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Abstract In this paper, we give a new definition for the space of non-holomorphic Jacobi
Maaß forms (denoted by J nh

k,m) of weight k ∈ Z and index m ∈ N as eigenfunctions of a
degree three differential operator Ck,m. We show that the three main examples of Jacobi
forms known in the literature: holomorphic, skew-holomorphic and real-analytic Eisenstein
series, are contained in J nh

k,m. We construct new examples of cuspidal Jacobi Maaß forms Ff

of weight k ∈ 2Z and index 1 from weight k − 1/2 Maaß forms f with respect to �0(4)

and show that the map f �→ Ff is Hecke equivariant. We also show that the above map is
compatible with the well-known representation theory of the Jacobi group. In addition, we
show that all of J nh

k,m can be “essentially” obtained from scalar or vector valued half integer
weight Maaß forms.
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1 Introduction

The theory of Jacobi forms has been studied extensively in the last few decades. One of
the important features of Jacobi forms is that they form a bridge between the space of el-
liptic modular forms and Siegel modular forms. This fact is exploited to give a proof of
the Saito-Kurokawa conjecture, which states that there is a lifting from elliptic modular
forms to Siegel cusp forms of genus 2 (see [10]). In [13], Ikeda has used Jacobi forms of
higher genus to prove a conjecture of Duke and Imamoglu (see [8]), which generalizes the
Saito-Kurokawa conjecture. A very nice and systematic development of the theory of holo-
morphic Jacobi forms is given in the book [10] by Eichler and Zagier. In addition to the
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holomorphic Jacobi forms, there are two main examples of Jacobi forms, namely, skew-
holomorphic Jacobi forms and real analytic Eisenstein series. Analogous to Maaß forms
on GL2, one would like to have a theory of non-holomorphic Jacobi forms. Such a theory
should, at the least, include the above mentioned examples of Jacobi forms as subspaces and,
more ambitiously, should account for all possible automorphic forms on the Jacobi group.
A theory of non-holomorphic Jacobi forms is desirable for several reasons. Firstly, given an
irreducible automorphic representation of the adelic points of the Jacobi group, we would
be able to pick distinguished vectors in the representation and associate to them classical
modular forms. Secondly, a theory of non-holomorphic Jacobi forms of higher genus will
help obtain a lifting from representations of GL2, whose archimedean component is not a
holomorphic discrete series, to representations of the symplectic group of higher genus (in
analogy to Ikeda’s lift). Very little is known about the latter problem.

There have been a few attempts to define non-holomorphic Jacobi forms (see [5], [23]),
but the theory developed so far is somewhat unsatisfactory. In this paper, we introduce a
new way to define non-holomorphic Jacobi Maaß forms of weight k ∈ Z and index m ∈ N.
As mentioned earlier, there are three main examples of Jacobi forms with respect to GJ (Z)

available in the literature. Here GJ denotes the Jacobi group.

• In [10], Eichler and Zagier define the holomorphic Jacobi forms Fh of weight k > 0 and
index m with respect to GJ (Z).

• Skoruppa defines the skew-holomorphic Jacobi forms F sh of weight k > 0 and index m

in [20].
• In [1], Arakawa defines the real analytic Jacobi Eisenstein series Ek,m of weight k ∈ Z and

index m, which is a generalization of the holomorphic Jacobi Eisenstein series from [10].

If F is any one of Fh,F sh or Ek,m, and is a Hecke eigenform as well, one can construct an
irreducible automorphic representation πF of GJ (A). If F is either Fh or F sh, then πF is
cuspidal and if F = Ek,m then πF is not cuspidal.

Let πF = ⊗πF,p . Then in each of the three cases the non-archimedean local representa-
tions are spherical and completely determined by the classical Hecke eigenvalues. On the
other hand, the archimedean representations are completely different:

1. If F = Fh we see that πF,∞ is a lowest weight discrete series representation π+
m,k

(see [4]),
2. If F = F sh we see that πF,∞ is a highest weight discrete series representation π−

m,k

(see [3]) and
3. If F = Ek,m we see that πF,∞ is a principle series representation π2s−1,m,±1 (see [5]).

The notations for the archimedean representations will be explained in details in Proposi-
tion 7.3. The type of archimedean representation obtained depends on the scalar with which
the Casimir operator C (defined in (6)) of the Jacobi group acts on the representation πF,∞.
We pull back C to an operator Ck,m on functions on H × C, where H is the complex upper
half plane. Then the scalar used to determine πF,∞ is precisely the eigenvalue of the oper-
ator C∗,m acting on F , where ∗ is the weight of F . So, we see that the representation πF

is completely determined by the Hecke eigenvalues, the integers k,m and the eigenvalue of
the differential operator C∗,m acting on F .

The above discussion leads us to the conclusion that the most general notion of a Jacobi
form with respect to GJ (Z) (which would include the three examples above) is a function,
which is an eigenfunction of the degree 3 differential operator Ck,m and satisfies the auto-
morphy condition with respect to the non-holomorphic automorphy factor defined in (2).
We make this definition precise in Definition 3.2 and denote the space of Jacobi Maaß forms



Jacobi Maaß forms 89

of weight k ∈ Z and index m > 0 with respect to GJ (Z) by J nh
k,m. (The nh in the superscript

corresponds to non-holomorphic.)
A general notion of a Jacobi form is worthwhile only if we can have explicit examples

which were not available earlier. We obtain, in Sect. 4, new examples of Jacobi Maaß forms
Ff of weight k ∈ 2Z and index m = 1 by constructing an injective map from the space
of weight k − 1/2 Maaß forms f with respect to �0(4) belonging to a non-holomorphic
analogue of the Kohnen plus space to J nh

k,1. The motivation for this construction is the anal-
ogous situation in the case of holomorphic Jacobi forms in [10]. However, contrary to the
holomorphic case, the image of this map is not all of J nh

k,1 but the proper subspace Ĵ nh
k,1 of

functions that are holomorphic in the z variable. This is shown in Theorem 4.5. Since the
space of weight k − 1/2 Maaß forms with respect to �0(4) in the non-holomorphic Kohnen
plus space is infinite dimensional we can conclude that the space J nh

k,1, for k even, is infinite
dimensional. For weight k ∈ Z and index m ≥ 1, we show in Theorem 4.6 that subspace
Ĵ nh

k,m of J nh
k,m, consisting of functions that are holomorphic in the z variable, is isomorphic to

a certain space of vector valued half integer weight Maaß forms. We notice that applying
differential operators to functions in Ĵ nh

k,m generates all of J nh
k,m and in this sense, one can say

that the Jacobi Maaß forms are “essentially” obtained from half integer weight Maaß forms.
Note that one usually constructs Eisenstein series as the first examples of any kind of

automorphic forms. But in this case, the real analytic Jacobi Eisenstein series defined by
Arakawa are precisely the Eisenstein series that one would obtain from such a construction.
We show this fact in Theorem 5.1 along with the result that the holomorphic and skew-
holomorphic Jacobi forms defined in [10] and [20] are indeed elements of J nh

k,m. This can be
described by the following diagram.

J nh
k,m J nh

1−k,m

F h : (k,m)

yk/2

Ek,m : (k,m)

yk/2

F sh : (k,m)

yk/2 (1)

Here the arrows correspond to the maps obtained by multiplying the function F by yk/2. This
shows that the definition of Jacobi Maaß forms (Definition 3.2) is indeed a generalization
of known Jacobi forms. Since the holomorphic, skew-holomorphic Jacobi forms and the
Eisenstein series are holomorphic in the z variable, we get the well-known fact that these
Jacobi forms are obtained from half-integer weight modular forms.

Since the definition of Jacobi Maaß forms is inspired from the representation theory of
the Jacobi group, it is important to verify that the classical Jacobi Maaß forms constructed
here conform with the representation theory. We ask the following question: Start with a
half integer weight Maaß cusp form f and consider the corresponding irreducible cuspi-
dal automorphic representation π̃f of the metaplectic group ˜SL2(A). We get an irreducible
cuspidal automorphic representation π of GJ (A) by setting π = π̃f ⊗ π1

SW where π1
SW is

the Schrödinger-Weil representation. (The map π̃ �→ π̃ ⊗πm
SW gives a 1 − 1 correspondence

between representations of ˜SL2(A) and GJ (A) with a fixed central character depending
on m.) Let Ff ∈ Ĵ nh

k,1 be the Jacobi Maaß form corresponding to f and let πF be the irre-
ducible cuspidal automorphic representation of GJ (A) corresponding to Ff . Then is it true
that π = πF ? In other words, is the definition of Jacobi Maaß forms compatible with the ex-
pected relationships of the representations involved? In Theorem 7.5, we indeed show that
the answer to this question is affirmative. To prove Theorem 7.5, the important ingredient is
the Hecke equivariance of the map f �→ Ff , which we show in Theorem 6.1.
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Finally, in Sect. 8, we list some comments and future steps that one can take in the theory
of Jacobi Maaß forms. This follows the ideas of what is known, due to works of others,
mainly, in the case of holomorphic and skew-holomorphic Jacobi forms.

2 Preliminaries on the Jacobi group

Let Sp4 be the symplectic group defined by

Sp4 := {g ∈ GL4 : t gJg = J } where J =
[

I2

−I2

]

.

