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Abstract

We determine local test vectors for Waldspurger functionals for GLs, in the case where
both the representation of GLs and the character of the degree two extension are ramified,
with certain restrictions. We use this to obtain an explicit version of Waldspurger’s formula
relating twisted central L-values of automorphic representations on GLo with certain toric
period integrals. As a consequence, we generalize an average value formula of Feigon and
Whitehouse, and obtain some nonvanishing results.!
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1 Introduction

1.1 Global results

Let F' be a number field and 7 be a cuspidal automorphic representation of GLa(Afp). Let L/F
be a quadratic extension and € an idele class character of L* such that €| Ax = W the central
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character of m. We are interested in the central value of the L-function
L(s,7, ® Q) = L(s,m x 0gq),

where 77, denotes the base change of 7 to GLa(Af) and 0 denotes the theta series on GLa(AF)
associated to ). Note this contains the following interesting special case: when €2 is trivial,
then L(s, 7 ® Q) = L(s,7)L(s, ™ ® 1), where n = n;,/p denotes the quadratic character of A
associated to L via class field theory. Assume that wy is trivial or 7. Then €(1/2, 7, ® Q) = £1,
even though 77 ® Q need not be self-dual (cf. [JCO1]). In the case when €(1/2,7, ® Q) = —1,
the central value L(1/2, 71, ® ) = 0. Henceforth, assume €(1/2, 7, ® Q) = +1.

Let D be a quaternion algebra over F' containing L such that 7 has a Jacquet—Langlands
transfer to an automorphic representation ' of D*(Ap). We allow for the possibility that
D = Ms(F) and 7’ = m, so there is always at least one such 7/. Embed L* as a torus 7T inside
D*. The period integrals we are interested in are

Po() = / S0 (1) dt, (1.1)

Z(Ap)T(F)\T(AF)

where ¢ € 7' and Z denotes the center of D* (with dt as in Section 7). If FF = Q and L is
imaginary quadratic, then this period simplifies to a finite sum over certain “CM points.”
When w; is trivial, a beautiful theorem of Waldspurger [Wal85] states that
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L(1, 7, Ad)

for any ¢ € «’. Here (+,-) is a certain inner product on 7’ and the factors a,, (L, 2, ¢) are certain
local integrals which equal 1 at almost all places. For all but one D, Pp = 0 for local reasons.
Namely, the linear functional Pp factors into a product of local linear functionals Pp ,. There is
a unique D D L for which all Pp, # 0, and this D is determined by local epsilon factors in work
of Tunnell [Tun83] and Saito [Sai93]. Fixing this D, one now gets the nonvanishing criterion:
L(1/2,7, ® Q) # 0 if and only if Pp # 0.

It is useful to have a more explicit version of this formula for certain applications like equidis-
tribution, nonvanishing, subconvexity, p-adic L-functions, etc. (see, e.g., [Pop06], [MWO09],
[FW09], [Hsil4]). In particular, it is not even obvious from (1.2) that L(1/2,7;, ® Q) > 0,
as predicted by the Grand Riemann Hypothesis. This positivity result was subsequently shown
by Jacquet and Chen [JCO1] using a trace formula identity.

Explicit versions of (1.2) have been considered by many authors under various assumptions,
e.g., Gross [Gro87|, Zhang [Zha01], Xue [Xue06], Popa [Pop06], the second author and White-
house [MW09], Murase [Murl10], Hida [Hid10] and Hsieh [Hsil4]. These explicit formulas rely on
picking out a suitable test vector ¢ in (1.2). All of these works rely on the theta correspondence
(as did [Wal85]), except for [MWO09] which uses the trace formula identity from [JCO1]. The
only assumption in [MWO09] is that 7 and  have disjoint ramification, i.e., for any finite place
v of F, m and 2 are not both ramified at v. In this case one has a natural choice for the test
vector ¢ from the work of Gross and Prasad [GP91] on local test vectors. In [MWO09], it was
noted that this restriction of disjoint ramification is not essential to the method and could be
removed if one had a reasonable way to define the test vector ¢ in a more general setting.



The main local results of this paper (see Theorems 1.6, 1.7 below) are the existence and
characterization of suitable local test vectors in the case of joint ramification under certain
conditions. This allows us to extend the formula of [MWO09] to these cases. To be precise, for a
finite place v of F', let ¢(m,) be the (exponent of) the conductor of 7, and ¢(2,) be the (exponent
of) the “F-conductor” of § (see (2.19)). Then we make the following assumption:

If v < 0o is inert in L and ¢(my), ¢(€2y) > 0, then we have ¢(€,) > c(m,). (1.3)

In particular, if the level N = ], wf}(ﬂ“) of 7 is squarefree, there is no condition on 2. We
note a consequence of our determination of test vectors is that assumption (1.3) implies D and
Q) do not have joint ramification at any finite place.

Theorems 1.6 and 1.7 below give suitable local test vectors ¢, under assumption (1.3),
which yields the desired global test vector ¢. Here suitable essentially means that the local test
vectors can be described purely in terms of ramification data, and do not require more refined
information about local representations. This is crucial for global applications. Note that it is
not even a priori clear if suitable test vectors should exist in general.

Let us now describe the L-value formula more precisely. Denote the absolute value of the
discriminants of F' and L by A and Ay. Let e(L,/F),) be the ramification degree of L, /F,. Let
Sinert be the set of places of F' inert in L. Let S(m) (resp. S(£2)) be the set of finite places of
F where 7 (resp. ) is ramified, Si(m) (resp. Sa(m)) the set of places in S(7) where ¢(m,) = 1
(resp. ¢(my) > 2), and Sp(mw) = So(m) U {v € Si(nm) : L,/ F, is ramified and €2, is unramified}.
Denote by ¢(€2) the absolute norm of the conductor of .

Theorem 1.1 Let 7 be a cuspidal automorphic representation of GLa(Ap) with trivial central
character and Q a character of A7 /L*A%. Assume €(1/2,7, ® Q) = 1 and that © and Q
satisfy (1.3). Then, with the test vector ¢ € ©' defined in Section 7.1 and archimedean factors
Cy(L,m,Q) defined in Section 7.2, we have

Pp(o)]> 1 A =
‘(L;((b))’ =3 MLS(Q)(LU)LS(W)US(Q)(LU)LS(ﬂ)ﬂS(Q)(la 1p) L5 (2, 1)
L5)(1/2, 71, © Q)

LSo(m) (1,7, Ad)

x I e@/F) ] ColL,m,Q)-

veS(m)NS(Q)° v]oo

Here (-,-) is the standard inner product on @' with respect to the measure on D*(Ap) which is
the product of local Tamagawa measures.

After our paper was originally completed, the paper [CST14] appeared, which gives a similar
formula using a less explicit choice of test vector.

Note ¢ is specified up to a scalars, and the left hand side is invariant under scaling. As
in [MWO09, Thm 4.2], one can rewrite this formula using the Petersson norm of a normalized
newform in 7 instead of L(1, m, Ad). See (8.19) for when 7 corresponds to a holomorphic Hilbert
modular form. If /' = Q and 7 corresponds to a holomorphic new form of squarefree level N
with N|e(€), then the above formula simplifies considerably:

Corollary 1.2 Let f be a normalized holomorphic modular eigenform of weight k and squarefree
level N. Let S be the set of primes p|N which split in L. Let Q be any ideal class character of



L such that N|c(Q2) and €(1/2, f x Q) = 1. Then

|PD(¢)|2: Coo(me?Q)
(¢, ) 2k+1, [e(Q)AL

L3(1/2,f x Q)
(f, ) 7

Ly (Ln)* [J(1+p7 1) x
pIN

where €, is +1 if p splits in L and —1 otherwise, and (-,-) is the Petersson inner product.

In the setting of corollary, Coo (L, f,2) is also easier to describe. If L is real quadratic, then
(L, f,Q) = 2. If L is imaginary quadratic, it is described by beta functions, and if we also

assume (o is trivial, then Coo(L, f,Q) = k/(i i)), .

We prove Theorem 1.1 by computing local spectral distributions appearing in the trace
formula identity of [JCO1], just as in [MWO09]. For simplicity, we only do this when w, = 1,
though the case of w; = 1 should be similar. (One needs either w, = 1 or w; = 7 to use
the identity from [JCO1].) Note this formula is considerably more general than the one in
[MWO09] (for trivial central character) and one expects that it should generalize the applications
of the previously mentioned formulas. For instance, we obtain the following generalization of an
average value result of Feigon—Whitehouse [FW09, Thm 1.1] by computing the geometric side
of a certain trace formula.

Theorem 1.3 Let F be a totally real number field with d = [F : Q]. Let F(M, 2k) be the set of
cuspidal automorphic representations of GLa(Afp) associated to the holomorphic Hilbert modular
eigen newforms of weight 2k and level M, with k = (k1,...,kq) # (1,...,1) and N squarefree.
Let L be a totally imaginary quadratic extension of F', which is inert and unramified above each
place p|MN. Fiz a unitary character Q of A7 /L*A}., and let € be the norm of its conductor in
F. Suppose N = Ny and € = €Ny with N, My and €y all coprime. Assume Iy is odd, and
that the number of primes dividing Mg has the same parity as d. Further assume that for each
infinite place v of F, ky > |my| where Q,(z) = (2/2)™.
Then, if |No| > dL/F(|€0|/\‘ﬁ1DhF, where hp is the class number of F, we have

9%, — 2 L(1/2,7, ® Q)

("2 ¥ s

v]oo N weF(M,2k)

= 227 IAY 2N Loy (2, 17) Lo,y (1, 1) L5 (1, ),

where N runs over ideals dividing M which are divisible by Ny, and S(J) denotes the set of all
primes dividing J.

The parity condition guarantees the sign of the relevant functional equations €(1/2, 77 ® Q)
are +1 for 7 € F(I, k). Without a condition to the effect that 9 (or Ny) is large, one does not
expect a nice explicit formula, but rather just an asymptotic in 91, which miraculously stabilizes
for M large (cf. [MR12], [FW09]). Hence the condition above on the size of Dy means we are
in the stable range. The other assumptions in the theorem allow for simplifications of the trace
formula we will use, but are not necessary to express such averages as the geometric side of an
appropriate trace formula.

Theorem 1.3 specializes to [FW09, Thm 1.1] in the case that 9t and € are coprime, i.e.,
I = Np. This case I = Ny is particularly nice as one can transfer the problem to a trace formula
computation on a quaternion algebra that only picks up forms of exact level 91. Additionally, one
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can rewrite the formula in terms of the complete adjoint L-value at 1, as in [FW09]. However,
this is impossible to manage in general, and the primary difficulty in going from Theorem 1.1 to
Theorem 1.3 is to determine the contribution to the spectral side of the relevant trace formula
coming from the oldforms. (In general, it is not easy to isolate the newforms in such formulas—
see, e.g., [KL10] or [Nell3]—and the issue for us is that the contribution from the oldforms is
now weighted by local adjoint L-factors.)

Still, one can use the above formula together with formulas for smaller levels to get both
explicit bounds and asymptotics for average values over just the forms of exact level 91. We
do this in the case 9 is prime. This immediately implies L(1/2,7; ® Q) # 0 for some 7, €
F (I, 2k).

Theorem 1.4 With assumptions as in Theorem 1.3, and further that Dt = p is an odd prime
and |Noy| > dL/F|€|hF, we have

1
L42[p|=1 + [p[~2

<EM) < |p| -

1
P e =

where 3(MN) is equal to

242 I ( 2k, — 2 ) 5 L(1/2, 7, ® Q)
A3/2’m0’[’(17 le)LS(‘ﬁo)<27 lF)LS(QO)(L 77) v]oo ky —my — 1 TEF(M,2K) L(17 T, Ad)
In particular, (M) ~ |p|—14+0(|p|™') as [Mop| — oo such that [No| > dy/r|€|"F. Furthermore,
with p fized, we have
lim (M) =|p| — 1.
im0 = o

In both of these asymptotics, My travels along squarefree ideals coprime to € which are products
of unramified primes and satisfy our previous parity assumption.

Note the above theorem implies the nonvanishing of (1), and therefore at least one of
these central values, provided |p| > 3+72‘/5 and [Mo| > dp, p|€"", or p is arbitrary and [No| is
sufficiently large.

We remark that the bounds come from having to estimate the p-th Hecke eigenvalues
{ap,a, 11 of the oldforms of level 91g. The latter asymptotic comes from an asymptotic for
a weighted analogue of Theorem 1.3 in the case of disjoint ramification (see [FW09, Thm 1.2])
to pick off the contribution from the old forms. One should be able to prove a version of The-
orem 1.3 involving weighting by Hecke eigenvalues (namely, extend [FW09, Thm 6.1] to the
case of joint ramification) whereby one could inductively obtain asymptotics for the average
values (M) in the case where ged (91, €) has an arbitrary number of prime factors. (We remark
Sugiyama and Tsuzuki [ST] have recently obtained asymptotics for weighted averages using a
different relative trace formula approach when € is trivial, but 91 need not be squarefree.)

Note that in previous studies of such averages, I is typically required to be prime (e.g.,
[RR0O5]) or have an odd number of prime factors (e.g., [F'WO09]) to force the sign of the functional
equation to be +1 if, say, d is odd. However, allowing for joint ramification we can treat levels
I with an arbitrary number of prime divisors, though we do not always get an exact formula in
this situation.



Lastly, we include another application of Theorem 1.3 when 91 = Ny (i.e., [FW09, Thm
1.1]). Here, having an exact formula for the average value over newforms allows us to deduce
the nonvanishing mod p of the algebraic part L¥&(1/2, 7, ® Q) (see (8.18)) of the central value
for p suitably large.

Theorem 1.5 With notation and assumptions as in Theorem 1.3, suppose || > dL/F|(’Z\hF,
N is coprime to €, and, for each v|oo, m, is even. Let p be an odd rational prime satisfying
p > q+1 for all primes ¢ € S(Q), and P a prime of Q above p. Then there exists © € F(N, 2k)
such that

L¥8(1/2,7, ® Q) # 0 mod P.

This generalizes a theorem of Michel and Ramakrishnan [MR12] on the case F' = Q and
9 = N is prime. The parity condition on m, ensures that €2 is algebraic and that the above
central value is critical.

As in [FW09], one should be able to use Theorem 1.1 to get estimates on more general
averages of L-values, and apply this to subconvexity and equidistribution problems, but we do
not address this here. Theorem 1.1 has also been used in very recent works of Hamieh [Ham14]
and Van Order [VO], respectively on valuations of Rankin—Selberg L-values in anticyclotomic
towers and on constructing p-adic L-functions.

We remark that similar L-value formulas have been recently proven in certain cases of joint
ramification with L totally imaginary, namely in Hida [Hid10] for F' = Q and in Hsieh [Hsil4]
for Hilbert modular forms of square free level (these works have some additional conditions, but
they do not assume trivial central character). In general, when the joint ramification does not
satisfy (1.3), this problem appears considerably more complicated.

1.2 Local results

Now, we pass to the local situation and discuss the local test vectors in some detail.

Let F be a p-adic field and L a quadratic separable extension of F (either a field or F' @ F)).
We may then embed L* as a torus T'(F) of GLa(F). All such embeddings are conjugate in
GL2(F), so the choice of embedding will be merely one of convenience. Consider an (infinite-
dimensional) irreducible admissible representation m of GLa(F"). We do not assume that the
central character w, is trivial. A basic question to ask is the following: which characters of
T(F) appear as quotients in 7|pm)? Let © be a character of T'(F). If 2 is an irreducible
constituent of 7|p(py, i.e., if

Homr(p)(m, 2) # 0,
then we must have Q|;p) = wr, where Z denotes the center of GLy. Hence we will assume
Q|Z(F) = Wr.

