof of Theorem 3.1 depends on (21), which is a very deep
result of Chai and Faltings. It would be very nice to see the classical char-
acterization of the Generalized Ramanujan Conjecture without resorting to
the result of Chai-Faltings. For that, one needs to obtain a proof of Proposi-
tion 2.1 without the hypothesis (1). We are not able to obtain such a proof
so far.
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