The Jacobi group GJ is defined as the subgroup of Sp4 given by the matrices whose last
row is

[

0 0 0 1
]

. We can realize GJ as the semidirect product GJ = SL2 � H , where
H is the Heisenberg group consisting of elements (λ,μ,κ) =: (X,κ), where X = (λ,μ). It
is convenient to use the following coordinate systems on the real points of the Jacobi group
GJ (R):

1. The EZ-coordinates (due to Eichler-Zagier) (x, y, θ, λ,μ,κ) give us the element
M(X,κ) ∈ GJ (R) where

M =
[

1 x

0 1

][

y1/2 0
0 y−1/2

][

cos(θ) sin(θ)

− sin(θ) cos(θ)

]

with x ∈ R, y ∈ R
+, 0 ≤ θ < 2π,

X = (λ,μ) ∈ R
2 and κ ∈ R.

2. The S-coordinates (due to Siegel) (x, y, θ,p, q, κ) give us the element (Y, κ)M ∈ GJ (R)

where M is as above and Y = (p, q) = XM−1 ∈ R
2.

The action of GJ (R) on H × C, where H = {τ = x + iy ∈ C : y > 0} is the complex upper
half plane, is given, in terms of the two coordinate systems, as follows:

1. If g = M(X,κ) ∈ GJ (R) is given in the EZ-coordinates, then for τ ∈ H, z ∈ C we have

g(τ, z) :=
(

M〈τ 〉, z + λτ + μ

cτ + d

)

where M =
[

a b

c d

]

and M〈τ 〉 = aτ + b

cτ + d
.

2. In the S-coordinates we have

GJ (R)/(SO(2) × R) ˜−→ H × C

g = (p, q, κ)M �→ g(i,0) = (τ,pτ + q) where τ = M〈i〉.
For more details regarding the Jacobi group we direct the reader to [5].

3 Non-holomorphic automorphy factor and differential operators

Let us now introduce the non-holomorphic automorphy factor j nh
k,m (k ∈ Z, m ∈ N) for the

Jacobi group in the EZ-coordinates as follows:

j nh
k,m(g, (τ, z)) := e2πim(κ− c(z+λτ+μ)2

cτ+d
+λ2τ+2λz+λμ)

(

cτ + d

|cτ + d|
)−k

(2)
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where g = M(X,κ) with M = [

a b

c d

]

, X = (λ,μ) and (τ, z) ∈ H × C (here the superscript
“nh” corresponds to non-holomorphic). In the S-coordinates, the above automorphy factor
looks much simpler. Let g = (x, y, θ,p, q, κ) ∈ GJ (R). Then we have

j nh
k,m(g, (i,0)) = e2πim(κ+pz)eikθ where z = p(x + iy) + q.

It is easy to check that the automorphy factor satisfies the following condition

j nh
k,m(g1g2, (τ, z)) = j nh

k,m(g1, g2(τ, z))j
nh
k,m(g2, (τ, z))

for all g1, g2 ∈ GJ (R), (τ, z) ∈ H × C. (3)

We can now define a slash operator on functions on H × C as follows: for g ∈ GJ (R),
(τ, z) ∈ H × C and a smooth function F : H × C → C we set

(F |k,mg)(τ, z) := j nh
k,m(g, (τ, z))F (g(τ, z)). (4)

From (3), we can see that

F |k,m(g1g2) = (F |k,mg1)|k,mg2.

This slash operator now allows us to construct a map �k,m from the functions on H × C

to the functions on the group GJ (R) as follows. Suppose we have a smooth function F :
H × C → C then define �k,mF : GJ (R) → C by the formula

(�k,mF )(g) := (F |k,mg)(i,0). (5)

In particular, if g = (p, q, κ)M with M = [ y1/2 xy−1/2

0 y−1/2

][ cos(θ) sin(θ)

− sin(θ) cos(θ)

]

then

(�k,mF )(g) = F(τ, z)e2πim(κ+pz)eikθ

where τ = x + iy and z = pτ + q .
Let us recall the following differential operators (in S-coordinates) on the functions on

GJ (R) coming from the Lie algebra of the Jacobi group, as given in [5, p. 12, 38]. Fix
m ∈ N.

Y+ = 1

2
y−1/2eiθ (∂p − τ̄ ∂q − z̄∂κ), Y− = 1

2
y−1/2e−iθ (∂p − τ∂q − z∂κ),

X+ = i

2
e2iθ (4y∂τ − ∂θ ), X− = − i

2
e−2iθ (4y∂τ̄ − ∂θ ),

Z = −i∂θ , D± = X± ± 1

4πm
Y 2

±, 
1 = Z + 1

4πm
(Y+Y− + Y−Y+).

Let us now define the following differential operators on smooth functions F on H × C. By
abuse of notation we will write F as F(τ, τ̄ , z, z̄). Fix k ∈ Z,m ∈ N.

Y k,m
+ F := i

(

τ − τ̄

2i

)1/2(

Fz + 4πim
z − z̄

τ − τ̄
F

)

, Y k,m
− F := −i

(

τ − τ̄

2i

)1/2

Fz̄,

Xk,m
+ F := (τ − τ̄ )Fτ + (z − z̄)Fz + 2πim

(z − z̄)2

τ − τ̄
F + k

2
F,
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Xk,m
− F := −(τ − τ̄ )Fτ̄ − (z − z̄)Fz̄ − k

2
F,

Dk,m
+ F :=

(

Xk,m
+ + 1

4πm
(Y k+1,m

+ Y k,m
+ )

)

F = (τ − τ̄ )Fτ − 1

4πm

(

τ − τ̄

2i

)

Fzz + k − 1

2
F,

Dk,m
− F :=

(

Xk,m
− − 1

4πm
(Y k−1,m

− Y k,m
− )

)

F

= −(τ − τ̄ )Fτ̄ − (z − z̄)Fz̄ − k

2
F + 1

4πm

(

τ − τ̄

2i

)

Fz̄z̄,



k,m
1 F :=

(

k + 1

4πm
(Y k−1,m

+ Y k,m
− + Y k+1,m

− Y k,m
+ )

)

F.

The relation between the differential operators acting on the functions on the group and
those acting on the functions on H × C is given in the following proposition.

Proposition 3.1 Let X±, Y±,D±,
1,X
k,m
± , Y

k,m
± ,D

k,m
± ,


k,m
1 be as defined above. Let F :

H × C → C be a smooth function. Then we have

X±(�k,mF ) = �k±2,m(Xk,m
± F), Y±(�k,mF ) = �k±1,m(Y k,m

± F),

D±(�k,mF ) = �k±2,m(Dk,m
± F), 
1(�k,mF ) = �k,m(


k,m
1 F).

Proof The proposition is proved by direct computation. �

Recall the Casimir operator defined in [5, p. 38] by the formula

C = D+D− + D−D+ + 1

2

2

1. (6)

It is shown in [5, p. 38] that C lies in the center of U(gJ
C
)/(Z0 − 4πm), where U(gJ

C
) is the

universal enveloping algebra of the complexified Lie algebra gJ
C

of the Jacobi group and Z0,
in the S-coordinates, is given by the differential operator −i∂κ . For more on the operator C ,
also see [6].

Using Proposition 3.1, we see that the differential operator

Ck,m := Dk−2,m
+ Dk,m

− + Dk+2,m
− Dk,m

+ + 1

2
(


k,m
1 )2

acting on the functions on H × C, satisfies

C(�k,mF ) = �k,m(Ck,mF ), (7)

i.e., Ck,m is the pullback of C using the non-holomorphic automorphy factor j nh
k,m. Substitut-

ing the definition of D
k,m
± and 


k,m
1 we get

Ck,mF = 5

8
F − 2(τ − τ̄ )2Fττ̄ − (k − 1)(τ − τ̄ )Fτ̄ − k(τ − τ̄ )Fτ

+ k(τ − τ̄ )

8πim
Fzz + (τ − τ̄ )2

4πim
Fτ̄zz
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+ k(τ − τ̄ )

4πim
Fzz̄ + (τ − τ̄ )(z − z̄)

4πim
Fzzz̄ − 2(τ − τ̄ )(z − z̄)Fτ z̄ + (τ − τ̄ )2

4πim
Fτz̄z̄

+
(

(z − z̄)2

2
+ k(τ − τ̄ )

8πim

)

Fz̄z̄ + (τ − τ̄ )(z − z̄)

4πim
Fzz̄z̄. (8)

Let us note here that the above operator simplifies significantly if one applies it to functions
F with some extra properties. For example, if F is holomorphic in the z variable then the
last two lines of (8) give us zero. In addition, if F is also holomorphic in the τ variable then
Ck,m reduces to 5

8F − k(τ − τ̄ )Fτ + k(τ−τ̄ )

8πim
Fzz, which is closely related to the heat operator

8πim∂τ − ∂2
z .

Consider the discrete subgroup �J := SL2(Z) � H(Z) of GJ (R).

Definition 3.2 A smooth function F : H ×C → C is called a Jacobi Maaß form of weight
k (k ∈ Z) and index m (m ∈ N) with respect to �J if

1. (F |k,mγ )(τ, z) = F(τ, z) for all γ ∈ �J and (τ, z) ∈ H × C,
2. Ck,mF = λF for some λ ∈ C and
3. F(τ, z) = O(yN) as y → ∞ for some N > 0.

If, in addition, F satisfies the condition

∫ 1

0

∫ 1

0
F

([

1 x

0 1

]

(0, u,0)(τ, z)

)

e−2πi(nx+ru)dx du = 0 for all n, r ∈ Z

such that 4nm − r2 = 0 (9)

then we say that F is a Jacobi Maaß cusp form.