Let D be the unique quaternion division algebra over F', and let 7’ be the Jacquet—Langlands
transfer to D*(F') when it exists. If 7’ exists and T'(F') embeds into D*(F), put A(w) = {m, «'}.
Otherwise, put A(r) = {n}. From [Wal85], one knows that

Z dime Homqppy (7,Q) = 1.
TEA(T)

In other words, Q is a constituent of 7|p(py if and only if it does not occur in that of 7'|p )
(when this makes sense), and it occurs with multiplicity at most one. Further, Tunnell [Tun83]



and Saito [Sai93] gave a local e-factor criterion:

1+e(1/2,7 @ Quwr(—1)
5 .

dimc Homp gy (7, Q) =

Applications to a global L-value formula (discussed in Section 1.1) require finer information
than this. Namely, suppose dim¢c Homp(p)(7,€2) = 1 and let £ € Homp(p) (7, 2) be nonzero.
Then one would like to have a test vector for ¢, i.e., an element ¢ € 7 such that ¢(¢) # 0. For
the applications, we will need ¢ to satisfy two further conditions.

i) ¢ € V.X for a compact subgroup K of GLy(F) with dim(V,X) = 1.

ii) The compact subgroup K above depends only on the ramification data attached to m and
Q.

Let us note that, if £ £ 0, then some translate of the new vector of 7 is always a test vector
for £. Hence, we can always find a test vector satisfying the first condition above. Under some
restriction on the conductors of m and €2, we will obtain a test vector satisfying the second
condition as well.

Specifically, let 0 be the ring of integers of F', p its maximal ideal and z a uniformizer. Let
¢(m) be the exponent of the conductor of 7 as defined in Section 2.1, and let

c\T b Cc\ T c(m
Kl(p()):{[zd} € GLa(0) s c€ p™, d e 1+ pM},

Let ¢(f2) be the conductor of Q as defined in (2.19). Gross and Prasad [GP91] determine a
test vector when ¢(m) = 0 (7 is unramified) or ¢(2) = 0 (2 is unramified). In particular, when
c(m) = 0 so A(m) = {m}, the vector they obtain can be described as a translate of the new
vector.

We will now describe test vectors when 7 and 2 are both ramified. We will distinguish the
split and field case.

1.2.1 The split case

Theorem 1.6 Suppose L = F @ F and let T(F) = L* be the diagonal torus in GLa(F). Let
7w be any infinite dimensional, irreducible, admissible representation of GLo(F) with central
character wy and conductor p™), ¢(m) > 0. Let Q(diag(z,y)) = Q1(2)Q0(y) be a character
of T(F) such that Qs = w,. Without loss of generality, assume that c(21) > (). Write
Q1 = |-|Y/27%0u for some so € C and some unitary character p of F* such that u(w) = 1. Then
dimc Homp gy (7, Q) = 1, and for nonzero £ € Homypy(m,2), the subgroup hk; (P NR=L fizes
a 1-dimensional space of m consisting of test vectors for £, where

1 w_C(Q)
0 1 if c(p) =0 or L(s,m ® u~') does not have a pole at s = s0;
h = 1 _C(Q)
w[ow . if c(p) > 0 and L(s,m @ p~t) has a pole at s = s,
but L(1 — s, 7 ® p) does not have a pole at s = sy.

In particular, if both Q0 and 7 are unitary, then we are always in the first case above.
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GLy representations given by their Whittaker models. The zeta integral Z(sg,*, ') (defined
in (3.1)) divided by the L-value L(so,7™ ® p~!) gives a concrete realization of a nonzero ¢ €
Hompg)(, 2). One checks that the newform in the Whittaker model translated by the matrix
h in the statement of the above theorem is a test vector for ¢.

Note that we do not give a compact that fixes a 1-dimensional space of 7 consisting of test
vectors for £ when both L(s,7 ® p~!) and L(1 — 5,7 ® p) have a pole at s = sq.

Here, w = [ ] The proof of the above theorem uses the theory of zeta integrals for

1.2.2 The field case

Theorem 1.7 Suppose L is a field. Let w be any infinite dimensional, irreducible, admissible
representation of GLa(F') with central character wy and conductor pe(™) . Let Q be a character on
L* such that Q|px = wr. Assume that ¢(Q2) > ¢(m) > 0. Embed L* as a torus T(F') in GLao(F)
as in Section 2.3. Then dimc Homppy(m,§2) = 1, and for a nonzero £ € Homypy(m,Q2), the
subgroup

0% pel©) e(m)y g —1
L( )}HGLQ(F):hKl(p = h:[

@) —e(m)
c(m)—c(2) 1+ pc(Tr w,

0 1
fizes a 1-dimensional space of m consisting of test vectors for £.

If w has trivial central character, then we can replace the compact subgroup in the state-

() o< 0 1wc®
ment of the above theorem by || petm 0% 1| since the Atkin Lehner element

. 0* o
normalizes the group pe(m) o
The proof of the theorem breaks up into several cases depending on the type of the repre-
sentation 7. Although the proofs are quite different in all cases, it turns out that one of the
key ingredients of the proof is that a function roughly of the form = +— Q(1 4 z3) (see Section
2.2 for details on notation) is an additive character of o of a specific conductor. The condition
¢(Q2) > ¢(m) is required to make this key ingredient work. Also, in certain cases we obtain test
vectors for more general situations than the one mentioned above.

Principal series

If  is a principal series representation, then we realize it in its induced model and explicitly define
a linear functional ¢(f) = fZ(F)\T(F) S 1(t)dt. Tt is easy to see that £ € Homp(py(mr, ). We
are able to show, for any c(m),c(€2) > 0, that ¢ # 0. See (4.4) and (4.5) for details. It is not
clear if the explicit test vector for ¢ obtained in (4.4) belongs to a one-dimensional subspace
of 7 of vectors right-invariant under a compact subgroup. It is also not clear how to obtain a
component that is right invariant under a conjugate of K 1(pc(”)). To obtain a test vector with
the right invariance mentioned in the statement of the theorem, we evaluate £ at a translate of
the newform of 7 by h and show that that is nonzero. For this, we need ¢(2) > ¢(7) > 0. If we
S

L= e(m) — ¢(2) — v(a), where
a depends on a particular embedding of T'(F') in GLa(F'), then we can extend the result to the
case ¢(£2) > 2¢(x1) (see Proposition 4.2). Here, 7 = x1 X x2 and ¢(x1) < ¢(x2).

replace the h in the statement of the theorem by h = {w



Twists of Steinberg representation

If 7 is a twist of the Steinberg representation by a ramified character y, then realizing it as
a sub-representation of the reducible induced representation x| |'/2 x x| |~%/2, we see that we
get the same linear functional and the same nonvanishing of the translate of newform as in the
irreducible principal series case.

If 7 is a twist of the Steinberg representation by an unramified character y, then we use the
fact that such representations are characterized by the existence of a unique (up to constant)
vector that is right invariant under the Iwahori subgroup I and is an eigenvector of the Atkin-
Lehner operator with eigenvalue —x(w). If we assume that ¢(2) > ¢(w), then [Wal85] implies
the existence of a nonzero £ € Homp(p)(m,§2). As in Section 2.4, we can then realize 7 as a sub-
representation of the space of smooth functions B : GLa(F') — C satisfying B(tg) = Q(t)B(g).
In this latter space, we look for a vector B with three properties: one that is right invariant
under I, is zero when averaged over GLy(0)/I, and is an eigenvector for the Atkin-Lehner operator
with eigenvalue —x(w). Using a double coset decomposition for T'(F)\GL2(F)/I, we obtain in
Lemma 4.4 the explicit values of such a B for all g € GLy(F"). This gives us B(h) # 0, for h
defined in the statement of the theorem. The advantage of the above method is two-fold. It
gives us the explicit values of the newform in the Waldspurger model and it also gives another
proof of the uniqueness of the Waldspurger model. One can also obtain an independent proof
of existence using the methods of [Pit11], but we do not do that here.

Supercuspidal representations

In the case that 7 is an irreducible supercuspidal representation we may appeal to Mackey
theory. We begin with the explicit construction of supercuspidal representations of GLy(F') by
induction from an open subgroup that is compact modulo the center. Suppose that J is such a
subgroup and 7w = chndf];LQ(F) p. We first describe the situation when 7 is minimal, i.e. when
the conductor of m cannot be lowered upon twisting by a character.

We say that p and €2 intertwine on T'(F)gJ if Hom jng-1p(p)e(p, 29) # 0. Understanding
Hompg) (7, 2) reduces to understanding the double cosets T'(F)\GL2(F')/J on which p and
intertwine. We do this in two steps. The first step is to consider a larger subgroup Ky O J
where Ky is one of two subgroups depending on J. There is a unique double coset T'(F)ho Ky
that depends only on ¢(7) and ¢(Q2) containing a T'(F)\GLy(F')/J double coset on which p and
Q) can possibly intertwine. This double coset decomposes as the disjoint union of finitely many
T(F)\GLy(F')/J double cosets

T(F)hoKy = | |T(F)hiJ.

When ¢(€2) > [¢(7)/2], we describe this decomposition explicitly, show that one may choose the
representatives h; to be diagonal matrices, and show for each 4

(J N h ' T(F)hi) ker p/Z(F)ker p = (JN'N)/(ker pN N),

where N is the subgroup of lower triangular unipotent matrices. It suffices to examine p AN
which decomposes as a direct sum of characters. We show that there is a unique ig so that
p and Q intertwine on T'(F)h;,J. We conclude that there exists a nonzero linear functional



¢ € Homyp(py(m, Q). We describe the translate of the newvector in the induced model explicitly,
and show that this translate is a test vector.

Finally, we deal with the case of an irreducible supercuspidal representation 7 that is not
minimal. In this case 7 = 7 ® x where 7 is a minimal supercuspidal representation and x is a
character of F'*. We construct a vector ¢, € 7 so that ¢, ® x is a translate of the newvector
in 7. Using the results of the minimal case, we show that ¢, is a test vector for Q @ y 1.

Similar to the irreducible principal series case, if we replace h in the statement of the theorem
S
by h = {w 1] , s =c(m) — () —v(a), then in the minimal supercuspidal case, we can extend

the result to the case ¢(Q2) > |3¢(m)/4] + 1.

1.2.3 Relation to test vectors of Gross—Prasad

We recall some results of Gross—Prasad [GP91]. For simplicity assume w, = 1, L/F is unramified
and dime Homyppy (7, 2) = 1. For an order R of Ma(F), let d(R) be the exponent of its reduced
discriminant and ¢(R) be the smallest ¢ > 0 such that o + wy C R. It is clear that R*
can only fix a test vector if ¢(R) > ¢(f2). Moreover, if we want R* to fix a line in m, it is
reasonable to try R with d(R) = ¢(m). Thus one might consider orders with ¢(R) = ¢(f2) and
d(R) = c¢(r). If either ¢(2) = 0 or ¢(w) = 0, then there is a unique-up-to-L*-conjugacy order
R with ¢(R) = ¢(2) and d(R) = ¢(m), and [GP91] shows that R* fixes a line consisting of test
vectors. If ¢(mw) = 0 then R is a maximal order, but in general R is not an Eichler order.

When ¢(2) > 0 and ¢(7) > 0, the invariants ¢(R) and d(R) no longer specify R uniquely up to
conjugacy by L*. However, with above assumptions, Theorem 1.7 can be interpreted as follows:
when ¢(Q2) > ¢(r), there is an Eichler order R with ¢(R) = ¢(2) and d(R) = ¢(n) such that R*
fixes a line in 7 which consists of test vectors. Moreover, this R can be described uniquely up
to L*-conjugacy as the intersection of two maximal ideals R; and Ry with ¢(R;) = ¢(2) and
c¢(R2) = ¢(Q2) — ¢(m) which are maximal possible distance apart in the Bruhat-Tits tree, i.e.,
d(R1, R2) = ¢(m). This provides an intrinsic description of our test vectors, i.e., one without
reference to a specific embedding of L™ in GLgo(F'). It would be interesting to know whether
other Eichler orders R satisfying ¢(R) = ¢(2) and d(R) = ¢(7) also pick out test vectors.

Note that if c(m) > 2¢(2), there is no Eichler order with ¢(R) = ¢(€2) and d(R) = ¢(r), which
suggests that the case when 7 is highly ramified, in comparison with €2, is more complicated
than the reverse situation.

1.3 Outline

Our paper consists of two parts, one local and one global.

In the first (local) part of the paper we prove our results on local test vectors, which we
treat in three separate cases. Section 2 contains our local notation and embedding of L™ into
GL2(F). Then in Section 3 we treat the case where L/F is split, using zeta integrals. This
proves Theorem 1.6. Now assume L/F is inert. In Section 4, we treat the case of principal series
and Steinberg representations. In Section 5, we treat the case of supercuspidal representations.
These two sections complete Theorem 1.7. Finally, in Section 6 we compute certain local spectral
distributions associated to our local test vectors.

The global part of the paper consists of two sections. In Section 7, we use the local spectral
calculations of Section 6 to prove our L-value formula (Theorem 1.1). In Section 8, we deduce

10



our results on average values and nonvanishing (Theorems 1.3, 1.4 and 1.5).
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2 Local setup

Let F be a nonarchimedean local field of characteristic zero, o its ring of integers, p the maximal
ideal of 0, and w a generator of p. Let g be the size of the residue field and we let v be the
normalized valuation map on F.

For a character x of F'*, let ¢(x) be the exponent of its conductor, i.e., ¢(x) > 0 is minimal
such that y is trivial on (14 p¢X)) N X,

2.1 Subgroups and representations of GL,

We will be using the following compact subgroups of GLy(F'). Put K;(0) = Ka(0) = GL2(0).

For n > 0, put
X

w0 0
K6 = |0y @)
ny | 1+p" o
rar) = | S ©22)
For s € Z,n > 0,
s n s n oS

K6m = [ [men[ 7 23)

We also have the Iwahori subgroup

(VY]

I= [p 0] N GL2(0). (2.4)

Let (m, V') be an infinite-dimensional, irreducible, admissible representation of GLa(F'). For
n > 0, denote by V™ the subspace of Kj(p™)-fixed vectors. By [JPSS81], one knows V™ # 0 for
some n. Further, if ¢(7) is the minimal n such that V™ # 0, then dim(V¢™) = 1. Call the ideal
p¢(™) the conductor of m. If ¢(rr) = 0, then 7 is unramified.

Then 7 is a principal series, twist of Steinberg (special), or supercuspidal representation.
Let x1, x2 be two characters of F’*. The representation m = 1 X 2 is the standard induced
representation of GLa(F') consisting of locally constant functions f : GLy(F) — C such that

ab _
f([ d]g)le(a)xg(dﬂad 1\1/2f(g), for all g € GLy(F),a,d € F*,b € F. (2.5)
This is irreducible if and only if x1x2 # | - |*!, in which case we say x1 X 2 is a principal series
representation. For a character y of F'*, the twist of the Steinberg representation by x, which
we denote by xStar,, is the unique irreducible subrepresentation of the induced representation
x| - |2 x x| - |7%/2. The supercuspidal representations are described in Section 5.

11



2.2 The degree-two extension

As in [Fur93], we fix three elements a, b, c € F such that d = b? — 4ac # 0. We let L = F(1/d)
ifd¢ F*2 and L = F @ F otherwise. In the latter case we consider F' diagonally embedded in
L. Let z — Z be the obvious involution on L whose fixed point set is F'. We define the Legendre
symbol as

I —1 if L/F is an unramified field extension,
(*) =40 if L/F is a ramified field extension, (2.6)
1 fL=F&F

We will make the following assumptions:
e abcoandcceo”.
e If d ¢ F*2, then d is a generator of the discriminant of L/F.
e Ifd e F*2 then d € o*.

We define elements 5 and &y of L by

b+vd if I is a field,
- 2¢ b va (2.7)
b+vd b—vd
( +vd ) ifl=FoF
2c 2c
b;‘/a if L is a field,
§o = b v —b- vd (2.8)
(_ ; = ) ifL=FoF.