Let us denote the vector space of all Jacobi Maaß forms of weight k and index m with
respect to �J by J nh

k,m and the subspace of cusp forms by J
nh,cusp
k,m .

4 Jacobi Maaß forms and half integer weight Maaß forms

In the holomorphic setting, it is shown by Eichler-Zagier [10] that the space of holomorphic
Jacobi forms of even weight k and index 1 is isomorphic to the space of weight k − 1/2
holomorphic modular forms in the Kohnen plus space. For higher index, they have obtained
a theta expansion in terms of vector valued half integral weight modular forms. These facts
are the motivation for the construction of Jacobi Maaß forms in this section. We will first
give some background and useful results regarding Maaß forms in the plus space. Then
we will introduce the non-holomorphic theta series and obtain the desired family of Jacobi
Maaß forms.

4.1 Half-integer weight Maaß forms

Since the motivation for the construction we want to present here is the holomorphic setting,
we first have to derive a few results about half -integer weight Maaß forms analogous to the
holomorphic half-integer weight forms. In particular, we need a non-holomorphic analogue
of Proposition 2 from [15, p. 255] and Lemma 2.1 from [13, p. 648]. This is achieved in
Propositions 4.1 and 4.2 below.
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Let S be the group which consists of all pairs (γ,φ(τ)), where γ = [

a b

c d

] ∈ GL+
2 (R) and

φ(τ) is a function on the upper half plane H such that φ(τ) = t det(γ )−1/4( cτ+d
|cτ+d| )

1/2 with
t ∈ C, |t | = 1. The group law is given by

(γ1, φ1(τ )) · (γ2, φ2(τ )) = (γ1γ2, φ1(γ2〈τ 〉)φ2(τ )),

where γ 〈τ 〉 := aτ + b

cτ + d
with γ =

[

a b

c d

]

. (10)

Let �0(4) := {[

a b

c d

] ∈ SL2(Z) : c ≡ 0 (mod 4)
}

. There exists an injective homomorphism
�0(4) �→ S given by γ �→ γ ∗ := (γ, j (γ, τ )), where

j (γ, τ ) :=
(

c

d

)

ε−1
d

(

cτ + d

|cτ + d|
)1/2

= θ(γ 〈τ 〉)
θ(τ )

,

γ =
[

a b

c d

]

∈ �0(4), θ(τ ) := y1/4
∞

∑

n=−∞
e2πin2τ

with

εd =
{

1, if d ≡ 1 (mod 4)

i, if d ≡ 3 (mod 4)

and ( c
d
) is defined as in [19, p. 442].

For an integer k define the slash operator ||k−1/2 (to distinguish it from the slash operator
defined in (4)) on functions on the upper half plane as follows:

(f ‖k−1/2(γ,φ))(τ ) := f (γ 〈τ 〉)φ(τ )−(2k−1). (11)

We say that a smooth function f : H → C is a Maaß form of weight k −1/2 with respect
to �0(4) if the following conditions are satisfied:

1. For every γ ∈ �0(4) we have f ‖k−1/2γ
∗ = f .

2. 
k−1/2f = �f for some � ∈ C where 
k−1/2 is the Laplace Beltrami operator given by


k−1/2 := y2

(

∂2

∂x2
+ ∂2

∂y2

)

−
(

k − 1

2

)

iy
∂

∂x
. (12)

3. f (τ) = O(yN) as y → ∞ for some N > 0.

If, in addition, f vanishes at all the cusps of �0(4), then we say that f is a Maaß cusp form.
Let us denote the space of Maaß forms of weight k − 1/2 with respect to �0(4) by

Mk−1/2(4) and the subspace of Maaß cusp forms by Sk−1/2(4). As shown in [18] or [14], if
f ∈ Mk−1/2(4) then f has the following Fourier expansion

f (τ) =
∑

n∈Z

c(n)Wsgn(n)
k−1/2

2 , il
2
(4π |n|y)e2πinx (13)

where � = −(1/4 + (l/2)2) and Wν,μ(y) is the classical Whittaker function (see [16]),
which is normalized so that Wν,μ(y) ∼ e−y/2yν as y → ∞. If f ∈ Sk−1/2(4) then we have
c(0) = 0 in the Fourier expansion above. Define the plus space by

M+
k−1/2(4) := {f ∈ Mk−1/2(4) : c(n) = 0 whenever (−1)k−1n ≡ 2,3 (mod 4)}. (14)
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This is the non-holomorphic analogue of the Kohnen plus space defined in [15]. Set
S+

k−1/2(4) = M+
k−1/2(4) ∩ Sk−1/2(4). Using the non-holomorphic Shimura correspondence

established in [14] and the fact that the Laplacian 
0 has infinitely many eigenvalues (see
Theorem 2.11 in [12]), we know that the space S+

1/2(4) is infinite dimensional. Applying the
raising, lowering and inverting operators (see [18, p. 3925]) one can see that S+

k−1/2(4) is
infinite dimensional for any integer k.

For every odd prime p we have the Hecke operator Tp2 acting on M+
k−1/2(4). If {c(p2)(n)}

denote the Fourier coefficients of Tp2f then we have the following relation

c(p2)(n) = p c(p2n) + p− 1
2

(

(−1)k−1n

p

)

c(n) + p−1c

(

n

p2

)

(15)

where
(

.

.

)

is the Legendre symbol and c(n) = 0 if n �∈ Z. From [14], we know that the space
S+

k−1/2(4) has a basis consisting of simultaneous eigenfunctions of Tp2 for all odd primes p.
Define the following operators on Mk−1/2(4).

(f |U)(τ) = 2k−1/2

4

3
∑

ν=0

f

(

τ + ν

4

)

= 1

4

3
∑

ν=0

(

f ||k−1/2

[(

1 ν

0 4

)

,2−1/2

])

(τ ), (16)

(f |W)(τ) =
(−iτ

|τ |
)−(k−1/2)

f

(−1

4τ

)

= 2−(k−1/2)

(

f ||k−1/2

[

(

0 −1
4 0

)

,2−1/2

(−iτ

|τ |
)1/2

])

(τ ). (17)

Note that |U and |W are the non-holomorphic analogues of the operators |U4 and |W4 from
[15, p. 250]. As in the holomorphic case, it can be checked that f |U and f |W are indeed
in Mk−1/2(4). Also, note that the operators |U and |W commute with 
k−1/2. If f has the
Fourier expansion given in (13) then a straightforward computation shows that f |U has the
Fourier expansion

(f |U)(τ) = 2k−1/2
∑

n∈Z

c(4n)Wsgn(n)
k−1/2

2 , il
2
(4π |n|y)e2πinx. (18)

In addition, if f ∈ M+
k−1/2(4) then we have the identity

2k−1/2

4

[

f

(

τ

4

)

+ f

(

τ + 2

4

)]

= 1

2
(f |U)(τ). (19)

Next, we show that, as in the holomorphic case, elements of M+
k−1/2(4) are eigenfunctions

of the operator |U |W .

Proposition 4.1 If f ∈ M+
k−1/2(4) then we have

f |U |W = 2k−1ik2−kf. (20)

Proof Write f |U |W = f1 + f2 where

f1 = 1

4

(

f ‖k−1/2

[(

1 1
0 4

)

,2−1/2

]

+ f ‖k−1/2

[(

1 3
0 4

)

,2−1/2

])∣

∣

∣

∣

W
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and

f2 = 2k−1/2

4

[

f

(

τ

4

)

+ f

(

τ + 2

4

)]∣

∣

∣

∣

W.

We have

2k− 1
2 4f1 = f ||k−1/2

[

(

4 −1
16 0

)

,2−1

(−iτ

|τ |
)1/2

]

+ f ||k−1/2

[

(

12 −1
16 0

)

,2−1

(−iτ

|τ |
)1/2

]

= f ||k−1/2

(

1 0
−4 1

)∗
||k−1/2

[

(

4 −1
16 0

)

,2−1

(−iτ

|τ |
)1/2

]

+ f ||k−1/2

(−1 1
−4 3

)∗
||k−1/2

[

(

12 −1
16 0

)

,2−1

(−iτ

|τ |
)1/2

]

= f ||k−1/2

[(

4 −1
0 4

)

,2−1e− iπ
4

]

+ f ||k−1/2

[(

4 1
0 4

)

,2−1e
iπ
4

]

= 22k−3/2
(

ik−1(1 + i)f (τ − 1/4) + i1−k(1 − i)f (τ + 1/4)
) = 22k−1/2ik2−kf (τ ).

We get the last equality because c(n) = 0 if (−1)k−1n ≡ 2,3 (mod 4). Now putting this
together with f2 = 1

2f |U |W (see 19) we get the result. �

For f (τ) = ∑

n∈Z
c(n)Wsgn(n)

k−1/2
2 , il

2
(4π |n|y)e2πinx ∈ M+

k−1/2(4), define the functions

f (0)(τ ) =
∑

n∈Z

c(4n)Wsgn(n)
k−1/2

2 , il
2
(4π |n|y)e2πinx, (21)

f (1)(τ ) =
∑

n∈Z

c(4n + ε)Wsgn(n)
k−1/2

2 , il
2

(

4π

∣

∣

∣

∣

n + ε

4

∣

∣

∣

∣

y

)

e2πi(n+ ε
4 )x (22)

where ε = (−1)k−1. We have by explicit computation

f (0)(τ ) = 1

4

3
∑

ν=0

f

(

τ + ν

4

)

, f (1)(τ ) = 1

4

3
∑

ν=0

(−εi)νf

(

τ + ν

4

)

,

f (τ ) = (f (0) + f (1))(4τ).