If L is a field, let o7, be its ring of integers, w; a uniformizer, and vy, the normalized valuation.
fL=F&F,putor,=0®0and wy = (w,1). By Lemma 3.1.1 of [PS09], in either case,

o, =0+ 08 =0+ 0&. (2.9)

Lemma 2.1 Suppose L is a field. The possible valuations of B and a are the following:

v (B)=v(@) =0  if (5) =1, (2.10)
v(B) =v(a) € {0,1}  if (ﬁ) = 0. (2.11)

Proof. Consider the identity
: —;c\/a 2 _20\/a - %' (2.12)

If (%) = —1, we get the result by observing that d is a non-square unit. If (%) =0, we get the
result since 1, 5 is an integral basis. [
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Fix the ideal in o, given by

PL if () = -1,
P :=poL =1{ p? it (£) =0, (2.13)
pep if (§) =1
Here py, is the maximal ideal of o7, when L is a field. We have B7? No = p" for all n > 0.
Under our assumptions it makes sense to consider the quadratic equation cu® +bu +a =0

over the residue class field o/p. The number of solutions of this equation is (%) + 1. In the
ramified case we will fix an element ug € o such that

cud + bug +a € p; (2.14)
see Lemma 3.1.1 of [PS09]. Further, note that in the ramified case we have
b + 2cug € p. (2.15)

This follows from the fact that ug is a double root of cu? + bu + a over o/p.

2.3 The torus

We will now specify an embedding of L* as a torus in GLo for convenience of calculations. With

a, b, c as above, let
b b
_ a b _ bl C

2 2
Then F(§) = F - Is + F - £ is a two-dimensional F-algebra isomorphic to L. If L is a field, then

an isomorphism is given by = + y£ — = + y@. If L =F @ F, then an isomorphism is given by
ztyE e oty o —yYd)
L. Let

. The determinant map on F'(§) corresponds to the norm map on

T(F) = {g € GLy(F) : 'gSg = det(g)S}. (2.16)

One can check that T(F) = F(§)*. Note that T(F) = L* via the isomorphism F(§) = L.
Under the same isomorphism the group T'(o) := T'(F') N GLa(0) is isomorphic to o} . Note that
T(F) consists of all matrices

b 1
Ha,y) = [“"”fa‘f{f i fyyb} 7y € F, det(g) = 2° — Jy*(b* — dac) 0. (217)
2

We will give a useful structural lemma here.

Lemma 2.2 Let L/F be a field extension. For any m,n > 0, we have

—-m wmfv(a)

1) " | =7 || (2.13)
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Proof. Set y =w ™ and z = by/2. Then

o -1 wmfv(a)
|: 1:| - aw—v(a)t(x’y) |: 1:|’(Uk',
with
a—v(@) pgm—v(a)
k= [ c i ] € Ki(p"), foralln>0,
since v(b) > 1 whenever v(a) = 1. n

2.4 The Waldspurger model

Let © be any character of L*, which we may view as a character of the torus T'(F'). Define
¢(Q) := min {m >0: Q‘(H‘ﬁT)HOZ =1} (2.19)

Note that this is the (exponent of the) conductor of 2 only in the case L/F' is an unramified field
extension. Let B(€2) be the space of all locally constant functions B : GLa(F) — C satisfying

B(tg) = Q(t)B(g)  for all t € T(F), g € GLy(F). (2.20)

Let (m, V) be any infinite dimensional, irreducible, admissible representation of GLa(F'). We say
that 7 has an Q- Waldspurger model if 7 is isomorphic to a subrepresentation of B(2). We call
a linear functional ¢ on 7 an Q- Waldspurger functional if it satisfies

Lm(t)v) = Qt)l(v) forallt € T(F),v e V. (2.21)

If 7 has an Q-Waldspurger model then we obtain an Q2-Waldspurger functional ¢ by ¢(B) = B(1).
On the other hand, if 7 has an 2-Waldspurger functional ¢, we obtain an 2-Waldspurger model
for m by the map v — B, where B,(g) = {(n(g)v). Observe that a necessary condition for an
)-Waldspurger model or functional to exist is that Q|px = w;, the central character of .

If 7 has an Q-Waldspurger functional ¢, we say that v € V is a test vector for ¢ if (v) # 0.
From the discussion above, this is equivalent to B,(1) # 0. Suppose By is the newform in an
Q—Waldsp(ugger model of 7. Lemma 2.2 states that, in the field case, for m > 0, the vector
wm—v a

1
will be used in the proof of Theorem 1.7 below.

Criteria for existence of Waldspurger functionals, which must be unique up to scalars, are
given in Section 1.2.

—m
7( ]w)Bo is a test vector if and only if 7( [w 1] )By is also a test vector. This

3 Zeta integrals and test vectors for split Waldspurger models

In this section we will show that any irreducible admissible representation m of GLo(F') has a
split Q-Waldspurger model for every character 2 of L* = F* @ F*. Under certain restriction
on the poles of the L-function of 7, we will also determine test vectors for the Waldspurger
functional that are right invariant under certain conjugates of the compact group K; (pc(”)).
The conjugating elements will depend only on ¢(7) and ¢(2).
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Table 1: Whittaker newform values

—
X1 X X2, with 1, xo unramified, Xlxgl 11| |zt 2( > Xl(wk)xg(wl))lo(x)
k+l=v(x)
X1 X X2, with x; unramified, x2 ramified 2|21 ()1, ()
xStar, with x unramified |z x(2)14(2)
L(s,m)=1 1ox ()

Let 7 be any irreducible, admissible representation of GLg(F') with central character w, (not
assumed to be trivial). Let m be given by its Whittaker model W(m, ), where v is a nontrivial
character of F with conductor 0. For any W € W(mx, 1) and a unitary character pu of F*, define
the zeta integral

Z(s, W, 1) = /W([x 1})x|51/2u1(x) d*z, (3.1)
FX
where d*x is the Haar measure on F* giving 0* volume 1 — ¢~!. Since p is unitary, there is
an r € R not depending on pu, so that Z(s, W, u~!) converges absolutely for R(s) > r. By the
theory of L-functions, we have

Z(s, W,u™") -
—————= € Clg %, ¢° 3.2
Lispiam) © la%q’] (3.2)
and the functional equation
Z(l_svﬂ(w)m:&w;l) _ -1 Z(SaVVa/l_l)
0 -_spon) e(s,p @, ¢)—L(87 o) (3.3)

for any W € W(m, ). Here w = { 1] . Please refer to Theorem 6.12 of [Gel75] for details.

-1
Let Wy be the unique K;(p“(™)-right invariant vector in W(r,v) such that Wy(1) = 1. The

formula for Wy ( o 1}) in various cases is given in Table 1 (see, e.g., [Sch02]).

Proposition 3.1 Let m be any irreducible, admissible representation of GLo(F') with central
character wy and conductor p<™) . Let Wy be the newform in the Whittaker model W(m, ) of w
such that Wy(1) = 1. Let p be a unitary character of F*.

i) If ¢(u) = 0 then, for any w, we have

o)
Zsnl[ T o) = (- Dt e .
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ii) Let c(p) > 0. Then
1 o) 3 . .
Zlsn([ 1T W) = O e )12 ),

Proof. If ¢(u) = 0, then the values of the newform Wy from Table 1 and the normalization of
the measure gives us i). We have, for any k € Z and any ,

Z(S,W(|:1Wk:| YWo, i /1/1 aw®)Wo( [ ])|a|81/2u1(a) d*a
_Z /1/1 (aw? Y Wo( [aw 1])|awj|s_1/2u_1(awj)dxa
JEL 0X
_Z —j(s—1/2) —l(w_] WO |: :| /¢ ,wj—i-k —1( )d
JEL

If ¢(p) > 0, then, by the definition of the epsilon factor for p (see [Sch02, Eqn. (5)]), we have

) —c(p)/2 J+kVe(1/9 Fitk=—
/w(awj—’—k)lu_l(a) dxa _ q /’[/(w )6( / y 1y w) 1 »7 + C(M)? (34)
0 if j+k # —c(p).

Now the proposition follows since Wy(1) = 1. "

Proof of Theorem 1.6: For any W € W(w, 1)) define
Z<307 vVa Mil)
(W) = ——m——=—. 3.9
( ) L(So, ,u_l X 7T) ( )

The well-definedness of ¢ for all sp and p follows from (3.2). By Theorem 6.12 of [Gel75], ¢
is non-zero. The definition of the zeta integral and 2, = w, gives us the transformation

property

ew[g” }>W>:nl<x>92<y>e<w>, vy € .

Y

Hence, we get Homqp)(7,€2) # 0. The one-dimensionality follows from [Wal85]. Note that, if
—c(Q)
c(p) = 0or L(s, p~'®m) does not have a pole at s = sq, then we have £(r( [1 “ 1 ] YWo) # 0 by

—c(Q)

1 ])Wo) =0
by Proposition 3.1. In this case, if we assume that L(1—s, u®7) does not have a pole at s = s,
then we can use the local functional equation (3.3), which gives us the test vectors for ¢. The
uniqueness statement follows from the uniqueness of Wy. If Q and 7 are unitary, then so = 1/2
and one can check that L(s, u~ ! ® m) does not have a pole at s = 1/2. "

Proposition 3.1. If ¢(u) > 0 and L(s, u~'®n) has a pole at s = sq, then £(r( [1 “
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4 Non-supercuspidal representations

Here we will assume that L is a field and prove Theorem 1.7 when 7 is not supercuspidal.

Let us define Haar measures dg on GLa(F') such that GLa(0) has volume 1, d*z on F* =
Z(F), the center of GLa(F), such that 0* has volume 1 (note this is different from Section 3),
and dt on T(F) = L* such that the volume of o is 1.

4.1 Irreducible principal series representation
Let 7 be a ramified irreducible principal series representation of GLy(F') given by

T=x1Xx2, XXzt # L cl) > cela) o) =clxa) +e(xe) >0, wr=xixe (4.1)

Recall that 7 consists of locally constant functions f on GLy(F') satisfying (2.5). The unique,
up to scalars, right K3 (pc(’r))—invariant vector fp in 7 is given by the formula

d|\/? Q) ifge | " | K,
0 lfg g B(F)Vc(xg)Kl(pc(ﬂ)%
where Ye(y,) = wc%m) 1] and B(F) is the Borel subgroup of GLo(F') consisting of upper

triangular matrices. See [Sch02] for details.

Let 2 be a character of L* such that Q|px = w,. Let B(Q2) be the space of all locally constant
functions B : GLa(F) — C satisfying (2.20) defined in Section 2.4. Define an intertwining
operator A : m — B() by the formula

(A(F)(g) == / [t ' (Ddt, e m g€ GLy(F). (4.3)

Z(F\T(F)

Since Z(F)\T(F) is compact and Q|px = wy, this integral is well-defined and convergent.
Note Z(F)\T(F) is isomorphic to Z(0)\T(o) if (g) = —1, and Z(0)\T'(0) Uy, (Z(o)\T(0)) if

(-0

Next we will show that A is nonzero for all  and, assuming ¢(2) > 2¢(x1), obtain a
g € GLa(F) such that (A(fo))(g) # 0. First observe that we can write GLo(F) = My(F)T(F),

where My(F) ={ [g ll)] ta,b € F}NGL2(F) is the mirabolic subgroup of GLa(F') and My (F)N
T(F) = {1}. Hence, the function f defined by

£ [g l{]t) = |a|"?x1(a)(t) for [8 11)] € My(F),t € T(F), (4.4)

is a well-defined element of 7 and satisfies, for t € T(F),n(t)f = Q(t)f, which implies

~

A(f) # 0. (4.5)

For the computation of A applied to the newvector fy, we need to know when the argument tg
of fp is in the support of fy for certain elements g € GLo(F'). We obtain that information in
the following lemma.
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Lemma 4.1 Lett = t(x,y) € T(F). Fors € Z, we have the following decomposition of t [w 1]
as bk with b € B(F) and k € GLa(o0).

i) If v —by/2 € wtoX,1 > 0,aww*y € o, then

t{wsl]_[deta)ww—by/mwlcy/<x_l—by/2>H 1 0 ]

0 w —aw*tly wl(z — by/2)

i) If  —by/2 € wtoX,1 > 0,aw* !y € o, then

t{ws 1] _ [det(t)/(ay) —ws(m—i—by/Q)] [ 0 1 ]

0 aw®y —1(z —by/2)/(aw’y)
iii) If v —by/2 € p, (x — by/2)/(w®ay) € o, then

[ = )

w) If  —by/2 € p,(x —by/2)/(w’ay) & o, then

t[ws J _ [det(t)WS/(()m —by/2) ) _cgy/2] [_awsy/(; oy (1)] ‘

Proof. The lemma is obtained by direct computation. [

Proposition 4.2 Let ¢(2) > 2¢(x1) and set s = ¢(m) —c(2)—v(a). Then (A(fo))( [ws 1]) # 0.

Proof. Since Q|px = wyr and ¢(2) > 2¢(x1), we have ¢(€2) > 0. Let us first compute the part of

the integral (A(fo))( [w J) over Z(0)\T'(0). The argument of fy is given by ¢ [w ], where

1

S
t= [x —i__zgﬁ . _cgy/2] € T(0), i.e., y,x —by/2 € 0 and x> — y>d /4 € 0*. We write t[w 1]
as bk with b € B(F) and k € GLa(0) according to Lemma 4.1. Since t € T(0), we must have
[ = 0 in parts i) and ii) of Lemma 4.1, and a,y € 0* in parts iii) and iv) of Lemma 4.1. The
support of fo is B(F)7Ye(y,) K1 (p(™)) and an element k € GLoy(o0) lies in the support if and only
if the (2,1) entry of k has valuation c(x2) (respectively, > c¢(x2)) if c¢(x1) > 0 (if ¢(x1) = 0),
which is strictly positive. Hence, the k obtained in parts ii) and iii) of Lemma 4.1 is never in
the support of fy. Since s < ¢(x2) — v(a), the k obtained in part iv) of Lemma 4.1 is not in the
support of fy as well. Hence, the only possibility is part i) of Lemma 4.1. First suppose that
¢(x1) > 0. By successive change of variable x — = + by /2 and y — zy, we have

[ a6 et (46)
Z(0)\T (o)
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- fo([w8(1+by+acy2)cyH 1 0

-1

yemelxa)—s—v(@)gx

1 0

oyt 1] )1+ eyp) dy

—ae) [ by
y€wc(x2)fsfv(a)0><
— (1 — q_l)q5/2_c(x2)+v(a)xl(ws) /Xl(l + bwc(XQ)_S_U(a)y + ach(C(X2)_S_v(a))y2)

UX

1 0 - c —5—v
x fo( [_aywd)@)v(a) 1] )1+ cw Ox2) (a)yﬁ) d*y

We get the factor (1 — ¢~1) above by the normalization of measures. Now, we have

1 0] [-=¥@®/(ay)0 —ayw (@)
—aywe)-v@) 1| 0 1| Tex) 11

Hence the integral (4.6) is equal to

(1 — ¢ Hg¥?eb)+v@)y (%) /X1(1 + be)=s7v(@)y, 4 gegp?che)s—v@), 2)
oX

x x1 (@@ /(ay))Q (1 + e O @)y gy %y (4.7)
Using ¢(x2) — s —v(a) = () — c(x1) > c(x1), we get
(1— q—l)q(c(m)—c(XQ)—c(Q)+v(a))/2X1(_wc(W)—c(Q)/a) / xfl(y)Q_l(l + cwc(Q)—c(xﬂyg) d*y.
0><

Since ¢(2) > 2¢(x1) the map y — Q71(1 + CwC(Q)_C(X})yﬁ) is an additive character of o of
conductor ¢(x1). This character extends to a character ¢ of F' with conductor ¢(x1).
Hence, using (3.4), we get

c(m)—c(2)—v(a)
[ ael® oo
Z(0)\T'(0)

= (1 — g 1)g ORIy (0= Ja)e(1/2, x4, 1)) (4.8)
If ¢(x1) = 0, the integral is much simpler. We get
5 _ S(1+ by +acy?) c _
[ a6 pertwa= [T O S ona e ay

Z(0)\T (o) yepe()
= x1 (WS)q—s/2—C(Q)' (49)

If L/F is a ramified field extension then we also have to integrate over wy, (Z(0)\T'(0)). Let

L [x+by/2 cy

—ay - by/2] € @wT(o0). Hence, we have

2 —y?d/4 = (z 4+ by/2)(z — by/2) + acy® € wo*.
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,
We claim that, for r < ¢(x2) — v(a), the element t[w 1] is never in the support of fo. We

will look at the four possibilities from Lemma 4.1. We know that the values of x,y satisfying
conditions of parts ii) and iii) never give elements in the support of fj.

e Suppose x —by/2 € wto* with [ > 0 and ayw” ™ € 0. To prove the claim, it is enough to
show that v(y) < —I. Suppose y € p~'*+1. Then we have w'y € p. By assumption, we have
w!(x — by/2) € 0X. Hence w!(z + by/2) € 0*. But then we get w? (2% — y2d/4) € o*,
which is a contradiction.

e Suppose = — by/2 € p, (x — by/2)/(w"ay) ¢ o. To prove the claim, it is enough to show
that v(y) < 0. Suppose y € p. Then = + by /2 € p. But then we get (22 — y?d/4) € p?, a
contradiction.

Hence, for r < ¢(x2) — v(a), we have

folt [w J YL (¢)dt = 0. (4.10)
w1 (ZE\T(0))

This completes the proof of the proposition by observing that s < ¢(x2) — v(a). m

Observe that in the above proof we have used ¢(£2) > 2¢(x1) at two crucial steps which
simplifies the integral. In the case ¢(€2) < 2¢(x1), it is not clear if the statement of the proposition
still remains valid.

Proof of Theorem 1.7 for principal series representations: By the definition (4.3) of
A and (4.5), the linear functional on 7 given by ¢(f) = (A(f))(1) is a nonzero functional
satisfying £(m(t)f) = Q(t)¢(f) for all t € T(F) and f € m. Hence, Homppy(m, Q) # 0. The
one-dimensionality follows from [Wal85]. Since ¢(2) > ¢(7), we can apply Lemma 2.2 together
with Proposition 4.2 to obtain the existence of the required test vector. The uniqueness follows
from the uniqueness of fj. [

4.2 Steinberg representation

Let 7 = x| |2 x x| -|"%/2. Let Vj be the unique invariant (infinite-dimensional) subspace of 7,
so |y, is the twisted Steinberg representation xStar,. If we set x1 = x|-|*/2 and x2 = x| |-1/2,
then Vj is characterized as the kernel of the intertwining operator M : x1 X x2 — X2 X X1, given

" —1{|1x
<M<f>><g>=!f<[1 [['1]0 e

x ramified

If x is a ramified character, then fy, defined as in (4.2), is in Vj and is, in fact, the unique (up
to constant) newform in xStqr, (see [Sch02]). Hence the proof of Proposition 4.2 is valid in this
case without any modification.
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x unramified

If x is unramified, then the vector fy, defined as in (4.2), is a spherical vector in xj X x2, hence
clearly not the newform of xStgr,,, which has conductor p. Any vector in xStgr, which is right
K (p)-invariant is also right I-invariant, where I is the Iwahori subgroup defined in (2.4). It is
known (see [Sch02]) that the newform in the induced model is given by

la/d|x(ad)q if g€ a; I
folg) = (4.11)

—la/d|x(ad) if g€ a; wl.

We can try to compute (A(fy))(g) (defined in (4.3)) in this case for various values of g. But
instead, we will use a double coset decomposition and properties of the Steinberg representation
to obtain the test vector. This has the added advantage of obtaining a new proof of the unique-
ness (up to constant) of the Waldspurger functional and also gives us the explicit formula for
B(g), where B is the newform in the corresponding Waldspurger model and g is any element of
GLo(F). By [Sug85], Lemma 2-4, there is the disjoint double coset decomposition

GLy(F) = | | T(F) [w 1]GL2(0). (4.12)
r=0
Note that, by the Iwasawa decomposition of SLa(0/p), we have

GLa(o) = wiIU | | EJL w = {_11}. (4.13)

u€o/p

For u € 0 and 7 > 0 set (3, := aw? + bw"u + cu?. Arguing as in Lemma 3.1 of [Pit11], we
have

‘s T
TF)|Z |wi=T7(R)|® |1 |1 <= B, co”. (4.14)
1 1wl '
Lemma 3.2 of [Pit11] tells us exactly when S, , € 0*. Putting everything together, we get

Proposition 4.3 Forr > 0, we have

wT‘

T(F) [wr J GLy(0) = T(F) [ J 1UT(F) {WT J wl.

Forr =0, (%) = —1, we have
T(F)GLa(0) =T(F)l = T(F)wl
Forr =0, (%) =0, we have
T(F)GLa(0) = T(F)wl UT(F) [ul ]1,
where ug is chosen as in (2.14).
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The twisted Steinberg representation is characterized as the representation m with a newform
vg which is invariant under I and satisfies the following two conditions.

> wtw=0 | =-x@

~EGL2(0)/1

These conditions follow from the action of the Atkin-Lehner element and the fact that m does
not have a vector invariant under GL2(0). See Proposition 3.1.2 of [Sch02]. Let € be a character
of L* with Q|px = wg.

Let B : GLy(F) — C be a function that satisfies B(tgk) = Q(t)B(g) for all t € T(F),
g € GLa(F), k €I and

> B(QE J) — —B(gw), (4.15)
u€o/p
5| ') = ~x@80) (4.16)

for all g € GLo(F). If  has a Q-Waldspurger model, then B will precisely be the unique (up to
scalars) newform of 7 in the Q-Waldspurger model; otherwise B will be 0.

Lemma 4.4 i) If ¢(Q) > 2, then

B([wr 1}ﬂ) =0  forr<c(Q) -2 (4.17)

ii) Forr >0, we have

“ Jw) if r > ¢c(9),

B([wr J) _ et (4.18)
0 if 1 < c(9).
iii) For r > max{c(Q?) — 1,0}, we have
o'l B @ wo" w
B([ 1}w) = B([ 1} ). (4.19)
) If <%> =0, then
1 _J—aB(w) if ¢(2) =0,
Bl [uo 1}) B {O if ¢(Q) > 0. (420)
v) If ¢(2) =0 and Q = x o Ny, then
B(w) = 0. (4.21)
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Proof. We will illustrate the proof of i) and ii) in detail here. Let u,v € p»~1 such that
Q1 +u+vp)#1. Take y =v/c,x =1+ u+ by/2 and, for r < ¢(Q) — 2, let

| 1+u  a/cvw”
b= [—w_rvl—ku—kb/cv] el

Then

‘s

5|7 |0 =5 Jun =BT Jo =00+ urvmn| 7w

This gives us (4.17) and completes the proof of i).

T

Next, we will give the proof of ii). Substitute g = [w ] in (4.15) to get

1

> 5 [ai = s o

u€o/p

For u # 0, setting © = b/2w” 4+ cu,y = w", we get

Y| B30 s B

Since r > 0 by assumption, 3,, € 0. Hence, for u # 0 we have

wr

5™ |1 )=t =am(

ul

1] w).
This gives us
w” r w”
B([ 1]) - —( Y Quitw B)JrQ(l))B([ 1}10).
u€(o/p)*
Using (4.17) and the definition of ¢(£2) we get the result for r > ¢(2) or r < ¢(Q2) — 2. For
r = ¢(Q) — 1, using Lemma 3.4 of [Pit11], we see that the expression in the parentheses on the

right hand side above is 0. This completes the proof of ii).
Using (4.15), (4.16), and similar calculations as above, we get the remaining results. L]

Proof of Theorem 1.7 for twists of Steinberg representations: Let D be the quaternion
division algebra over F' and Np,r be the reduced norm. Since m = xSt corresponds to the
one-dimensional representation 7' = x o Np,p of D*(F), one knows by [Wal85] that 7 has an
Q-Waldspurger model if and only if € # x o Ny /p. Since ¢(2) > ¢(n), this must be the case,
i.e., dim¢ Homypp)(7,§2) = 1. The x ramified case follows exactly as in the principal series case.
For y unramified, the result follows from Lemma 4.4. [

5 Supercuspidal representations

Throughout this section we continue to assume that L/F is a field.

23



5.1 Chain orders and strata

This section contains a summary of the facts about chain orders and fundamental strata that
we will use to construct test vectors for the supercuspidal representations m of GLo(F'), all of
which can be found in Chapter 4 of Bushnell-Henniart [BHO6].

Let 2 be a chain order in Ma(F'). Up to GLa(F')-conjugacy, A is either 9 = My(o) or

J= L: ﬂ , so we always take 2 to be 91 or J.

Write ey = 1 if 2 = 9t and eg = 2 if A = J. For more intrinsic definitions, see [BH06]. Let
P = rad 2, the Jacobson radical of 2. There is an element IT € GLg(F') such that 8 = IT, and
one has

rad9 = @I, radJ= [ 1] J.
w

Let " = II"A for n € Z. Let UQOl =Uy =AUy :=1+P" forn > 1, and Ky = {g €
GL2(F) : gAg~! = A}. Then

Z(F)GLa(o) if A = 9,

Ky = 1
* < >><3X if 2 = 3.

We fix a character 91 : F — C* so that the conductor of v is p. For a € Ma(F), define a
function of Uy by ¥a(x) = 91 (Tra(z —1)). Then for 1 < m < n < 2m, there is an isomorphism
PP = (U UGN,

a+ B Y.

w

The normalized level of 7 is defined to be

0(m) = min{n/ey : W’U&Hrl contains the trivial character}.

A stratum in My(F') is a triple (2, n, o) where 2 is a chain order in My (F") with radical B,
n is an integer, and o € P~". For n > 1 one associates to a stratum the character v, of Uy
which is trivial on Ug“.

We say that a smooth representation 7 contains the stratum (%, n, ) if 7|yy contains ¢g. A
fundamental stratum is one such that a+3'~" contains no nilpotent elements. If an irreducible
smooth representation m of GLa(F') contains a stratum (2(,n, «), then (A, n, «) is fundamental
if and only if /(7) = n/ey [BHO6, 12.9 Theorem].

Suppose that (2, n, «) is a fundamental stratum with ey = 1. Write o = w™ "ay for ap € 2.
Let fo(t) € ot] be the characteristic polynomial of ag, and let f, € k[t] be its reduction modulo
p. Here k is the residue class field. If fa has two solutions in k, then (2, n, ) is said to be a split
fundamental stratum. If fa is irreducible, then the stratum (2, n,«) is said to be unramified
simple. On the other hand, if (2, n,«) is a fundamental stratum with ey = 2, and n odd, then
(A, n,«) is said to be ramified simple. A simple stratum is either a simple unramified stratum
or a simple ramified stratum. Suppose that (2, n,«) is a simple stratum with «g as above
and let £ = F[ap]. Bushnell-Henniart define what it means for a to be minimal ([BH06, 13.4
Definition]), and when this is the case og = 0[] ([BHO06, 13.4 Lemma)). If (2, n, ) is a simple
stratum with 2 = 9, then ap € M but ap ¢ B.
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Define 7 to be minimal if, for all characters x of F*, ¢(m ® x) > #(x). Every irreducible
supercuspidal representation of GLy(F) is either minimal, or isomorphic to the twist of a minimal
irreducible supercuspidal representation. Every minimal irreducble smooth representation of
GLy(F') contains exactly one of the following: a ramified simple stratum, an unramified simple
stratum, or a split fundamental stratum [BHO06, 13.3 Corollary]. If 7 contains a split fundamental
stratum, then 7 is not supercuspidal.

5.2 Construction of minimal supercuspidals

In this section we review the construction of minimal irreducible supercuspidal representations.
See [BHO0G, Section 19] for more details. In each case we describe a distinguished vector vy in
the inducing representation. This vector vy will be used to construct a test vector for .

We remark that if a representation 7 contains a simple stratum (2, n, «), then it contains
all GLa(F) conjugates of (2, n,a). Therefore, we may always take 2 to be either 9t or J. Since
Ky normalizes Uy, we may also consider o up to Kg conjugacy.

For the rest of Section 5 we assume that all supercuspidal representations are irreducible.

5.2.1 A=, {(r) =2r+1

Suppose that 7 is a minimal supercuspidal representation containing the simple stratum given by
GLa(F) y

(MM, 2r + 1,a). Then E = F[a] is an unramified quadratic extension of /', and 7 = ¢-Ind ;.

where J, = EXUQT);rl and A is a character.
We have that A|;;r11 = ¢ with a € ‘,B;n%*l and « is minimal. One may take o = @w? tla
m
to be in rational canonical form, i.e.

040:[0 1}, (5.1)

for a; € 0,7 =0,1. Then
pT‘+1 2r+42

14+ 17, - C ker ¢q,.
LJQ +2 2 +2] (G

5.2.2 A=7, l(n) =2t

Suppose that 7 is a minimal supercuspidal representation containing the simple stratum (J, 2r +

1,«), and let F = F|a]. In this case E/F is a ramified extension, and ¢(m)e(E/F) = 2r + 1.

Then 7w = chndiLQ(F))\ where J, = F XUg'H and A is a character. Observe

pr/2+1 pr/2

1+ if r is even
Uz’—i-l . ;Br+1 _ pr/2+1 pr/2+1
3 prtD/2 perD/2]
1+ (432 (r1)/2 if r is odd.
p p
Note that ) )
U2 =1+ [pH_ " ] C ker A
3 = pr+2 prHt| = .
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Let ap = @ o be of the form (5.1), where now ag € @wo* and ay € p, and k := [5] + 1. Then

k pT+1
1+ 5 - C ker .
[p oy “]

5.2.3 A=M, {(7) =2r >0

Now suppose 7 contains an unramified simple stratum (90,27, «) for some o € B~2" so that
{(r) =2r > 0and e(E/F) = 1, where as before E = F[a]. Continue to assume that oy = @«
has the form (5.1). In this case, 7 is not induced from a character, and E is a unramified
quadratic extension of F'. We will describe a representation p of J, = E*Ug; so that 7 is
compactly induced from p, and we follow Kutzko [Kut78, §1] since his construction is more
convenient for our applications.

Write U, = Ugy NE*. Since ap € MNP and 05 = o[ap) (see Section 5.1), a simple argument
shows U % C 1+pg. The opposite inclusion is obvious; therefore, U % = 14pp. We similarly note
that E* N Uy =: Ug = of,. There is a character x of E* such that x(1 4 2) = ¢ o Trg/p(ax)
for all z € pgl. Define a character

A HY = ULULT — C~
by Aux) = x(u)pa(z) for u € UL and = € Uy
Let A = {[m J tx € FX}, and set A" = AN Uy for n > 0. The character A can be

extended to a character X of A”H} by A(yz) = A(z) for y € ATUZT and z € HYL ([Kut7s,
Definition 1.8]).

Let J) = ULU,. Define n = Ind’ X Then n is an irreducible representation of J}

ATHL
of dimension q. There is an irreducible representation p of J, such that = = Indg‘Q(F) p, and

ply = n [Kut78, Lemma 1.10 and Proposition 1.15]. Note that UDQ:,’{H C ker p. We must compute
plar = nlar. We have [JL : ATHL] = ¢, and an irredundant set of coset representatives is given

AL

It is a simple computation to show that n|4» = Ind

] = pr/pr—kl}'

Ja
ATHL
representation of A”/A™!. In particular it contains the trivial character with multiplicity one,
so there is vector vg € p that is unique up to scalars with the property that it is fixed by

pr 2r+1
1+ [p2r+1 p2r+1:|'

Sometimes it will be convenient to consider the corresponding vector fy € n given by

3 i rryl
fol) = {/\(k:) fke ATHL, 52)

5\| Ar s isomorphic to the regular

0 otherwise.