(23)

It is clear from the Fourier expansion (21), (22) or the relations (23) that both f (0) and f (1)

are eigenfunctions of 
k−1/2 with the same eigenvalue as f .

Proposition 4.2 With notations as above, we have
[

f (0)(τ + 1)

f (1)(τ + 1)

]

=
[

1 0
0 εi

][

f (0)(τ )

f (1)(τ )

]

,

[

f (0)(−τ−1)

f (1)(−τ−1)

]

=
(

τ

|τ |
)k−1/2(1 − εi

2

)[

1 1
1 −1

][

f (0)(τ )

f (1)(τ )

]

.

(24)
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Proof It follows from the definition that f (0)(τ + 1) = f (0)(τ ) and f (1)(τ + 1) =
e2πi ε

4 f (1)(τ ) = εif (1)(τ ), which gives us the first equation above. To obtain the second
equation, first note that f (0) = 2−(k−1/2)f |U . Hence

f (0)

(−1

4τ

)

= 2−(k− 1
2 )(f |U)

(−1

4τ

)

= 2−(k− 1
2 )

(−iτ

|τ |
)k− 1

2

(f |U |W)(τ)

= 2−(k− 1
2 )

(−iτ

|τ |
)k− 1

2

2k−1ik2−kf (τ ).

Here we have used the definition of the operator |W and Proposition 4.1. Note that
(−i)k−1/2ik2−k = 1−εi√

2
. Now substituting τ/4 for τ in the above equation and using (23)

we get

f (0)(−τ−1) =
(

τ

|τ |
)k−1/2(1 − εi

2

)

(f (0)(τ ) + f (1)(τ )). (25)

This gives us the first part. Now substituting −τ−1 for τ in (25) we get

f (0)(τ ) =
(−τ

|τ |
)−(k−1/2)(1 − εi

2

)

(

f (0)(−τ−1) + f (1)(−τ−1)
)

.

Solving for f (1)(−τ−1) and using (25), we get

f (1)(−τ−1) =
(

τ

|τ |
)k−1/2(1 − εi

2

)

(

f (0)(τ ) − f (1)(τ )
)

which gives us (24), as required. �

4.2 Jacobi Maaß forms of even weight k and index m = 1

Define the following theta series for τ = x + iy ∈ H and z ∈ C and j = 0,1:

˜�(j)(τ, z) := y
1
4

∑

r∈Z

r≡j (mod 2)

e2πiτ r2
4 e2πizr . (26)

From [10, p. 58–59], we have the following transformation formulae for the theta series.

[

˜�(0)(τ + 1, z)
˜�(1)(τ + 1, z)

]

=
[

1 0
0 i

][

˜�(0)(τ, z)
˜�(1)(τ, z)

]

,

[

˜�(0)(−1
τ

, z
τ
)

˜�(1)(−1
τ

, z
τ
)

]

= 2−1/2

(−iτ

|τ |
)1/2

e2πi z2
τ

[

1 1
1 −1

][

˜�(0)(τ, z)
˜�(1)(τ, z)

]

.

(27)

In the next lemma we state the differential equations satisfied by ˜�(j), which will be used in
the proof of Theorem 4.4.

Lemma 4.3 For j = 0,1 we have

5

8
˜�(j) − 2(τ − τ̄ )2

˜�
(j)

τ τ̄ − (k − 1)(τ − τ̄ )˜�
(j)

τ̄ − k(τ − τ̄ )˜�(j)
τ
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+ k
τ − τ̄

8πi
˜�(j)

zz + (τ − τ̄ )2

4πi
˜�

(j)

τ̄ zz = 0,

2(τ − τ̄ )˜�
(j)

τ̄ + 1

2
˜�(j) = 0,−2(τ − τ̄ )˜�(j)

τ + 1

2
˜�(j) + τ − τ̄

4πi
˜�(j)

zz = 0.

Proof The lemma is proved by direct computation. �

For f ∈ M+
k−1/2(4) with k ∈ 2Z, define Ff : H × C �→ C by the formula

Ff (τ, z) := f (0)(τ )˜�(0)(τ, z) + f (1)(τ )˜�(1)(τ, z). (28)

Theorem 4.4 Let f ∈ M+
k−1/2(4) with k ∈ 2Z and Ff be the smooth function on H × C

defined by (28). Then

1. Ff is a Jacobi Maaß form of weight k and index 1 with respect to �J , i.e., Ff ∈ J nh
k,1,

2. Ff is a Jacobi Maaß cusp form if and only if f ∈ S+
k−1/2(4),

3. If 
k−1/2f = �f then we have Ck,1Ff = 2�Ff .

Proof Using (24) and (27) we get

Ff (τ + 1, z) = Ff (τ, z), Ff

(−1

τ
,
z

τ

)

=
(

τ

|τ |
)k

e2πi z2
τ Ff (τ, z),

for all τ ∈ H and z ∈ C. Here we have used the fact that k is even. A direct calculation gives
the following for λ,μ ∈ Z, j = 0,1

˜�(j)(τ, z + λτ + μ) = e−2πi(λ2τ+2λz)
˜�(j)(τ, z)

⇒ Ff (τ, z + λτ + μ) = e−2πi(λ2τ+2λz)Ff (τ, z).

Since the group �J is generated by the elements
[ 1 1

0 1

]

(0,0,0),
[ 0 −1

1 0

]

(0,0,0), and
[ 1 0

0 1

]

(λ,μ,κ) for λ,μ,κ ∈ Z, we get

(Ff |k,1γ )(τ, z) = Ff (τ, z) for all γ ∈ �J , τ ∈ H, z ∈ C.

This gives us the first condition from Definition 3.2. Next we have to show that Ff is an
eigenfunction of the operator Ck,1. Since Ff is holomorphic in the z variable (by construc-
tion) we see that all the terms in Ck,1 which involve taking partial derivative with respect to
z̄ give 0. Using Lemma 4.3 we see that

Ck,1Ff = 2
∑

j=0,1

(

y2(f (j)
xx + f (j)

yy ) −
(

k − 1

2

)

iyf (j)
x

)

˜�(j)

= 2
∑

j=0,1

(
k−1/2f
(j))˜�(j) = 2�Ff .

This gives us the second condition from Definition 3.2. Since f (j) and ˜�(j) are of poly-
nomial growth in y, for j = 0,1, we see that Ff satisfies the third condition from Defini-
tion 3.2. This gives us Ff ∈ J nh

k,m.
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Substituting the definitions of the theta series and the Fourier expansion of f (j) in (28)
we get the following Fourier expansion of Ff

Ff (τ, z) =
∑

r,n∈Z

c(4n − r2)y
1
4 W

sgn(n− r2
4 )

k−1/2
2 , il

2

(

4π

∣

∣

∣

∣

n − r2

4

∣

∣

∣

∣

y

)

e−2π r2
4 ye2πinxe2πirz. (29)

If f ∈ S+
k−1/2(4), then c(0) = 0. This implies that c(4n− r2) = 0 for every n, r,∈ Z such that

4n− r2 = 0. This precisely gives us the criteria (9) for cuspidality of Ff . This completes the
proof of the theorem. �

Note that (29) implies that the map f → Ff is injective and hence we can conclude that,
for even k, the space J nh

k,1 is infinite dimensional. We will now characterize the image of this
map. For any integer k and index m define

Ĵ nh
k,m := {F ∈ J nh

k,m : Y k.m
− F = 0}. (30)

Elements of Ĵ nh
k,m are precisely the Jacobi forms that are holomorphic in the z variable.

Theorem 4.5 If k is an even integer then we have

Ĵ nh
k,1 = {F ∈ J nh

k,1 : there is a f ∈ M+
k−1/2such that F = Ff }. (31)

Proof The Fourier expansion (29) immediately tells us that the right hand side of (31) is
contained in the left hand side. Let us now show the opposite inclusion. Let F ∈ Ĵ nh

k,1, hence

it satisfies Y
k,1
− F = 0. We will first show that this forces F to have a Fourier expansion of

the form given in (29). Applying the element γ = I (0,1,0) ∈ �J to F we get F(τ, z+ 1) =
F(τ, z). Set z = u+ iv. Then we have F(τ, z) = ∑∞

r=−∞ Fr(τ, v)e2πiru. Now applying Y
k,1
−

to each summand we get

Y k,1
− (Fr(τ, v)e2πiru) = 0 ⇔ ∂

∂z̄
(Fr(τ, v)e2πiru) = 0

⇔ ∂

∂v
Fr(τ, v) = −2πrFr(τ, v) ⇔ Fr(τ, v) = F̂r (τ )e−2πrv.

This implies that F(τ, z) = ∑∞
r=−∞ F̂r (τ )e2πirz. Next apply

[ 1 1
0 1

]

(0,0,0) ∈ �J to F to get

F(τ + 1, z) = F(τ, z) and hence (with τ = x + iy) we have F(τ, z) = ∑∞
n,r=−∞

ˆ̂
Fn,r (y) ·

e2πinxe2πirz. Let us now set ˆ̂
Fn,r (y) = y1/4e−2π r2

4 ygn,r (y). For a fixed n, r , if we apply the

operator Ck,1 to the function ˆ̂
Fn,r (y)e2πinxe2πirz we get

−1

2
y

5
4 e−2π r2

4 ye2πinxe2πirz
(

π(4n − r2)(1 − 2k + (4n − r2)πy)gn,r (y) − 4yg′′
n,r (y)

)

.