5.2.4 Depth zero supercuspidals

Now, consider a depth zero supercuspidal representation, i.e. £(7) = 0. Then 7 is induced from
a representation p of Koy that is inflated from a cuspidal representation p of GLa(0/p), i.e. p
is trivial on UglJt = 1+ pMs(0) and it factors through p. The cuspidal representations p are
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parameterized by Galois conjugacy classes of regular characters 6 : IF;Q — C'. Such a character

6 can also be regarded as a character of o, that is trivial on 1+ pg, where E/F is the unique
unramified quadratic extension. Embed o} in GLy(0), and identify IFqXQ with the image of o},
under the reduction map modulo p. The following proposition gives the character table for p
which is a well-known result (see, e.g., [BH06, 6.4.1]).

Proposition 5.1 The character table of p is given by

Trp(z) =(q = 1)0(2), z € Z;
Trp(zu) =—0(2), z€ Z, u € N, u # 1;
Trp(y) =—(0(y) +0'(y), y € F o N Z.

If g is not conjugate to an element of F;Q UZN, then Tr p(g) = 0.

From the character table one sees that the restriction of p to AY is isomorphic to the regular
representation of A%/A!. In particular there is a vector vy € p such that, for a € A%, p(a)vy = vo.

5.3 Remarks on minimal supercuspidals

We consider a minimal supercuspidal representation m = c— Ind La(F )p, where £ = Fla] for
a € P7" such that 7 contains the simple stratum (2, n a) In the case when e(E/F)l(r) is
odd, then p = A is a character which restricts to 1,. When e(E/F){(r) is even, then p is not
a character, and if additionally ¢(7) > 0 we will sometimes identify p|;1 with 7 as described
above.

From the discussion in the previous section, we may always take J = J, of the form E*(1+

eq ()
(=3 H])X, where we take E' = F if (m) = 0. In all cases, we have E* C Ky so J C Ky.

Definition 5.2 Suppose m = C—Ind§L2(F)

tion.

p s an irreducible minimal supercuspidal representa-

i) If p = X is a character, define vy to be the unique vector up to scalar multiple in p. That is
p(k)vg = A(k) for k € J. Then according to the constructions in Sections 5.2.1 and 5.2.2,
forae AnJ, pla)vg = A(a) =1.

ii) Suppose dimc p > 1. Define vy € p to be the vector described in Sections 5.2.8 and 5.2./
such that, for a € ANJ, p(a)vg = vp.

LetN:{{1 ﬂ} C GLo(F), N = {[alc 1]} C GLy(F), and N" = N N U}, for r > 0.

Lemma 5.3 Suppose 7 is a minimal supercuspidal representation and ¢(mw) = 2r. Write m =

c IndGLQ( )p where p is not a character.

-1
i) If £(m) = 0, then p|go = @ i where v; Tuns over all the nontrivial characters ofN /N
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i) If U(m) > 0 and J = Jo, then plzn; = @D ;, where the sum runs over all characters v;
J
of NN J, so that VYilwam, = Yalmam,, and Ho := EXUgﬁH.

Proof. The first part may be deduced from Proposition 5.1. Now, suppose that ¢(w) > 0.

Since J, = E*Ugy,, we have NnJ, =N and similarly N N H, = N Also, recall that

1 ~ ~
] JLEn= Indifi Hl A where X is obtained from A by extending it trivially to A”.
1
A set of irredundant coset representatives for A" HL\J! is given by { L J la€p”/ p"“}.

Let ¢’ be one of the characters ¢; of N as in ii). For a € p"/p" 1, define
/ 1 3 : 1 1
P'( A(z) ify==x , xe€ ATH,,

a 1 a 1

0 otherwise.

faly) = (5.3)

This is well defined since 1)’ and A agree on Nt Note the fa span n, and when a = 0, (5.3)

agrees with (5.2). Define fyy = > fs. Then we have
aepr/pr+l

n([i 1

it = vt@s.

From the explicit basis we computed for n one sees that each of these characters appear with
multiplicity one. This proves the lemma. [

Later, it will be useful to have a case-by-case description of the kernel of p. We summarize
what we know about the kernel from the previous section in the following table.

l(mr) J C klerp - [w] [0() +3/2] — [@] 1
r+ T
2r+1 EX(l —|—§Br+l) 1+ |:§2r+2 E27"+2 r+1 r41
prl p2rtl
2r >0 | EX(1+9") 1+ [p2r+1 p2r+1] r r
0 Z(F)GL2(o0) 1+ 0
241 « 1 p[r/Q]-‘rl pr—&—l . .
B i e | | BT r—[5+1

The quantities in the latter two columns will be denoted 7 and ¢’ in Propositions 5.5 and 5.9,
and are included here for the later convenience of the reader.

5.4 Mackey theory

In this section we will describe the strategy to obtain the desired test vector for m. Consider
a minimal supercuspidal representation 7 of GLa(F'). There is an open subgroup J of GLy(F)
that contains the center Z(F'), is compact modulo Z(F), and has an irreducible representation
p of J such that © = chnd(J}I”(F) p. As before, let Q : T(F) — C* be a character such that

Qlz(r) = wr-
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Consider the space
~ G
Homp g (m, Q) = Homgr, () (chndJLQ(F)p, B(Q)) . (5.4)

See Section 2.4 for definition of B({2) and details of the above isomorphism. Following the proof
of Proposition 1.6 of Bushnell-Henniart [BH98] and Kutzko [Kut77], define 57 (GL2(F), p, Q)
to be the space of functions
f: GL2(F) — Home(p, C)
satisfying
ftgk) = Q@) f(g) o p(k), t € T(F), g € GLa(F), k € J.

Then for ¢ € chnd(J}LQ(F) p, and f € H(GLa(F), p, Q) the convolution f * ¢ defined as

feolg) = / f@)palg)dz, g€ GLy(F)
GL2(F)/Z(F)

gives a function in the space B(2). Furthermore, GLa(F) acts on .7 (GLy(F), p, 2) through
the convolution by (g - f) * ¢ = f* (g ¢), and there is a GLg(F') homomorphism

H(GLo(F), p, 2) = Homgy, () (c-Indj™*" p B(2))

[ (o= fxo).

This is in fact an isomorphism. By [Wal85], dimCHomGLQ(F)(c—Ind§L2(F) p, B(2)) < 1. Hence,

there is at most one double coset T'(F')hoJ which has non-trivial intersection with the support
of any f € H(GLa(F), p, ), and each f is uniquely determined by its value at hy (see 1.8
of [BH98]). Suppose f € 7 (GL2(F), p, ) has support in a double coset T'(F)hgJ, and f(hy) =
o € Hom(p,C). For k € JNhy 'T(F)ho, define Q" (k) = Q(hokhy'). Then £y has the property
that for k& € J N hy 'T(F)ho,
folp(k)v) = (k) o (o).

Therefore,

lo € Hom 17y (0, 2°). (5.5)
When the Hom space in (5.5) is not 0, we say that 7 and Q intertwine on hg. If this is the case,

then the double coset T'(F)hgo.J supports a nonzero function in J#(GLa(F'), p, ©2), and the Hom
space in (5.4) is not zero.

5.5 Test vectors for minimal supercuspidal representations

By [BMO02, A.3], if 7 is a minimal representation with level ¢(7), then c¢(m) = 2¢(7) + 2. Let
GLa(F)

m = c-Ind; p as described above. Let vg € p be the vector described in Definition 5.2.
Assume that ¢(2) > ¢(m). Set
mo = [l(m) +3/2] — c(R2) —v(a). (5.6)

In the next proposition, we determine a double coset representative hg of T'(F)\GLo(F)/J
such that Hom JOhg ' T(F)ho (p, M) # 0. We remark that this result depends on our choice of

inducing subgroup J, and in particular the quadratic extension £ = F[a] = F[ap] where oy is

m
always assumed to be of the form (5.1). For m € Z and z € 0* we define g(m, z) := i J .
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Lemma 5.4 For z € 0%, T(F) N g(mog,z)Jg(mo,2z)~! = (1 —HB /2= )

Proof. We give the details when 24 = 9. First, suppose ¢(7) = 0. In this case J = Z(F)GL2(0)
and mg = 1—¢(Q2) —v(a). Furthermore, for z € 0%, g(mo, 2)Jg(mo, 2)~* = g(mg, 1)Jg(me, 1) L.
Let t' € T(F)Ng(mo,1)Jg(mg,1)~t. Since J = Z(F)GLa(0), there is a unique integer k so that

@kt € T(F) N g(mo,1)GLa(0)g(mo,1)7!. Let t = w*t' = [:): —;yby ny] Then

r+by cyw™

mo
g(mg, 1)_1tg(m07 1) = [aywmo T :| € GL2(0)

Therefore, y € p~™0~v@ = pe=1 < p. Since g(mg,1) 'tg(mo,1) € GLy(o0) , then z €
0*. This proves that T(F) N g(mg, 2)Jg(mg,z)~! C F* <1 + ‘BCL(Q)_l
straightforward. This completes the proof for ¢(m) =

Now, assume £(7) > 0. Note that t € T(F) N g(mo,z)Jg(mo,z)~! if and only if for all

w € Z(F), wt € T(F) N g(mo, 2)J g(mo, z) ™.
/ 1 g z’ + by’ Cy '
Suppose t' € T(F)Ng(mg, z)Jg(mo,z) "t/ = ;o . Let k = max{—v(z), —v(y')—
k

. The other inclusion is

—ay
mo —v(a)}, r = 2w’ y = vk, and t = w"'. Then

T + by z_lcyw_mo}

1 .
glima, ) Mtglima,2) = | L0 PY

Let i = [(¢(m) 4+ 1)/2], so J = E*Ug;. There is a u € U, so that g(mog,z) 'tg(mo, 2)u € E*.
Since g(mo, 2) " tg(mg, z) € Ma(0) and u € Uly,, this implies that apz lcyw ™ = —zayw™
mod p’ (see (5.1) for ag). Since yw ™0 € p~2Mo—v(@) then y € pi=mo—v(@) = pe(D)—[lm)/2]-1
But this means that v(ayw™) > 0, and hence v(z) = 0 by our choice of k. Therefore, t e

0 (1 + mC(Q —m)/21- 1). The discussion above shows that ¢ € F*(1 + ‘,BC(Q ~lem/2= ) The

inclusion T'(F) N g(mo, z)Jg(mo, 2) ™1 2 F*(1 + ‘BC(Q) i )/2]71) is straightforward.

Proposition 5.5 Let i = [({(r) + 3/2)/2]. There is a unique 2o € 0*/(1 + p*) such that for

g(mo, zp) := {Zow 1| we have

HomJﬂg(mo,zo)*1T(F)g(mo,zo) (P ) Qg(mo,Zo)) 7é 0.

Proof. We give the details when ¢(7) > 0 and 20 = 9%. In this case mg = ¢(x ) +1—1¢(Q) —v(a)
and i = [%] By Lemma 5.4, T'(F) N g(mo, )Jg(mo,z) L=FxQ1 —1—513 /2= "), Since

Q|px = wy, intertwining only depends on Q| e lem/2 -1 Recall the definition of & from

Section 2. The function y — Q(1 4 y(& — b/2)) is an additive character of p¢()=[m™)/2=1 /pe(©)
On the other hand, we have an isomorphism

pel) ) /211 jpel@) _, NiU;;gn)+1/U§Jgﬂ)+l
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y = g(mo, 2) " (L +y(€ — b/2))g(mo. 2)

Therefore, Q90"0:?) determines a character of NiUgggw)H / Uggﬂ)ﬂ =~ N /WZ(W)H. As z runs over

0% /(1 + p“m+1=1) "the character determined by Q9(™0:?) runs over all characters of N /Né(ﬂ)ﬂ

(m) m)+1

.. - . -t
that are non-trivial on N " . In an abuse of notation we also refer to the character of N'/N (
by Qo0m-2)

If /() is odd, then p is a character of J. Then ,0|N¢ =1/, i.e. p restricts to a single character,
and ¢(7) + 1 — ¢ = i, giving the proposition in this case.

Otherwise £(m) > 0 is even and, according to Lemma 5.3, p|: is the direct sum of characters
all of which restrict to the same character 1’ on Nt In this case there is a unique zg €

0* /(1 + p?) such that
G o

2€0% /(14p*t1)
2=z9 (mod p?)

1

P’Ni
proving the proposition. The other cases follow similarly. [

Remark 5.6 Let us comment on the choice of the mgy in (5.6). Put g, = g(m,1). One can
exhibit the following double coset decomposition:

LI T(F)g-—mKom if A =M
m>v(a)
. =73 (L) = —
CL(F) = § J,TF)g-n s ifA=3, (&) =1

LI T(F)g-mK3 UT(F)

\m>v(a)

Then, still assuming c(Q) > c(w), one can prove that if f € 7 (GLa(F), p,2) is nonzero and is
supported on the double coset T(F)g_m Ky, one must have —m = mg. Thus it makes sense to
look for intertwining on an element of T'(F)g—mKy. The decomposition above involves negative
powers of the uniformizer in the double coset representatives whereas (4.12) uses positive expo-
nents in the representatives. The difference in the indices occurs because for m > v(a), g—m, and
Im—v(a) TEPTEsent the same double coset.

Next, we will define a vector in 7 which will be a test vector for a 2-Waldspurger functional
and will have the desired right-invariance. Recall vg from Definition 5.2. Define ¢g € 7 by
. _ 4
@0(9) — {P(kl)vo if g = klgmékav kl € Ja k2 € KimOJr[ (ﬂ)+1])(p2g(ﬂ)+2)u

] (5.7)
0 otherwise.

See (2.3) for the definition of K fs) (p™). The vector ¢y is well defined because of the inclusion
(moHé(ﬁ)H])(p%(“)JrQ)ng C Stab(vg). Since g is a translate of the newform in 7, we

JN g;LéKl
see that ¢g is the unique (up to scalar) Kfmﬁ[e(ﬂ)ﬂ])(pc(”)) fixed vector in 7.

For z € 0™, define

p(E)vy if g = kg(mg,2)~t, ke J,
polg) = {7 glmo. ) (53)
0 otherwise.
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Proposition 5.7 Suppose w is a minimal supercuspidal representation. Let i and zg be as in
Proposition 5.5. Then

i)
Yo = Z Pz and

z€0% /(1+p?)

i) L(po) = £(pz,) for l € HomT(F)(Tr,Q).

Proof. The space (gmngyTMl) mK£mo+[5(ﬁ)+1])(p2€(7r)+2)) \K£m0+[5(ﬁ)+1])(p2€(7r)+2) has an irre-

dundant set of coset representatives given by {g(0,2)|z € 0™ /(1 +p*)}. This shows i). It is a
straightforward computation to show that the double cosets T'(F')g(mo, z)J,z € 0* /(1 + p*) are
disjoint. Hence, zg is the unique element in 0* /(14p?) such that the double coset T'(F)g(mq, 20).J
is in the support of a nonzero f € S (GLy(F), p, 2). By the discussion in Section 5.4, this gives
ii). "

Proposition 5.8 Let m be a minimal supercuspidal representation. There is a nonzero £ €
Homppy (7, Q) satisfying £(po) # 0.

Proof. Let z9 € 0%/(1 + p®) be as in Proposition 5.5 and £y be a nonzero element of the space
HOM g (1mo,20) -1 T(F)g(mo,z0) (P » 290%0)). Define € = 1y (p)g(me,z0)s ® lo € H(GLy(F), p, Q).
As in Section 5.4, define £(p) = & * ¢(1) € Homyppy(7m,€2). After appropriate normalization of
measures, £(po) = £(¢z,) = Lo(vo).

When p is a character, it follows immediately that £(¢g) # 0. However, when p is not a
character, it must be shown that vy ¢ ker ¢p.

Suppose that ¢(r) = 2r > 0 and write J = J,. Recall that under the identification p|; =

n = Indfﬁ. H&S‘ the vector vy is identified with fy defined by (5.2). Consider any character 1’

which is a summand of p|gr, and the vectors f, € 1 defined by (5.3) with respect to ¢'. We

may take fy to be given by
EO( Z Cafa) = Z Cq-
acp” /prtt acp” /prit

Indeed, with this definition, note that for f € n and = € p",

N R I X L Y

viewing Q9(m0:2) ag a character of N' for some choice of z € 0% /(1 4 p**t1) corresponding to v’
as in the proof of Proposition 5.5. Hence ¢y(vg) = ¢o(fo) =1 # 0.

Finally, suppose that ¢(7) =0, so ¢(m) =2 and s =1 — ¢(2) —v(a) < 0. Let h = g5. The
linear functional ¢y is the projection onto one of the irreducible summands of p‘ﬁo. Let a € 0%
1

and denote by 1, the character of N given by 1) ( {“ 1

]) = 11 (au). Denote by v, the vector

in p such that p( E J Ve = Vg (u)vg.
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Now, write vg = > ¢4Uq, Where ¢, € C and a runs over 0*/(1 + p). For b € 0*, we have
p(g(0,b0))vg = vo. However, p(g(0,b))v, = vpe. Therefore, ¢, = cp, for all b € 0. Therefore, vy
has a nonzero component in each summand of ,0|W0. n

Proof of Theorem 1.7 for minimal supercuspidal representations: Since ¢(Q2) > ¢(r),
we can apply Lemma 2.2 together with Proposition 5.8 and the definition (5.7) to see that
Hompgy(m, ) # 0 and that ¢p is a test vector with the required properties.

5.6 Non-minimal representations

In this section we consider a non-minimal supercuspidal representation 7 and let €2 be a char-
acter of T'(F') such that Q|zp = w; and ¢(22) > ¢(7). There exists a minimal supercuspidal

representation 7 and a (ramified) character x of F* so that 7 & 7 ® x. Identify 7 = 7 ® .
Since 7 is minimal and 7 is not, Proposition 3.4 of [Tun78] tells us

c(T) = 2¢(x) > c(m).

Then ¢(Q® x 1) > ¢(Q) > (7).

Observe that the considerations of the previous section guarantee the existence of a vector
in 7 that is a test vector for a (2 ® x~!)-Waldspurger functional and is the unique vector (up
to scalars) in 7 that is right invariant under the corresponding conjugate of K (pc(“)). To get
the desired test vector for 7, we actually need a vector in 7 with respect to Q ® x~!, but which
transforms according x ! o det under right translation by a conjugate of K (pc(T)). In the next
proposition, we obtain a vector ¢, with the correct right-transformation property, and then will
show that it is a test vector for the appropriate linear functional.

Proposition 5.9 Suppose m = chnd§L2(F)p. Let s = 2¢(x)—c(2)—v(a), b = [¢(m)+3/2]—c(x),
mo = [l(7) +3/2] — ¢(Q) —wv(a), i = [({(r) +3/2)/2], and i’ = [((7) + 3/2] — [¢(7)/2] — 1.

i) There is a unique u € 0 /((1+ p*) N0*), and vy € p depending on u, which is unique up
to scaling, such that for oll x € pi/,

xu~l 1

( [1 +aw 0] Yoy = x (1 + 2 )y (5.9)

i) Suppose u and vy satisfy (5.9). Let

0 otherwise,

ox(9) = { (x"'e det)(k1)p(k2)vy if g = kagyki, k2 € J, k1 € K£S)<p20(X))

o Mo

where g, = [u_lwc(’()_s

ﬂ Then ¢y is well defined, and is the unique vector (up to
scalars) in w such that, for k € Kfs) (p20), (k) = (x ' o det)(k)py.

Note that i = ¢ when {(7) € Z or £(r) = 2L with r even; otherwise they are off by 1 (cf.
table in Section 5.3).

33



Proof. Observe that for [an alz] € KF) (p?C(X))7 we have

a1 a2
ail ai2| —1 a1 0 (m)en+1
Ix [am azz] I € [(au —Dutw® 1 +% : (5.10)

We remark b < 0. If g, [Z; Z;z] 9;1 € J, then a;; = 1 mod p”~?. To show that @y is well

defined, we must check that p% and x agree on g; LJgy N Kfs) (p2¢)). This is precisely the
condition (5.9). Once this is established, uniqueness then follows since ¢, ® x is a translate of
the newform for 7. Therefore, part ii) of the proposition will follow from part i).

First, suppose p = A is a character. As in Section 5.2 we have

i[5 P D

As a function of z, both sides of (5.9) are non-trivial characters of p* /pl(™)+3/2 (cf. table at
end of Section 5.3). Therefore, there is a unique u € 0% /(1 +p?) so that (5.9) holds. This proves
part i) when p is a character.

If p is not a character, then b < 0. By Section 5.2,

o[ oc=ol i o

Suppose that 7 is a depth zero supercuspidal representation. Let v = 1. By Lemma 5.3 there is
a unique up to scalar v, € p so that, for z € o,

10 _ )
p( L, J Yoy =X 11+ 2wy, .

Finally, suppose that ¢(7) = 2r > 0, and 7 = chndS;LQ(F) p where p is not a character of
J. By Lemma 5.3, plgny, is a multiple of ¢ |5y, - There exists a unique u € 0™ /(1 + p?) so

that (5.9) holds for = € pi/. By Lemma 5.3, with this choice of u there is a unique up to scalar
multiple v, € p so that (5.9) holds. This completes the proof of i) of the proposition. ]

The next lemma gives a double coset decomposition of the support of ¢,.

—mg

Lemma 5.10 Let g, = { “ O] as in Proposition 5.9. Then

ule—s 1

S C z
z€0% /(14pct—le(m)/2]-1)

Proof. Recall

(S) . _ 1 pS UX
K () = [pc(9)+v(a) 1 +p20(x)] [ 1]'
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We have the following, for z € 0%,

1 p° 1 |1+ pe() p2e00)—[6(m)+3/2]
gx[pc(Q)Jrv(a) 1 _|_p20(X):|gX - |:p[€(ﬂ-)+3/2] 1 4+ pet (5.11)
z -1 _ z
gX[ 1:|gX - |:u—1w0(x)—s+mo(z . 1) 1] (5.12)

Using the description of J in the table at the end of Section 5.3, we see that the right hand side of
(5.11) lies in .J. Also, the right hand side of (5.12) lies in .J if and only if z € 1 + pcC)—[6m)/2=1,
This completes the proof of the lemma. [

The next two lemmas give a useful decomposition of g,. Fix g, and u to be as in Propo-
sition 5.9, and set yo = —u la lw@+v@—c)  For y € F, define ty = t(1 +by/2,y) =
1+by cy
[ —ay 1 }

Lemma 5.11 We have g, = kogpity,, where ko € Ufl(ﬂ)eg‘ﬂ.

Proof. Write g, = g;L(I) g where g = [ } . Let ky 1= g;(l)tyo 97 Gm,- We see that

—ayo 1

-1 1+ byo +acyg cyow "0
0 0 1 '

So kg € Ué(w)emﬂ and g, = kogpotyo- "
Lemma 5.12 For each z € 0, there exists k, € Ufl(ﬂ)emﬂ such that
_ z 1|z
gm})tyo |: 1:| = kzgmé |: 1:| tzy()‘ (513)

Proof. Write g, = kog;l})tyo as in Lemma 5.11. Then

_1 z 1 z 1 -1 1 z
auf J-wal J-wall ] )

7 —1 1 -1 |? —1 z -1
B ko |: 1:| gmo [—azyo 1:| - k() |: 1:| k(,)gmotz«yo = kz |: 1:| gmotzyo.

For the second to last equality we have used a decomposition similar to Lemma 5.11, and &, is

the corresponding element of Ué(ﬂ)emﬂ. For the last equality we use the fact that the subgroup
Ué(ﬂ)emﬂ is normalized by AY. "

Let us remark here that Ué(w)emﬂ lies in the kernel of p (see the table at the end of Section

5.3 for details). For any g € GL2(F') and v € p, define

{ p(k)v if h=kg, k€ J,

Pgo(h) = 0 otherwise.
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-1

Note that, for any z € 0*, the support of 7 ( [z 1] )Pgy .0y 1 exactly Jgy [z 1]. Then

1:| )Spgx,vx

on = ) ([’

2€0% /(14-pcC)—1e(m)/2]-1)
— T —_ z
g [lm/2-1 Z x(2) W([ 1] )Py vx
z€0% /(14pc())
=g AT N (@) () Pgmo) -y (5.14)

z€0% /(1+pc(x))

The first equality follows from the double coset decomposition in Lemma 5.10. To get the second
equality, note that for z € 1+ p°CO~IM/2=1 we can apply (5.9) to the right hand side of (5.12).
Finally, the third equality follows from Lemmas 5.11 and 5.12.

Write ¢y = [%] For z € p°, z — x(1 + ) is an additive character of pc /p°®0),

Proposition 5.13 Suppose £ € Homypg)(, Q@x~Y). There is a unique wy € OX/(1+pC(X)*CO)
satisfying the following conditions:
i) If
Z X(Z’LU)E <7T (t(_ziu)*lyo) (Pg(mo,zw)*l,vx> 7é 07

2€(14p©0) /(14p00)

then w = wy mod peX)—co,
“) g(spg(mo,zwo)*l,vx) 7& 0.

Proof. Recall yg = —u~ta~lw+v@—c(X)  First, we note that y o det is trivial on elements

tayo for z € 0. We can define an additive character of o by ¢q(x) := Q (tzy,). By (5.14), we
have

E(QDX) = q_[z(ﬁ)/Z]_l Z Z X_l(wz) wil(wz) é(‘pg(—mo,zw),vx) (5.15)

weoX /(14p0) ze(14p<0) /(1+4pcX))

If 2 € 1+ p, then p(g(0,271))v, = vy, and Pg(—mo,zw)oy, = Pg(—mo.w),vy- Consider the inner
sum of (5.15):

> XM wz2) g (wz) = xH(w)vgt(w) Y XTI a) vy (wa). (5.16)

2€(1+p0)/(14pex)) z€po /pe(x)

This sum does not equal zero if and only if x~!(1+ ) = g (zw) for all z € p°, and this occurs
for exactly one element w = wqy € 0% /(1 + p) =), This proves the first part.

Consider an element t € T(F) N gmoJ gpo = F* (1 + ‘BC(Q) [ )/2]_1) (cf. Lemma 5.4). Since
2¢(x) > c(m) = 24(7) + 2, we see

(e(Q) = [6(m)/2] = 1) = (e(Q) = e(x)) = e(x) = [€(7)/2] = 1 > co.
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Therefore, there exists € p® and z € F* such that t = zt,,,, and, by the remarks after (5.16),

X1+ wyte) = Ya(@) = Dtay,) = Q2) 7' Q(2).
By (5.9) we have
p( [u_llx 1] Joy, = X1+ 2w by
Therefore, for all t € T(F) N gmeJ gy = T(F) 0 Gimo,wo G awo

p(g;z}),wo tgmoﬂuo)vx = Q(t)’l)x = Q(t) (Xil © det)(t)vx

This implies that there is o € Homg(m wo)17(F)g(mo,wo)ns (P> ( @ x~1)9(mowo)) such that
lo(vy) # 0, and, from the discussion in Section 5.4, after a normalization £(¢g(mgw)-10,) =
eo(vx). ]

Proof of Theorem 1.7 for non-minimal supercuspidal representations: By Proposi-
tion 5.13 we compute

ﬂ((px): —[Z(W)ﬂ]_lg( mo,wo I’UX ZX wwO wQ (U)’U)O )

21— || _
_ g A= ]u@%wo1>G<x,wﬂlwg(mmwo)-l,vg7&0,

where the sum is over w € (1 +p¢() =) /(14 p%), wy is the unique element of 0> /(1 4 pc(x)—<0)
such that x (1 + 2) = vq(2wy?) for all 2z € p®, and G(x,vq") is Gauss sum for the pair ¥,
11}51. For the last equality see [BHOG, 23.6 Proposition]. This shows that Homypy(7,9) # 0.
The one-dimensionality follows from [Wal85]. Since ¢(€2) > ¢(7), we can apply Lemma 2.2 to
obtain the test vector with required properties. The uniqueness of the test vector follows from
the uniqueness of the newform in .

6 Local spectral distributions

Now we return to the setting where F' is a p-adic field and L is a quadratic separable extension
as in Section 2.2. Let m be an infinite-dimensional, irreducible, admissible representation of
GL2(F'), and €2 a character of L™ such that 2| px = wy. In this section, we will calculate certain
local spectral distributions Jr(f) defined by Jacquet—Chen [JCO1] for certain test functions
f € CX(GLy(F)). These are used in Section 7 to generalize the global L-value formula previously
obtained by the second author and Whitehouse in [MWO09]. For simplicity, we will prove this
global L-value formula when the central character of our automorphic representation is trivial,
so we may as well assume w,; = 1 in this section also. We will also assume that m and ) are
unitary, since the global objects in the following sections are unitary as well.

The calculation of J(f) is contained in [MWO09] in the cases when F' is archimedean, L/F is
split, or 7 and Q have disjoint ramification. Hence, we will assume L/F' is a quadratic extension
of nonarchimedean fields and ¢(m),c(2) > 0. In particular, either L(s,7) = 1 or m = xStgL,,
where, for the rest of this section, x denotes an unramified quadratic character. Further, we
assume c(2) > ¢(m) to use our determination of test vectors.
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Write L* = F(£)* where £ = @. Let T'= T'(F) be the torus in GL2(F) isomorphic to L*
defined in (2.16). Here it is convenient to take a slightly different parameterization for T' than
the one given by t(z,y) in (2.17). Namely, we map

x cy

z + y&o — [_ay x—by} ; (6.1)

where & = & —b/2 = (vVd — b)/2. By [Tun83] and [Sai93] or Theorem 1.7, the assumption

¢(Q) > ¢(m) implies dimc Homp (7, Q) = 1. Fix a nonzero linear functional ¢ € Homp(m, ).
Consider the Kirillov model for 7 and the inner product on 7 given by

(¢1,02) = | d1(a)g2(a)d”a,
FX

where d*a is the Haar measure giving vol(0*) = 1. This inner product is GLa(F')-invariant.
Let e be the unique (up to scalars) vector in 7 such that 7(t)e = Q(t)e for ¢ € T, which we
normalize so that (e,e) = 1. Let dg denote the local Tamagawa measure on GLa(F'). Then the
local distribution we are interested in is defined in [JCO1] by

Jx(f) = (7(f)ee) = /GL (F)f(g)(ﬂ(g)eae) dg, [ e CF(GLy(F)). (6.2)
Put s =¢(Q) —¢(n), h = [ws J w, and

pem—e(®) o (6.3)
Then Theorem 1.7 says there is a unique-up-to-scalars test vector ¢ € m which is right invariant
by K’ such that ¢(¢) # 0. Let ¢ be the newvector in m normalized so that ¢o(1) = 1. Then we
may take ¢ = w(h)¢pp.

Observe that € is trivial on TN ZK', where Z = Z(T), since ¢ is fixed by ZK’. Consider
the vector € € 7 given by

K = hKl(pc(ﬂ’))hfl _ |:1 + pC(ﬂ') ]JC(Q):| '

d= > Qlrt)e. (6.4)

teT/(TNZK")
Note the index set for the sum is finite so €’ is well defined. Then for any ¢t € T, we have
m(t)e’ = Q(t)e/, and (') # 0. In other words, we may assume

e/

€= (6/, e/)1/2'

We will take for our test function f = 1+ /vol(K'), so our calculations do not in fact depend on
the normalization of dg in (6.2). Then

jn(f)—vol(K/)lf (m(k)e',e’)

e dk.

(m(k)e,e) dk = Vol(K’)l/

!