Using the fact that Ck,1F = λF and a suitable change of variable, we see that gn,r satisfies
the differential equation corresponding to the Whittaker function [16, p. 256]. The growth
condition on F then forces gn,r (a) = c(n, r)W

sgn(n− r2
4 )(k−1/2)/2, il

2
(|a|), which gives us

F(τ, z) =
∞

∑

n,r=−∞
c(n, r)y

1
4 W

sgn(n− r2
4 )

k−1/2
2 , il

2

(

4π

∣

∣

∣

∣

n − r2

4

∣

∣

∣

∣

y

)

e−2π r2
4 ye2πinxe2πirz.
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Imitating the arguments given in Theorem 2.2 from [10] we can conclude that the Fourier
coefficients c(n, r) only depend on 4n− r2. If F is cuspidal then we have the extra condition
that c(n, r) = 0 if 4n − r2 = 0. Now define

cf (N) =
⎧

⎨

⎩

c(N
4 ,0), if N ≡ 0 (mod 4);

c(N+1
4 ,1), if N ≡ 3 (mod 4);

0, otherwise

and set

fF (τ) =
∑

N∈Z

cf (N)Wsgn(N)
k−1/2

2 , il
2
(4π |N |y)e2πiNx,

f
(0)
F (τ ) =

∑

N∈Z

cf (4N)Wsgn(N)
k−1/2

2 ,il/2(4π |N |y)e2πiNx, (32)

f
(1)
F (τ ) =

∑

N∈Z

cf (4N − 1)Wsgn(N)
k−1/2

2 ,il/2

(

4π

∣

∣

∣

∣

N − 1

4

∣

∣

∣

∣

y

)

e2πi(N− 1
4 )x .

Then, we have

fF (τ) = (f
(0)
F + f

(1)
F )(4τ) and F(τ, z) = f

(0)
F (τ )�̃(0)(τ, z) + f

(1)
F (τ )�̃(1)(τ, z). (33)

The automorphy condition on F and (27) imply that f
(0)
F and f

(1)
F satisfy the transformation

property given in (24). Hence, we get

fF (τ + 1) = f
(0)
F (4τ + 4) + f

(1)
F (4τ + 4) = f

(0)
F (4τ) + (−i)4f

(1)
F (4τ) = fF (τ)

and

fF

(

τ

4τ + 1

)

=
(

4τ + 1

|4τ + 1|
)k−1/2

fF (τ).

Since
[ 1 1

0 1

]

and
[ 1 0

4 1

]

generate the group �0(4), we conclude that fF ||k−1/2γ
∗ = fF for all

γ ∈ �0(4). The Fourier expansion (32) of fF implies that fF has polynomial growth in y

and 
k−1/2fF = (λ/2)fF . Hence fF ∈ Mk−1/2(4). Once again, the Fourier expansion (32)
of fF implies that cF (N) = 0 if N ≡ 1,2 (mod 4), which implies that fF ∈ M+

k−1/2(4). It is
clear from (33) that F = FfF

and hence, F belongs to the right hand side of (31). �

4.3 Jacobi forms of weight k ∈ Z and index m ≥ 1

Recall that Ĵ nh
k,m := {F ∈ J nh

k,m : Y k.m− F = 0} for k ∈ Z and m ≥ 1. Let F ∈ Ĵ nh
k,m with Ck,mF =

λF . Imitating the arguments in the proof of Theorem 4.5 we see that F has the Fourier
expansion

F(τ, z) =
∑

n,r∈Z

ĉ(n, r, y)e2πinτ e2πirz,

ĉ(n, r, y) = c(n, r)y
1
4 W

sgn(nm− r2
4 )

k−1/2
2 , il

2

(

4π

∣

∣

∣

∣

nm − r2

4

∣

∣

∣

∣

y

)

e2π(nm− r2
4 )y .

(34)



Jacobi Maaß forms 101

Here, the coefficients c(n, r) only depend on 4nm − r2 and r (mod 2m). For μ ∈ Z/2mZ

and all integers N ≡ −μ2 (mod 4m), set

cμ(N) := c

(

N + r2

4m
,r

)

for any r ∈ Z, r ≡ μ (mod 2m) (35)

and extend to all N by setting cμ(N) = 0 if N �≡ −μ2 (mod 4m). Define

f (μ)(τ ) :=
∑

N∈Z

cμ(N)Wsgn(N)
k−1/2

2 , il
2

(

4π

∣

∣

∣

∣

N

4m

∣

∣

∣

∣

y

)

e2πi N
4m

x. (36)

Then 
k−1/2f
(μ) = λ/2f (μ) for all μ. Define the theta functions

˜�(μ)
m (τ, z) := y1/4

∑

r∈Z
r≡μ (mod 2m)

e2πiτ r2
4m e2πizr . (37)

From (34), (36) and (37) it is clear that

F(τ, z) =
∑

μ (mod 2m)

f (μ)(τ )˜�(μ)
m (τ, z). (38)

The theta functions ˜�(μ)
m satisfy transformation properties (see [10, pp. 58–59]) and differ-

ential equations analogous to (27) and Lemma 4.3. Using the theta transformation property
and the automorphy of F , we conclude that the functions f (μ),μ (mod 2m) satisfy

f (μ)(τ + 1) = e−2πi
μ2
4m f (μ)(τ ), (39)

f (μ)

(−1

τ

)

= 1 + i

2
√

m

(

τ

|τ |
)k−1/2

∑

ν (mod 2m)

e2πi
μν
2m f (ν)(τ ). (40)

In the reverse direction, if one starts with functions (f (μ),μ (mod 2m)) with Fourier expan-
sion (36), satisfying properties (39), (40) and bounded as Im(τ ) → ∞, then the function F

defined by (38) clearly satisfies the first condition from Definition 3.2 and has the Fourier
expansion (34). One can check that F is an eigenfunction of Ck,m directly from the Fourier
expansion (34) or by using the differential equations satisfied by the ˜�(μ)

m and f (μ). The
third condition from Definition 3.2 follows from the boundedness of f (μ) as Im(τ ) → ∞.
Finally, the Fourier expansion (34) tells us that Y k.m− F = 0. Let us summarize in the follow-
ing theorem.

Theorem 4.6 For any integer k and m ≥ 1, the equation (38) gives an isomorphism be-
tween Ĵ nh

k,m and the space of vector valued modular forms (f (μ),μ (mod 2m)) with Fourier
expansion (36), satisfying properties (39), (40) and bounded as Im(τ ) → ∞. In addition,
for k even and m = 1 the space Ĵ nh

k,1 is isomorphic to M+
k−1/2(4).

Remark The above theorem states that the subspace Ĵ nh
k,m is obtained from scalar or vec-

tor valued half integer weight Maaß forms. If F ∈ J nh
k,m, then one can actually write

F = ∑

l≤k αlY
k−1,m
+ · · ·Y l,m

+ Fl for some choice of functions Fl ∈ Ĵ nh
l,m. (This is obtained by

looking at how the differential operators act on the vectors in the archimedean representa-
tions for GJ (R) [5, pp. 35–36].) In this sense, one can say that all of J nh

k,m is “essentially”
obtained from half integer weight Maaß forms.
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5 Known examples

In this section we will consider the three known examples of Jacobi forms: the holomorphic
Jacobi forms considered by Eichler-Zagier, the skew-holomorphic Jacobi forms due to Sko-
ruppa and the real-analytic Jacobi Eisenstein series due to Arakawa. We will show that if
F is any one of the above Jacobi forms then a suitable modification F̂ is actually a Jacobi
Maaß form in the sense of Definition 3.2. We will first give the definition of the three types
of Jacobi forms mentioned above.

Holomorphic Jacobi forms [10, p. 9] A holomorphic function Fh : H × C → C is called
a holomorphic Jacobi form of weight k > 0 and index m if Fh satisfies

Fh

(

aτ + b

cτ + d
,
z + λτ + μ

cτ + d

)

= e−2πim(− c(z+λτ+μ)2
cτ+d

+λ2τ+2λz)(cτ + d)kF h(τ, z) (41)

where
[

a b

c d

]

(λ,μ,κ) ∈ �J and has a Fourier expansion of the form

Fh(τ, z) =
∑

n,r∈Z

4nm−r2≥0

c(n, r)e2πi(nτ+rz).

Skew-holomorphic Jacobi forms [20, p. 179] A smooth function F sh : H ×C → C is called
a skew-holomorphic Jacobi form of weight k > 0 and index m if it satisfies the following
conditions

1. ∂z̄F = (8πim∂τ − ∂2
z )F = 0

2. For every
[

a b

c d

]

(λ,μ,κ) ∈ �J we have

F

(

aτ + b

cτ + d
,
z + λτ + μ

cτ + d

)

= e−2πim(− c(z+λτ+μ)2
cτ+d

+λ2τ+2λz)

(

cτ + d

|cτ + d|
)1−k

|cτ + d|kF (τ, z) (42)

3. F sh has a Fourier expansion of the form

F(τ, z) =
∑

n,r∈Z

4nm−r2≤0

c(n, r)e2πi(nτ+iy(r2−4nm)/(2m)+rz).

Real-analytic Jacobi Eisenstein series [1, p. 132] Let �J∞,+ be the subgroup of �J con-

sisting of all elements of the form
[ 1 n

0 1

]

(0,μ, κ) with n,μ,κ ∈ Z. Fix k ∈ Z and m ∈ N. For
each integer r such that r2 ≡ 0 (mod 4m) and s ∈ C define a function φr,s : H × C → C by

φr,s(τ, z) = e
2πim( r2τ

4m2 + rz
m )

ys− k−1/2
2

where τ = x + iy. Then the real analytic Eisenstein series Ek,m,r ((τ, z), s) (defined in
[1, p. 132]) of weight k and index m is given by
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Ek,m,r ((τ, z), s)

=
∑

γ∈�J∞,+\�J

e2πim(− c(z+λτ+μ)2
cτ+d

+λ2τ+2λz)(cτ + d)−kφr,s

(

M〈τ 〉, z + λτ + μ

cτ + d

)

(43)

where γ = M(λ,μ,κ) ∈ �J with M = [

a b

c d

]

. The Eisenstein series is absolutely convergent
for Re(s) > 5/4 and, if k > 3, and s is evaluated at (k − 1/2)/2 then Ek,m,r ((τ, z), (k −
1/2)/2) coincides with the holomorphic Eisenstein series of [10]. The Eisenstein series
satisfies the following transformation law:

Ek,m,r

((

aτ + b

cτ + d
,
z + λτ + μ

cτ + d

)

, s

)

= e−2πim(− c(z+λτ+μ)2
cτ+d

+λ2τ+2λz)(cτ + d)kEk,m,r ((τ, z), s) (44)

where
[

a b

c d

]

(λ,μ,κ) ∈ �J . It is known that Ek,m,r depends only on r (mod 2m).

Theorem 5.1 Let F : H × C → C be one of the functions Fh or F sh or Ek,m,r defined
above. Set F̂ (τ, z) := yk/2F(τ, z). If F = Fh or Ek,m,r , then F̂ ∈ Ĵ nh

k,m and, if F = F sh, then

F̂ ∈ Ĵ nh
1−k,m.

Proof For M = [

a b

c d

]

, we have Im(M〈τ 〉) = |cτ + d|−2Im(τ ). Using this fact and the trans-

formation properties (41), (42) and (44) we see that the function F̂ satisfies the first condition
of Definition 3.2 in all three cases. In [5, p. 83], it has been shown that

C(�k,m
̂Fh) = (

(k − 1/2)(k − 5/2)/2
)

(�k,m
̂Fh),

C(�1−k,m
̂F sh) = (

(k − 1/2)(k − 5/2)/2
)

(�1−k,m
̂F sh),

C(�k,mF̂s) = (

((2s − 1)2 − 1)/2
)

(�k,mF̂s).

Using (7), we can now conclude that in all the three cases, F̂ is an eigenfunction of the
differential operator C∗,m (∗ is the weight of F̂ ), which gives us the second condition from
Definition 3.2. The third condition from Definition 3.2 follows from the definition of the
Jacobi forms F . The Fourier expansion of Fh,F sh and the definition of Ek,m,r implies that
in each case F̂ is annihilated by the appropriate Y

∗,m
− operator. Hence we get the theorem. �

6 Hecke equivariance

We want to relate the representation of ˜SL2(A) obtained from a half integer weight Maaß
form f to the representation of GJ (A) obtained from the corresponding Jacobi Maaß
form Ff . To relate the non-archimedean representations, the first step is to show the Hecke
equivariance of the map f �→ Ff . Let us assume that f ∈ M+

k−1/2(4) (k even) is a Hecke
eigenform for all odd primes p. Then we will show that Ff is also an eigenfunction of the
Hecke operators for every odd prime p. The proof closely follows the proof of the holomor-
phic analogue in [10, Theorem 4.5].
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Let us first recall the definition of the Jacobi Hecke operator Tp , for an odd prime p.
From [5, p. 168] or [10, p. 41], we have the following operator acting on Jacobi Maaß forms
F ∈ J nh

k,1

TpF := pk−4
∑

M∈SL2(Z)/M2(Z)

det(M)=p2

gcd(M)=1

∑

(λ,μ)∈(Z/pZ)2

F |k,1(det(M)− 1
2 M(λ,μ,0)). (45)

Theorem 6.1 Let f ∈ M+
k−1/2(4) (k even) be a Hecke eigenform with eigenvalue λp for every

odd prime p. Then for every odd prime p, the corresponding Jacobi Maaß form Ff defined
in (28) is an eigenfunction of the operator Tp defined above. Moreover, if TpFf = μpFf

then we have μp = pk−3/2λp .

Proof We have the following coset decomposition (see [5, p. 170])

{M ∈ M2(Z) : det(M) = p2,gcd(M) = 1}

= SL2(Z)

[

p2 0
0 1

]

�
(

⊔

h∈(Z/pZ)×
SL2(Z)

[

p h

0 p

])

�
(

⊔

b∈Z/p2Z

SL2(Z)

[

1 b

0 p2

])

. (46)

First consider the function F1 given by

F1(τ, z) =
∑

M∈SL2(Z)/M2(Z)

det(M)=p2

gcd(M)=1

(Ff |k,1(det(M)− 1
2 M))(τ, z)

= Ff (p2τ,pz) +
p−1
∑

h=1

Ff

(

τ + h

p
, z

)

+
p2−1
∑

b=0

Ff

(

τ

p2
+ b

p2
,

z

p

)

. (47)

Recall, from (29) that Ff has the Fourier expansion

Ff (τ, z) =
∑

n,r∈Z

ĉ(n, r, y)e2πinτ e2πirz,

ĉ(n, r, y) = c(4n − r2)y
1
4 W

sgn(n− r2
4 )

k−1/2
2 , il

2

(

4π |n − r2

4
|y

)

e2π(n− r2
4 )y .

Set δt,m = 1 if t = m and δt,m = 0 if t �= m. Hence, for two integers a, b, we have a|b ⇔
δ(a,b),a = 1. From (47) we get

F1(τ, z) =
∑

n∈Z,r∈ 1
p Z

ĉ1(n, r, y)e2πinτ e2πirz (48)
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where

ĉ1(n, r, y) =

⎧

⎪

⎨

⎪

⎩

p2ĉ(np2, rp,
y

p2 ), if r /∈ Z

δ(p2,n),p2δ(p,r),pĉ( n

p2 , r
p
,p2y) + (pδ(p,n),p − 1)ĉ(n, r, y) + p2ĉ(np2, rp,

y

p2 ),

if r ∈ Z.

Next let us consider the function

F2(τ, z) =
p−1
∑

μ=0

(F1|k,1(0,μ,0))(τ, z) =
∑

n,r∈Z

pĉ1(n, r, y)e2πinτ e2πirz. (49)

Corresponding to the three terms in ĉ1(n, r, y) let us define for j = 1,2,3

φj (τ, z) =
∑

n,r∈Z

c∗
j (n, r, y)e2πinτ e2πirz

where

c∗
1(n, r, y) = pδ(p2,n),p2δ(p,r),pĉ

(

n

p2
,

r

p
,p2y

)

, c∗
2(n, r, y)

= p(pδ(p,n),p − 1)ĉ(n, r, y), c∗
3(n, r, y) = p3ĉ

(

np2, rp,
y

p2

)

.

Now

(TpFf )(τ, z) = pk−4
p−1
∑

λ=0

(F2|k,1(λ,0,0))(τ, z) = pk−4
3

∑

j=1

p−1
∑

λ=0

e2πi(λ2τ+2λz)φj (τ, z + λτ)

= pk−4
3

∑

j=1

∑

N,R∈Z

p−1
∑

λ=0

c∗
j (N − Rλ + λ2,R − 2λ,y)e2πiNτ e2πiRz. (50)

For j = 1,2,3 we need to evaluate the term μj := ∑p−1
λ=0 c∗

j (N − Rλ + λ2,R − 2λ,y). We
have

μ1 = p
3
2 c

(

4N − R2

p2

)

y
1
4 W

sgn(N− R2
4 )

k−1/2
2 , il

2

(

4π

∣

∣

∣

∣

N − R2

4

∣

∣

∣

∣

y

)

e2π(N− R2
4 )y, (51)

μ2 = p2

(

R2 − 4N

p

)

c(4N − R2)y
1
4 W

sgn(N− R2
4 )

k−1/2
2 , il

2

(

4π

∣

∣

∣

∣

N − R2

4

∣

∣

∣

∣

y

)

e2π(N− R2
4 )y,

(52)

μ3 = p
7
2 c((4N − R2)p2)y

1
4 W

sgn(N− R2
4 )

k−1/2
2 , il

2

(

4π

∣

∣

∣

∣

N − R2

4

∣

∣

∣

∣

y

)

e2π(N− R2
4 )y . (53)

Substituting (51), (52) and (53) in (50) we get

(TpFf )(τ, z) =
∑

N,R∈Z

pk− 3
2

(

pc((4N − R2)p2) + p− 1
2

(−(4N − R2)

p

)

c(4N − R2)
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+ p−1c

(

4N − R2

p2

))

× y
1
4 W

sgn(N− R2
4 )

k−1/2
2 , il

2

(

4π

∣

∣

∣

∣

N − R2

4

∣

∣

∣

∣

y

)

e2π(N− R2
4 )ye2πiNτ e2πiRz

= pk− 3
2 λpFf . (54)

We have used (15) to get the last step. This completes the proof of the theorem. �

7 Automorphic representation

The main purpose of this section is to show that the classical definition of Jacobi Maaß
forms made in Definition 3.2 is compatible with the representation theory of the Jacobi
group. For this, we first recall the correspondence between the automorphic representations
π̃ of ˜SL2(A) and π of GJ (A). Let πm

SW be the global Schrödinger-Weil representation of
GJ (A) as defined in [5, Sect. 7.2]. Then from [5, Sect. 7.3] the map

π̃ �→ π := π̃ ⊗ πm
SW (55)

gives a 1–1 correspondence between (genuine) automorphic representations of ˜SL2(A) and
automorphic representations of GJ (A) with central character ψm. Here ψ is a fixed charac-
ter on Q\A and ψm(x) = ψ(mx) for any x ∈ A and m ∈ Q.