Note, using the GLg(F')-invariance of the inner product, we get

(€)= 3 QW6 )e) = [T/(T N ZK)|(6,€).

teT/(TNZK')
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Since (f) is simply orthogonal projection onto (¢) = X’

vol(K')™! / (w(k)e ) dk = (x(f)e ') = (€, 9)(.¢)

(¢, 9)
Hence . (.9)
)= e ZE G.o) 65)
Note that
B - L(2, IF) it m = xStgL,,
(¢, ¢) = (90, ¢0) = {1 i L(s.m) = 1, (6.6)

so it remains to compute |T/(TNZK')| and (¢/, ¢). (Recall x denotes an unramified character.)
Only the latter computation is involved. This requires knowing some facts about values of the
Whittaker newform and determining a set of representatives for T'/(T'N ZK'). We first tackle
these two tasks, and then compute (€’, ¢), and hence jw( f), under our above assumptions.

Whittaker values

Assume 7 has trivial central character and let ¥ be a nontrivial additive character of F of
conductor 0. Let W(m, 1) be the Whittaker model for 7w with respect to ¥. Let Wy be the

newform normalized so that Wy(1) = 1, and therefore ¢o(a) = Wo( {a J ).

We will be interested in certain values of the Whittaker newform when the local L-factor of
7 has degree 1 or 0. For this, we recall (cf. Table 1 in Section 3) that ¢o(a) = x(a)|a|l,(a) when
T = xStaL, and ¢o(a) = 1,x(a) when L(s,m) = 1. From this, one obtains the following result
on Whittaker newform values.

Lemma 6.1 i) If u,v € 0%, then
u
Wol(g [ U] w) = Wo(gw).

it) If m = xStgr, with x unramified, then for j € Z,

J - w jqijil j Z _17
Wl [w J w) = 1 X ) J
0 else.

If L(s,7) =1, then for any j € Z,

WO([wj 1] w) = {6(1/2’7T> j = —c(m),

0 else.

iii) If m = xStgL, with x unramified, for j > 0 >k, we have

/ox WO([wju 1] [ " 1])dxu = —q ' (x(@)g )

w
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If L(s,7) =1 then for all j,k € Z,

1 j=0and k> ¢(m),

/L,x WO({wju J { 1k J)dxu = él —q)! i;o and k = c¢(7) — 1,

Proof. 1) follows simply from the facts that Wy is right invariant by K;(p™) and w, = 1.
The proof of ii) and iii) follows from the functional equation (3.3) with © = 1 by comparing
coefficients of ¢°. n

The toric quotient

We identify ¢t = = + y&y € L* with its image in T via (6.1). Since we have assumed that
¢() > ¢(n), we have t = z + y& € K’ if and only if z € 1 4+ p°(™ and y € p<.

Lemma 6.2 We have

QC(Q)(l +q7Y) L/F unramified,

6.7
24 L/F ramified. (6.7)

T/(T N ZK')| = {

Furthermore, if L/F is unramified or v(a) = 1, then a complete set of representatives of T'/(T N
ZK') is given by
{L+yéo:yeo/p ™y ufe+&:aep/pDT@y, (6.8)

If L/F is ramified and v(a) = 0, then a complete set of representatives of T /(T N ZK') is given
by

{T+yéo:yeo/p ™, yZuy modpyU{l+(ug+y)éo:y €p/pDHyufet&:aep/p@)
(6.9)
where u, = —up/a € 0™ with ug as in (2.14).

Proof. We will obtain the set of representatives of T/(TNZK'), from which (6.7) follows. Given
an arbitrary t = x +y&y € T, we may multiply ¢ by an element of Z to assume that both x,y € o
and either z = 1 or y = 1. Further, if x and y are both units, we may assume x = 1. So we may
consider a set of representatives of the form x + &y and 1 + y&y where z € p and y € 0. Observe
{2 = —ac — b&. For t,t € T, write t ~ t' if t = tot’ for some to € TN ZK'.

First we observe that x 4+ & ~ 1 + y&y, where = € p and y € o, is not possible. If it were,
there would exist u € 1+ p°™ | r € p® and z € F* such that

zx + 2§ = (u + 7€) (1 + y&o) = u — acry + (uy + r — bry)&o.

Since u — acry € 0%, we see v(z) < 0, but z = uy + r — bry € o, a contradiction.
Now consider z1 + & ~ 9 + & for 1,29 € p. Then, for some u € 1 4 p™, r € p and
z € F*, we have

zx1 + 2&0 = (u 4 réo)(x2 + &) = uxe — acr + (u + rxe — br)ép.
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Hence z =u+rzeg —brel+ pc(“) and
zx1 = uxr] + rrire — braxy; = ure — acr,
which implies
u(xe — x1) = r(ac — bx; + r1x9).

In particular, we must have x; = x5 mod pC(QH”(a).

In fact, if v(a) = 0, we have x1 + & ~ x2 + & iff 21 = 22 mod pe(d)

. Similarly, if v(a) =1,

then v(b) > 0 and x1+&y ~ x2+& iff 1 = 29 mod pC(Q)“. The rest of the cases are computed

similarly.

Let us remark that the coset representatives in the previous lemma depend only on ¢(f2)

since we are in the case ¢(2) > ¢(m).

Projection onto the test vector

Put e(L/F) = 1 if L/F is unramified and e(L/F) = 2 if L/F is ramified. Denote by n the

quadratic character of F'* associated to L/F.

Proposition 6.3 If ¢(m) > 2, then

T _ —c(Q)L(lvlF)L(lan)
Jx(f) =4q T LF)

If ¢(m) =1, then
s ¢ L(L 1F)L(1a77)
Jﬂ'(f)_q (Q)Q(L/F)L(Q,lF)

Proof. By (6.5), (6.6), and (6.7), this proposition is equivalent to the statement that
(6,7 ¢) = L(17 1F>
To show this, first observe

€.0)= > QOEms.e) = Y. Q) (x(h th)do, do).

teT/(TNZK) teT/(TNZK)

Recall that h = [w .

(6.10)

(6.11)

}w with s = ¢(2) — ¢(m). We will give the details of the case ¢(m) > 2

here. The other case is computed similarly. Hence, assume that ¢(7) > 2 so L(s,m) = 1. Then,

for g € GL(2),
(m(g) o, d0) :/

oX

Wo( [u 1] g) d*u.
First suppose t = x + & where z € p and v(z) < ¢(Q) + v(a). Note

—w %c =z

Bl — |::L'—b wsa]

1 1
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Since the rightmost matrix lies in K (p°(™), we have

B

Jw=o

where the last equality follows from Lemma 6.1 ii). Now suppose t = 1 + y&y where y € o. If
y =0, then
(w(h™"th)do, ¢0) = (0, P0) = 1.

Otherwise, assume v(y) < ¢(f2) and write

a7 [

Then, by Lemma 6.1 iii),

(w(h™"th)¢o, ¢o) = / WO([det(t)u 1] [—wl ])dxu _ {(1 —q)7! ifu(y) =¢(Q) -1,

0 ey 1 0 else.

Observe that wakoL QY(u)d*u =0 for 0 < k < ¢(Q), together with Q~![,« = 1, implies

o a14y&) =0

yeo/p(Dv(y) >k

Hence, for 0 < k < ¢(2), we have

0 if0<k<cQ) -1,
> Q1 1+y&)=¢ —1 ifk=c¢(Q)—1and ¢(Q) > 1,
yeo/p D)=k 1 ifk=c(Q).

Summing up gives the desired calculation

1

717

(¢.6)=1+(1—q)" ) Q1+ &)™ =

y€o/pe(Dv(y)=c(2)—1

since here ¢(Q2) > 2. "

7 A central-value formula

In this section we will work globally. Specifically, let L/F be a quadratic extension of number
fields, A the adeles of F' and Ay, the adeles of L. Let A and A, be the absolute values of the
discriminants of F' and L, and let n = 1, /r be the quadratic idele class character associated to
L/F via class field theory.

Let G = GL(2)/F, 7 a cuspidal automorphic representation of G(A) with trivial central
character, and © a unitary character of A} /L*A*. Assume the sign of the functional equation
€(1/2, 7, ®Q) = 1, where 7, is the base change of 7w to L. Then by work of Waldspurger [Wal85],
Tunnell [Tun83], and Saito [Sai93], one knows that there is a unique quaternion algebra (possibly
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the split matrix algebra) D/F in which L embeds, such that 7 has a Jacquet—Langlands transfer
to a representation 7’ of D*(A) and the local Hom spaces

Hom x (7)), Q) # 0

for all places v, and in fact have dimension 1. Fix this D and 7, and write G’ for D*, regarded
as an algebraic group over F. Let T be a torus in G’ whose F-points are isomorphic to L*, and
view Q) as a character of T(A)/Z(A), where Z is the center of G'.

Let v be the standard additive character on A/F, i.e., the composition of the trace map
with the standard additive character on Ag. Let S be a finite set of places of F' containing all
archimedean places, such that, for all v € S, ¥, m and ) are unramified and L is not ramified
at or above v.

Put on G’(A) the product of the local Tamagawa measures times L%(2,1f), i.e., take the
local Tamagawa measure dg, for v € S and dg, normalized so that G(o,) = G'(0,) has volume
Lif v € S (see, e.g., [JCOL, Section 2] for the definition of local Tamagawa measures). Note we
will renormalize our measure on G’(A) later in Section 7.3.

In [JCO1], Jacquet and Chen prove a formula for a distribution appearing on the spectral
side of the relative trace formula,

_ o -1 VOYeY e .
wa(f)%: /T B CCCO O / SO Td,  (1.1)

T(A)/Z(A)T(F)

where ¢ runs over an orthonormal basis for the space of 7/. Here T(A) and Z(A) are given the
product of local Tamagawa measures, T'(F') has the counting measure, and dt is the quotient
measure.

Let Sinert be the set of finite places v in S such that L, /F, is inert (ramified or unramified).
For v € Sipert, as in (6.2), define

T (f) = / Fo(0) (@ ()¢ €!) g,
G'(Fy)

where €} is a norm 1 vector such that 7/ (t)el, = Q,(t)el, for all t € T(F,). For v € S — Sinert, set

(2

=3 [t Juf e o e

v

where d*a is the local Tamagawa measure and W runs over an orthonormal basis for the local
Whittaker model W(my, 1,).
With the above normalizations, the formula of Jacquet and Chen is

Theorem 7.1 ([JCO1]) Let S be a set of places containing all infinite places and all places at
which L, m or Q is ramified. Let f =[] fo € C°(G'(AF)) with f, the unit element of the Hecke
algebra for v & S. Then

- S(1/9.
Jﬂf(f)zig[Jﬂ;(fv) 11 26(1777%%)“0’%”Ls(l,z)SL(lf;/jd)L@m‘

UESinert
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Note that if 7/(f) is orthogonal projection onto a 1-dimensional subspace (¢), then

2
_ )fT(A)/Z(A)T(F) P(t)t)~ dt
- (6,9)

We wrote this expression so that it is invariant under replacing ¢ by a scalar multiple.

Jﬂ'l(f)

7.1 Choice of test vector

To obtain an explicit L-value formula, we will choose f =[] f, so that it picks out a global test
vector ¢ = ®¢, as follows.

First suppose v is a finite place of F'. We denote by o,, 0z, , p,, and w, what was denoted in
previous sections by these symbols without the subscript v for the local field F,. Since we have
assumed that the central character is trivial, we may work with the congruence subgroups

Kou(p?) = {[CC‘ Z] €Gloy):cc p:;}.

We assume that at any finite v € Sipere such that ¢(€2,) > 0, we have ¢(€2,) > ¢(m,). Recall
that, if L,/F, is split or 0 < ¢(m,) < ¢(£2y), then we can identify G'(F,) = G(F).

For v ¢ S, let f, be the characteristic function of G(0,). Then m, = 7, and 7, (f,) is
orthogonal projection onto the local newvector ¢,.

Let v € S — Sinert. Take g, € G(F,) such that g, 1T(F,)g, is the diagonal subgroup of G(F,).
Let f, be the characteristic function of the subgroup of G(F,) given by

_1 11 —w;C(Q”) 1 w{c(ﬂ“)
Gv

Koo c(mv)
v 1 ] 0, (pv ) 1

divided by its volume. Then ¢, is the unique (up to scalar multiples) vector in 7, fixed by this
subgroup.

Consider v € Sinert-

Suppose ¢(m,) = 0 or ¢(€,) = 0. Let R(7,) be an order in D(F,) of reduced discriminant
pfj(w“) such that R(w))NL, = ov+w5(9”)oLv (cf. [Gro88, Proposition 3.4]). Note R(m) is unique
up to T'(Fy)-conjugacy. In this case, we take f, to be the characteristic function of R(7)*
divided by its volume. Then 7 (f,) acts as orthogonal projection onto the local Gross-Prasad
test vector ¢, [GP91], except in the case that ¢(m,) > 2 and L,/ F,, is ramified. (Note [GP91] also
assumes F}, has odd residual characteristic if m, is supercuspidal because of this restriction in
[Tun83], but this hypothesis is no longer needed due to [Sai93].) When ¢(€2,) = 0, ¢(m,) > 2, and
L,/F, is ramified, 7 (f,) acts as orthogonal projection onto a two-dimensional space containing
a vector ¢, which satisfies 7} (t, ), = Qy(t,) @y for all ¢, € T(F,) [GPI1, Remark 2.7]; hence on
this space any linear form in Hom(m,, €,) is simply a multiple of the map ¢, — (¢!, dy).

If 0 < e(my) < ¢(§,), take g, so that g, 'T(F,)g, is of the form (2.16), and let K, be such
that g,K,g, ! is the subgroup in (6.3). Let f, be the characteristic function of K, divided by its
volume, so 7, (f,) acts as orthogonal projection onto the line generated by ¢, the unique (up
to scalar multiples) vector in m, fixed by K.
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Lastly, suppose v is an infinite place of F. Let K, be a maximal compact subgroup of G’ (F},)
whose restriction to T'(F,) remains maximal compact. Let ¢, be a vector of minimal weight
such that 7 (t,)py = Qu(ty)Py for t, € K, NT(F,). Choose f, so that 7, (f,) is orthogonal
projection onto (¢,).

Take f =[] fo and ¢ = ®¢,, so w(f) acts as orthogonal projection onto a finite-dimensional
space V containing ¢. Local considerations show the toric period integral is vanishing on the
orthogonal complement of (¢) in V, and hence one has (7.2).

7.2 Archimedean factors

Here we recall certain archimedean constants C,(L,m, ) from [MWO09]. Let v be an infinite
place of F. By assumption, €2, is a unitary character of L,.
First suppose F,, =R and L, = R & R. Write

I i I
sgn”" <> ,
2 )

where t € R and m,, is 0 or 1. If m, = u, x pu; ' is principal series with Laplacian eigenvalue A,

Qv(l'l,l'Q) — ‘.’B

let €, € {0,1} such that 1,8, = |- ["sgn® for some r. Then we put
82\«
Co(L,7,Q) = ( ; ) .

If 7 is discrete series of weight k,, put
Cy(L,m,Q) =2k,
Now suppose F,, = R and L, = C. Write Qu(2) = (2/2)*™ where m, € 3Z>o. If 1, =
o X ot is a principal series where i, is of the form |- ["*sgn®, then
my—1
Co(L,m, Q) = 2m)*™ [ Cw+iG+1)7
§=0

where \, = % — 71,2). If 7, is discrete series of weight k,, then

1
TB(ky/2 4+ my, ky/2 — my)

CU(L>7I-’ Q) =

if my, < % and

(27T)2m1)_k11 k’l}‘
my!B(ky/2 + my, 1 — ky/2 +my)
if my > % Here B(x,y) denotes the beta function.

Lastly suppose F, = C so L, = C @& C. Write 2, in the form

2\ a2\
Qv(zl,zz)Z(zlfl)Zt (;) (2222) t( 2) )

Z2

Cy(L,m, Q) =

where t € R and m,, € %Zzo- Then 7, is principal series. Let k, be its weight, A, the Laplacian
eigenvalue and ¢, = max(k,, m,). Then

Y4
1 20 H 472
v L Q - - EU v _ .
C ( , T, ) <2+ ) <]kv—mv|> kot 4)\,0—}—]2—1
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7.3 Proof of Theorem 1.1

We consider a measure on G’(A) which is the product of local Tamagawa measures. Write
A = AjnertAsplit, where Ajyere is the part of A coprime to every place over which L/F splits.
Then note that

I 2¢(t,m0,90)L(0,n,) = \/7 [[ e@/R)=1=% Bine I eo/F).