There is also a local correspondence similar to the one above. Namely, for any prime p

(including ∞), if π̃p is a representation of ˜SL2(Qp) then

π̃p �→ πp := π̃ ⊗ πm
SW,p (56)

gives a 1–1 correspondence between genuine representations of ˜SL2(Qp) and representa-
tions of GJ (Qp). These local and global correspondences are compatible.

We will now show that if f ∈ S+
k−1/2(4) and Ff ∈ Ĵ

nh,cusp

k,1 is the corresponding Jacobi
Maaß cusp form then the representations obtained from these forms obey (55). To do this let
us first give some details on the local correspondence (56).

Proposition 7.1 Archimedean Case: We have the following complete list of genuine unita-
rizable representations of the Lie algebra of ˜SL2(R).

(A) Principal series representation: For s ∈ C\{Z + 1/2}, ν = ±1/2 we have the rep-
resentation π̃ = π̃s,ν with weights 2Z + ν + 1/2. The Laplace Beltrami operator

 = − 1

4 (Z2 + 2X+X− + 2X−X+) acts by the scalar 1
4 (s2 − 1).

(B) Discrete series representation: For an integer k0 ≥ 1, we have the two representations
π̃ = π̃±

k0− 1
2

with weights ±(k0 − 1
2 + l) for l ∈ 2N0. The Laplace Beltrami operator 


acts by the scalar 1
4 ((k0 − 3

2 )2 − 1).

Non-Archimedean Case: The non-archimedean principal series representations of
˜SL2(Qp) are obtained as follows: Let m ∈ Q

×
p and χ be a character of Q

×
p such that

χ2 �= | |±1. Then we have the representation π̃ = π̃χ,−m of ˜SL2(Qp) induced from the char-
acter

([

a 0
0 a−1

]

, ε
) �→ εδ−m(a)χ(a) of the torus, where δ−m is the Weil character defined

using ψ−m by the formula given in [5, p. 26].
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For details on this proposition refer to [5, Sects. 3.1, 3.2, 5.3]. For the proof of Theo-
rem 7.5 below, we need the strong multiplicity one theorem [22, Theorem 3] for represen-
tations of ˜SL2(A). Following the notations of [22], let Ã00 be the space of genuine cuspidal
automorphic forms on ˜SL2(A) which are orthogonal to the space spanned by theta series
corresponding to quadratic forms in one variable. Then we have

Theorem 7.2 Let π̃1 and π̃2 be two genuine cuspidal automorphic representations of
˜SL2(A) lying in Ã00. Then π̃1 = π̃2 if and only if the following two conditions are satis-
fied

1. π̃1,p � π̃2,p for almost all primes p,
2. π̃1 and π̃2 have the same central character.

For a nice description of the space Ã00 and the space generated by theta series we re-
fer the reader to [11]. In particular, one has the fact that the archimedean component of a
representation corresponding to theta series can be only one of {π̃±

1
2
, π̃±

3
2
}.

Next we state the representations of the Jacobi group corresponding to the representations
of ˜SL2 given in Proposition 7.1 under the correspondence (56).

Proposition 7.3 We have the following correspondence of local representations.

1. Archimedean principal series: For any m > 0, s ∈ C\{Z + 1/2}, ν = ±1/2, the principal
series representation of the complexified Lie algebra of the Jacobi group is given by
πm,s,ν = π̃s,ν ⊗πm

SW,∞. The Casimir operator C defined in (6) acts by the scalar 1
2 (s2 −1).

2. Archimedean discrete series representation: For integers k0,m > 0, the two discrete se-
ries representations of the complexified Lie algebra of the Jacobi group are given by
π±

m,k0
= π̃±

k0− 1
2

⊗ πm
SW,∞. The Casimir operator C acts by the scalar 1

2 (k0 − 1/2)(k0 −
5/2) = 1

2 ((k0 − 3
2 )2 − 1).

3. Non-archimedean principal series: Let m ∈ Q
×
p and χ be a character of Q

×
p such that

χ2 �= ||±1. The principal series representation of GJ (Qp) given by πχ,m = π̃χ,−m ⊗πm
SW,p

is the representation induced from the character
[

a 0
0 a−1

]

(0,0, κ) �→ χ(a)ψm(κ). If p �

2m, the generator T̂p of the p-adic Hecke algebra (defined in [5, Sect. 6.1]) of the Jacobi
group acts on the spherical vector of πχ,m by the constant p3/2(χ(p) + χ(p)−1).

For details on this proposition and precise formulas for the action of the Lie algebra on
the representation space refer to [5, Sects. 3.1, 3.2, 5.4, 5.8, 6.4].

Now let us fix a Hecke eigenform f ∈ S+
k−1/2(4) (k even) such that for every odd prime

p we have Tp2f = λpf and 
k−1/2f = �f with � = 1
4 (s2 − 1). Let π̃f = ⊗π̃p be the

irreducible cuspidal (genuine) automorphic representation of ˜SL2(A) corresponding to f

(see [21, p. 386]). The local representations π̃p (p �= 2) are described in the next lemma.

Lemma 7.4 Let f ∈ S+
k−1/2(4) be as given above. Then we have

π̃∞ =

⎧

⎪

⎨

⎪

⎩

π̃s,− 1
2
, if s ∈ C\{Z + 1/2};

π̃+
k0− 1

2
, if s = (k0 − 3

2 ) with an integer k0 ≥ 1 and k > 0;
π̃−

k0− 1
2
, if s = (k0 − 3

2 ) with an integer k0 ≥ 1 and k < 0.

(57)
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For an odd prime p we have

π̃p = π̃χ,−1 with χ(p) + χ(p)−1 = λp. (58)

Proof The case of the archimedean representation is clear. To deduce the non-archimedean
representation one needs to use the non-holomorphic analogue of the calculation in Lem-
mas 3, 4 and Proposition 10 of [21]. �

Let Ff ∈ Ĵ
nh,cusp

k,1 be the Jacobi Maaß cusp form corresponding to f constructed in (28).
Then, from Theorem 4.4, we have Ck,1Ff = 2� = 1

2 (s2 −1) and, from Theorem 6.1, we have
TpFf = μpFf , where μp = pk−3/2λp , for every odd prime p. Let πF be the irreducible cus-
pidal automorphic representation of GJ (A) corresponding to Ff . To construct πF , one first
lifts Ff to a function φF on GJ (A) using the decomposition GJ (Z)GJ (R)

∏

p<∞ GJ (Zp)

as follows. If g = γg∞k0 ∈ GJ (A), with γ ∈ GJ (Q), g∞ ∈ GJ (R) and k0 ∈ ∏

p<∞ GJ (Zp),
then set

�F (g) := (Ff |k,mg∞)(i,0) = j nh
k,m(g∞, (i,0))Ff (g∞(i,0)).

Then πF is obtained as the space of all right translates of φF and the group GJ (A) acts by
right translation. See [5, Chapter 7] for details.

Theorem 7.5 With notations as above, we have

πF = π̃f ⊗ π1
SW .

Proof Let π̃ ′ be the irreducible cuspidal automorphic representation of ˜SL2(A) such that
πF = π̃ ′ ⊗ π1

SW . Such a representation exists by (55). We will use Theorem 7.2 to show that
π̃f = π̃ ′. Let πF = ⊗πF,p and π̃ ′ = ⊗π̃ ′

p .
The archimedean representation πF,∞ is given by

πF,∞ =

⎧

⎪

⎨

⎪

⎩

π1,s,− 1
2
, if s ∈ C\{Z + 1/2};

π+
1,k0

, if s = (k0 − 3
2 ) with an integer k0 ≥ 1 and k > 0;

π−
1,k0

, if s = (k0 − 3
2 ) with an integer k0 ≥ 1 and k < 0.

(59)

For an odd prime p, we know that the local representation is unramified and hence πF,p =
πχ̂,1 for an unramified character χ̂ of Q

×
p . In Theorem 6.4.6 of [5], it is shown that the p-

adic Hecke operator T̂p acts on a spherical vector in πχ̂,1 by the scalar p3/2(χ̂(p)+ χ̂−1(p)).
Using the relation Tp = pk−3T̂p from Proposition 6.6.5 of [5] and the fact that the classical
Hecke eigenvalue of Ff is μp = pk−3/2λp we get χ̂ (p) + χ̂−1(p) = λp ⇒ χ̂ (p) = χ(p)±1,
where χ is the unramified character obtained in Lemma 7.4. Hence for an odd prime p we
get

πF,p = πχ,1 with χ(p) + χ(p)−1 = λp. (60)

Using Proposition 7.3 and Lemma 7.4, we see that for every prime p �= 2 (including ∞) we
have

π̃ ′
p = π̃p.

If ωπ̃p and ωπ̃ ′
p

are central characters of π̃p and π̃ ′
p respectively, then we have ωπ̃p = ωπ̃ ′

p

for every prime p �= 2 (including ∞). We claim that this forces the central characters for
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p = 2 to be equal as well. For any prime p, the center of ˜SL2(Qp) is given by {(±1p,±1)},
where 1p is the identity element in SL2(Qp). Since the representations we are considering
here are genuine representations, the central character is completely determined by its value
on (−1p,1). Now consider the element (−1,1) = ⊗(−1p,1) ∈ ˜SL2(Q). Since the represen-
tations π̃ and π̃ ′ are automorphic, we get

1 = ωπ̃f
((−1,1)) =

∏

p≤∞
ωπ̃p ((−1p,1)) ⇒ ωπ̃2((−12,1)) =

∏

p≤∞
p �=2

ωπ̃p ((−1p,1))−1

and 1 = ωπ̃ ′((−1,1)) =
∏

p≤∞
ωπ̃ ′

p
((−1p,1))

⇒ ωπ̃ ′
2
((−12,1)) =

∏

p≤∞
p �=2

ωπ̃ ′
p
((−1p,1))−1

which gives us the claim. From [15] and Lemma 7.4, we see that both π̃∞ and π̃ ′∞ are not
one of {π̃±

1
2
, π̃±

3
2
}. Hence π̃ and π̃ ′ belong to Ã00. Now the theorem follows from the strong

multiplicity one Theorem 7.2 for representations of ˜SL2(A). �

Note that for the case when f corresponds to a holomorphic half integer weight form, the
above theorem is essentially done in [5]. For the case of holomorphic and skew-holomorphic
Jacobi forms also see [3], [4] for the archimedean representation. Theorem 7.5 indeed con-
firms that the classical definition of Jacobi Maaß form given in Definition 3.2 is compatible
with the representation theory of the Jacobi group. In that sense, it is the correct notion of
Jacobi Maaß forms.

8 Concluding remarks

1. To the best of our knowledge, the first attempt to define Jacobi Maaß forms is in [5,
Chapter 4]. If one considers Definition 4.1.8 in [5] of automorphic forms on the group
GJ (R) and pulls it back to functions on H × C via the non-holomorphic automorphy
factor j nh

k,m defined in (2) we get exactly the Definition 3.2. However, in Definition 4.1.7
of [5], the authors define Jacobi Maaß forms via a pull-back with the holomorphic au-
tomorphy factor and consider eigenfunctions of the degree 2 differential operator 
k,m

(a slight modification of the operator 

k,m
1 defined in Sect. 3). There has been some work

on the Jacobi forms as per Definition 4.1.7 of [5], for example, see [23] (no examples are
constructed here). Recently, in [7], Jacobi Maaß forms over complex quadratic fields are
defined using higher dimensional analogue of 
k,m and examples in the form of Eisen-
stein series are constructed. It would be interesting to see what one would obtain if the
higher dimensional analogue of the operator Ck,m is used instead.

2. The representation theory of the Jacobi group further tells us why Definition 3.2 of Ja-
cobi Maaß forms is the appropriate one. Suppose, one defines a Jacobi form F̃ using
some other automorphy factor and differential operator and assume that F̃ is a Hecke
eigenform. Then looking at the automorphic representation of GJ (A) obtained from F̃ ,
one can extract a vector corresponding to a Jacobi Maaß Hecke eigen-form F (according
to Definition 3.2) which has the same eigenvalue as F̃ for almost all primes p.
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3. In [2], Arakawa has defined holomorphic Jacobi forms for odd weight and index 1 using
holomorphic half integer weight forms of weight k − 1/2 (k odd) in the Kohnen plus
space. Arakawa obtains Jacobi forms not with respect to the full discrete group �J but
the subgroup �0(4) � H(Z). One should be able to obtain Jacobi Maaß forms of odd
weight and index 1 with respect to �0(4) � H(Z) in a similar fashion from functions in
M+

k−1/2(4) with k odd.
4. One can speculate that it is possible to construct a certain class of non-holomorphic Siegel

modular forms using the Jacobi Maaß forms of index 1 and suitable non-holomorphic in-
dex raising operators V nh

l . We expect that these would give us representations of GSp4(A)

that are not cuspidal but residual.
5. Following the methods in [5], one should be able to study the L-functions associated to

Jacobi Maaß forms. It would be nice to see that these L-functions have analytic continu-
ation and functional equation. (For the holomorphic case see [9]) These L-functions can
be used to prove an appropriate converse theorem in the non-holomorphic case. (For the
holomorphic case see [17])

6. It would be interesting to obtain a multiplicity one theorem for Jacobi Maaß forms similar
to Corollary 7.5.6 in [5]. We have not worked out the details of this problem.

Acknowledgements I would like to thank Olav Richter for introducing me to this problem, helping me
with useful discussions and pointing out errors in an earlier preprint. I would like to thank Ralf Schmidt for
being a very helpful mentor and for painstakingly checking all the calculations. He was extremely patient
and always available for my repeated questions about the representation theory of the Jacobi and metaplectic
groups. I am grateful to Rolf Berndt for his comments and suggestions about the paper.

References

1. Arakawa, T.: Real Analytic Eisenstein series for the Jacobi Group. Abh. Math. Semin. Univ. Hambg. 60,
131–148 (1990)

2. Arakawa, T.: Saito-Kurokawa lifting for odd weights. Comment. Math. Univ. St. Paul 49(2), 159–176
(2000)

3. Berndt, R.: On the characterization of skew-holomorphic Jacobi forms. Abh. Math. Semin. Univ. Hambg.
65, 301–305 (1995)

4. Berndt, R., Böcherer, S.: Jacobi forms and discrete series representation of the Jacobi group. Math. Z.
204(1), 13–44 (1990)

5. Berndt, R., Schmidt, R.: Elements of the Representation Theory of the Jacobi Group. Progress in Math-
ematics, vol. 163. Birkhauser, Basel (1998)

6. Borho, W.: Primitive and vollprimitive Ideale in Einhüllenden von sl(5,C). J. Algebra 43, 619–644
(1976)

7. Bringmann, K., Conley, C., Richter, O.: Maaß Jacobi forms over complex quadratic fields. Math. Res.
Lett. 14(1), 137–156 (2007)

8. Bruelmann, S., Kuss, M.: On a conjecture of Duke-Imamoglu. Proc. AMS 128, 1595–1604 (2000)
9. Dulinski, J.: L-functions for Jacobi forms on H × C. Results Math. 31(1–2), 75–94 (1997)

10. Eichler, M., Zagier, D.: The Theory of Jacobi Forms. Progress in Mathematics, vol. 55. Birkhauser,
Boston (1985)

11. Gan, W.-T.: The Saito-Kurokawa space of PGSp4 and its transfer to inner forms. In: Eisenstein Series
and Applications. Prog. Math., vol. 258, pp. 87–123. Birkhauser, Boston (2008)

12. Gelbart, S.: Automorphic Forms on Adele Groups. Annals of Mathematics Studies, vol. 83. Princeton
University Press, Princeton (1975)

13. Ikeda, T.: On the lifting of elliptic cusp forms to Siegelcusp forms of degree 2n. Ann. Math. (2) 154(3),
641–681 (2001)

14. Katok, S., Sarnak, P.: Heegner points, cycles and Maaß forms. Isr. Math. J. 84, 237–268 (1993)
15. Kohnen, W.: Modular forms of half integer weight on �0(4). Math. Ann. 248, 249–266 (1980)
16. Magnus, W., Oberhettinger, F., Soni, R.P.: Formulas and Theorems for the Special Functions of Mathe-

matical Physics, 3rd edn. Die Grundlehren der mathematischen Wissenschaften, Band 52 (1966)
17. Martin, Y.: A converse theorem for Jacobi forms. J. Number Theory 61(1), 181–193 (1996)



Jacobi Maaß forms 111

18. Pitale, A.: Lifting from ˜SL2 to GSpin(1,4). Int. Math. Res. Not. 63, 3919–3966 (2005)
19. Shimura, G.: On modular forms of half integral weight. Ann. Math. (2) 97, 440–481 (1973)
20. Skoruppa, N.-P.: Developments in the Theory of Jacobi Forms. Automorphic Functions and Their Ap-

plications, Khabarovsk, pp. 167–185 (1990)
21. Waldspurger, J.-L.: Sur les coefficients de Fourier de formes modulaires de poids demi-entier. J. Math.

Pures Appl. 60, 375–484 (1981)
22. Waldspurger, J.-L.: Correspondance de Shimura et quaternions. Forum Math. 3, 219–307 (1991)
23. Yang, J.-H.: A note on Maaß Jacobi forms. Kyungpook Math. J. 43(3), 547–566 (2003)


	Jacobi Maaß forms
	Abstract
	Introduction
	Preliminaries on the Jacobi group
	Non-holomorphic automorphy factor and differential operators
	Jacobi Maaß forms and half integer weight Maaß forms
	Half-integer weight Maaß forms
	Jacobi Maaß forms of even weight k and index m=1
	Jacobi forms of weight k Z and index m >=1

	Known examples
	Holomorphic Jacobi forms [p. 9]EZ
	Skew-holomorphic Jacobi forms [p. 179]Sk
	Real-analytic Jacobi Eisenstein series [p. 132]Ar

	Hecke equivariance
	Automorphic representation
	Concluding remarks
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