Uesinert 'Uesmert Uesmert

Let v € S be finite. The calculations of jﬂ,( fv) below for when L, /F, is split, v is infinite,
or at most one of m, and (2, is ramified are taken from [MW09].
Suppose L, = F, ® F,. Then
—c(Q) L(1/2,7,,, @)

=~ qu Was Was)
Jﬂ_/ v) = ( Ty VY Ty
L) {Qv C(Qv)i(%:v%gv:) if Q, is ramified,

if ©,, is unramified,

where W, is the normalized Whittaker newvector. Further, vol(o))(Wx,,Wr,) is equal to
L(1, 7y, Ad)L(1,1F,)/L(2,1F,) if 7, is unramified, L(1, m,, Ad) = L(2,1p,) if ¢(m,) = 1, and 1 if
¢(my) > 1. Since we are using local Tamagawa measures, the product over all such v of vol(o))
is AV Asplit-

Suppose now L, /F, is inert. If 7 is unramified, then jﬂ;( fv) is

q;C(QU) L(1/2, T, & QU)L(2, 1FU)L(1 )(511
e(Lo/Fy) L(1, 70, Ad) Vol
where 6, = —1 if Q, is unramified and 9§, = 1 if , is ramified. If 7, is ramified and €, is

unramified, then jﬂ} (fy) = 1. When both m, and €, are ramified, jﬂ;( fv) is calculated in
Proposition 6.3.
Summing up, if 7, is unramified, then, up to factors of the form vol(o)) and e(L,/F,),

jﬂ{) (fv) is

qfc(Qv) L(1/27 TL, @ QU)L(Q, 1Fv)
L(1,m,, Ad)

If ¢(my) = 1, then, up to factors of the form vol(o.) and e(L,/F,), jm/) (fv) is

L(1/2,7p, @ €y)
L(1,m,, Ad)
if 2, is unramified and L, /F,, is split or unramified; 1 if Q, is unramified and L,/ F;, is ramified;
and

L(1,n,)%.

—e(0) L(1/2, 7L, ® Qy)
L(1,m,, Ad)

L(1,15,)L(1,70)
if Q, is ramified. N
If ¢(my) > 2, then, up to factors of the form vol(o;) and e(L,/Fy), Ju (fo) is 1 if €, is
unramified and ¢~ (%) L(1,15,)L(1,7,) if Q, is ramified.
Now suppose v|oco. Then from [MWO09] one has
Cy(L,m,Q) L(1/2, 71, @ Q) L(2,1F,)
e(Lv/Fy)  L(Q,my, Ad)L(1, 1)

Combining the above calculations completes the proof of Theorem 1.1.

jﬂ{,(fv) =
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Remark 7.2 When S(7) N S(QY) = 0, Theorem 1.1 is exactly the main theorem of [MWO09)],
though the choice of measure on G'(A) is slightly different in [MWO09]. Our set So() is denoted
by S'(m) in that paper.

As in [MWO09], one can rewrite this formula using the Petersson norm (¢, dr) of the new
vector ¢ € m instead of L(1,m, Ad). The formula in [MWO09] is also valid when w, = n, and
one could treat that case here similarly. The restriction that w, € {1,n} is not inherent in the
method, but is due to this assumption in [JCO1].

Remark 7.3 For many applications, one would like a formula for the complete ratio of L-values
L(1/2,m,®Q)/L(1,7, Ad). Theorem 1.1 of course gives this when Sy =0 (e.g., if the conductor
c(m) of 7 is squarefree and w and L/F have disjoint ramification). In general, one can of course
multiply both sides by the appropriate local factors, but then the rest of the formula will depend
on more than just the ramification of m and ) together with their infinity types. Specifically, for
v € Si(m) and 7, = XuSty, the local factor L(1/2,7r, ® €,) depends on the sign of x, when
L,/ F, is ramified. Similarly, for v € Sa(m), the local factor L(1,m,, Ad) depends on more than
just the ramification of m,.

8 An average-value formula

In this section, we will prove Theorems 1.3, 1.4 and 1.5. Fix notation as in the first paragraph
of Theorem 1.3.

8.1 The trace formula

Let D/F be the quaternion algebra which is ramified precisely at the infinite primes and the
primes dividing 9. Set G' = D*, G = GL(2)/F, and let Z denote the center of either of
these. Let € be an element of the normalizer of T'(F') inside G'(F') which does not lie in T'(F'),
so €2 € Z(F) and D(F) = L @ eL. Then we may write an element of G'(F) in the form

[g ij, a,B € L.

With this representation,
a 0
e )

As in Section 7, let 1) be the standard additive character of A/F, and take the product of
the local Tamagawa measures on T'(A), G'(A), G(A) and Z(A). For a cuspidal automorphic
representation 7’ of G'(A), let JL(n") denote its Jacquet-Langlands transfer to G(A). Denote
by F'(M,2k) the set of cuspidal automorphic representations 7’ of G'(A) such that JL(7') €
F (M, 2k). We call 0N the conductor of 7" and write ¢(n") = 91. Subject to assumption (1.3), we
note that our choice of D guarantees Homyp (7, 2) # 0 for all 7’ € F/'(MN, 2k).

We now recall Jacquet’s relative trace formula for G’ from [Jac87]. This is an identity of the
form

I(f)=J(f), (8.1)
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where I(f) is a certain geometric distribution, and J(f) is a certain spectral distribution. Specif-
ically, let f = [[f, € C°(G'(A)). The geometric (relative) orbital integrals of f are defined
by

100, ) = /T L Joaw

1o p)= [ sal) o)awa

1 e
I(b, f) = = Q(st)dsd
(0, f) /T(A)/Z(A) /T(A)f(s [5 1] t)2(st) ds dt,

where b = eN(B) for f € L*. Note this latter integral only depends on b and not the choice of
a specific 5. Then the left hand (geometric) side of (8.1) is

and

I(f) = vol(T(A)/Z(A)T(F))(1(0, f) + 6(Q*) I (o0, f)) + > 1(b, f), (8.2)

beEeN (LX)

where 0(x) = 1 if x is trivial and d(x) = 0 otherwise.

We now describe J(f), but for simplicity only in the situation that is relevant for us. Namely,
for each v|oo, fix an embedding ¢, : G'(F,,) <+ GL2(C) and let 7}, be the irreducible (2k, — 1)-
dimensional representation of G'(F,) given by w5, = (Sym?**~2 @ det'~*) 01,. Hence J L(7, )
is the holomorphic discrete series of weight 2k, on G(F,). The assumption that |m,| < k, implies
that there is a 1-dimensional subspace of Wékv consisting of vectors w, such that ﬂékv (Hw, =
Qy(t)wy for all t € T(F,). Fix such a vector w, € 75, which satisfies (wy,w,) = 1. For all v|oo,
we may take f, € C°(G'(R)) as in Section 7.1, so that

2k, — 1 .
/Z(FU) fv(Zg) dz = VOI(G/(Fv)/Z(FU)) (ngv (g)wv, wv)

(cf. [FW09, Lemma 3.4]).
For a cuspidal automorphic representation 7' of G'(A)/Z(A), we consider the spectral dis-
tribution

T (f) = Po(x'(£)6)Pp(9),
¢

where ¢ runs over an orthonormal basis for 7’ and Pp is defined as in (1.1). In general, the
spectral side J(f) of (8.1) is a sum over all 7’ of J(f) plus a non-cuspidal contribution.
However, things simplify greatly for our choice of f.

We already specified f, for v|co. Now let v < oo and put m, = ¢(€2,). For such a v, as in
Section 7.1, we will take f, to be the characteristic function of R,’ divided by its volume, for
an order R, of G'(F,) chosen as follows. If v t 0N, then G'(F,) = G(F,) and we take R, to be a
maximal order optimally containing o, + @} oy, . If v|MNg, then G'(F,) is not split and we take

R, to be a maximal order containing oy, . If v|9, then G'(F,) = G(F),) and, at least when v is
odd, we can take

Ry =[5 "] st € o a s e pt o a - B e o o) (83
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Note that for each v 1 My, this agrees with our choice of test functions in Section 7.1. The
difference of the present choice of f, for v|9 is simply out of convenience so we can directly
apply local calculations from [FW09]. What is important is that one still has m,(f,) being
orthogonal projection onto our local test vector for v|My (cf. [FW09, Lemma 3.3]).
Consequently, for this f, assuming k, > 1 for some v|oo, the spectral side of (8.1) is given

by
=> > T, (8.4)

N e F (I 2k)
where 91 runs over ideals which divide 29t and are divisible by 9g. This is because, for our
choice of f/, 7/(f') is zero unless 7’ is of weight 2k and has conductor dividing M. Furthermore,
by our choice of D, J.(f) vanishes for local reasons if the conductor of 7’ is not divisible by
Mo (cf. [FW09, Lemmas 3.6 and 3.7]). (The avoidance of the case k, = 1 for all v|oco is purely
for simplicity, for in this case there is also contribution from the residual spectrum, which one
would treat as in [FW09].)

8.2 Spectral calculations
Here we compute the spectral expansion (8.4). For 7/ € F'(M,2k), we see that J(f) =
|Pp(¢)|?/(¢,¢). Hence Theorem 1.1 implies

1 A
Jo(f) =3 (AL

0 %, —1 [ 2k, —2 \ L(1/2,7 @) 55)
i kv — My — 1 L(l,’ﬂ',Ad) . .

L5O0)(2, 1) Lo (1,1) Ls(ey) (1,7)*

v]oo

We now need to extend this equality to general ' € F'(97, 2k) where 91 divides 91 and is
divisible by Mg. For v|() "IN, let R, be the maximal order of G'(F,) = G(F,) which contains
R, given by (8.3). Let f' = [[f}, where f! = f, if v { (W)~!N, and f! is the characteristic
function of (R,)* divided by its volume if v|(DV)~!N. Now, f’ agrees with our choice of test
function for 7’ in Section 7.1, and Theorem 1.1 gives

1 A

Jﬂ’/(f/) = 5 C(Q)AL

L5O0)(2, 1) Ly (1,1) Ls(ey) (1,7)*

Uy —1 [ 2%ky—2 \ L(1/2,7,®Q)
< L e [T (002 ) it o9
o|(V) 1M v]oo

From Theorem 7.1, we see that

From [MW09, Section 2.2.4], we know

1

j;r{)(f'{;) =q, ™ L(2,1F,)L(1, Uv)m7
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S0 it remains to compute JNWL( fv). Here v|(MN) 7191 D Ny, so 7/, = 7, is unramified and m,, = 1.
We may write 7, = x x x~! where x = x, is an unramified (unitary) character of F*.
Note 7,(f,) is orthogonal projection onto 7% . Embedding L, in Ms(F,) as in (2.16), we

may write
RX = v = |: 0;}( Umv:| = |:01>)< pv :|
. = Ky .

1-m X X
v v Ov Oy Ov

Note

-1

K, = hUGLg(%)h;l N hy [wv 1] GLa(0,) [wu J h;l, where h, = [wv 1] .

So if we put ¢o to be a newvector in 7, and ¢, = m,(hy )¢o, then

771};@ = (o (hw) 0, o (h)Bp)-
Normalize ¢g so that (¢o, pp) = 1.

Lemma 8.1 We have

—1/2

(¢, ¢0) = (B0, do) = f(x<wv>+x<wv>‘1)- (8.7)

Proof. In the induced model for m,, we have
(60> #0) = (7(hv) o, d0) = / do(khy) dk.
GL2(0v)

Use the fact that the subgroup K, of GL2(0,) is normalized by h, to get the lemma. [

Lemma 8.2 For v|(W)™'N, so m, is unramified and m, = 1, we have Jy,(f,) = q;*.

Proof. Write ¢1 = m,(hy)¢o, and

$o — ($0, 41)P1 <L(177TU7Ad)(1 +q,!
(1 = (¢o, ¢p)*)/? L(2,1F,)

so that {¢1, 2} forms an orthonormal basis for 7Xv. As in Section 6, put

o — Z Q, () my(t) g,

teTy /(ToNZu Ky)

1/2
by = )> (b0 — (60, 61)1)

SO

1
—1 _ P //.
Tatg =vase) [ G e )

Since m,(fv)e = (€/,¢1)d1 + (€, gbg)cbz, we have

To ) = T a2y (€ 0060 €) ()0 ).
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From [MWO09, Section 2.2.4], where (¢1,€’) is denoted izgf]%; , we know (¢1,€') = %.
s 1 L2 1)  L(Lm, Ad)

7 i ) +Fy ) M, N2

Jm;(fv) - |Tv/(T'UﬂZUK'U)| (L(l’ﬂ-v,Ad) + L(Q, 1Fv) |(¢2’6)| > * (88)
Note 12

no_ L(L”vaAd)(l"i_qgl) (2 1Fv)

(¢2>e) - < L(2, IFU) ((¢0,€) (¢07¢0) ( 7 U,Ad)) (89)

Hence it suffices to compute
(o) =" > Q)P0 md) = D QO (m(hy  thy)dh, do).

teTy /(TvNZy Kv) teTy /(TyNZy Ky)

Using the set of representatives for T, /(T, N Z,K,) given in Lemma 6.2, we see

w, 1$ cw
—a

o) = 30 8+ o)l [

TEPy /Po

])(bo,%)

wv_l cw, y
+ § Q 1+y£0v)(77v(|: ay 1—
YEOy /Pu

]>¢o,¢o> (8.10)

Let ¢ (resp. ¢') be the realization of the unit newvector ¢y (resp. ¢f) in the Kirillov model
for m, with respect to an unramified v,. Recall ¢(z) = 0 unless z € 0,. Recall also the action
of the standard Borel on the Kirillov model is given by

" 4]0 = ezt a,

Since v is odd and unramified, we may assume b = 0 and a is a unit. For the x = 0 term in

(8.10), note
—1

m e o =m [T o) = om0
For y € 0,, we have
WU([?::; wa_ly})tﬁ(z) _ 7TU([w—l(l + acy?) wa_ly] [_iw J )6(2)
= Yu(cw, y2)¢(w, ' 2) = ¢, 2) = ¢ (2).
In the last line, we used the facts that 1 4 acy? € 0, 1 is unramified, and ¢ vanishes outside
of 0,. Hence (8.10) becomes

(0,¢) = | Q" (&) + D 1+ yéow) | (66, d0) =0, (8.11)

YEOy /P

as this character sum is zero. Combining (8.7), (8.8) and (8.9) gives

Tl = iz \ T m Ad) T T4 g

() + x(wn—l)?)
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B 1+¢q*t
T,/ (T, N ZUKU)]'

This, with Lemma 6.2, gives the result. |

Hence N
Ju (fo)  L(1,7, Ad)
T (f)) LR )L(L,n)’ (8.12)

e~

for v|(9V)~1N, which yields

1 A

2k, — 1 2k, — 2
_ SN 2 v v
J(f) = B ML (o) (2, 1) Lgony(1,m) Ls(ey) (1,m) H . </<?v My — 1)

v]oo

L(1,7,, Ad) \ L(1/2,7 ® Q
oy [ Hemad) Lozmen)

W 7eF(OV,2k) \v|(OV)~1N L(2,1F,) L(1,7, Ad)

Here DM runs over all divisors of 91 which are divisible by 1p. Writing

L(1, 7y, Ad 1 L(2,1p, 1
11 ( ) . :HL( )

L(2,1p,) L(1, 7, Ad) (1,70, Ad) Loy (2, 1r) LSOV (1, 7, Ad)

o (W) -19 vl

and observing L(1, m,, Ad) = L(2,1F,) for v|M and © € F(I, k) gives

1 A LS5O0 1p) 01T 2k — 1 ( 2k, —2
0= 5\ q@a, Lamnip) P L2 (50 2)
% Z Z M (8.13)

S )
N reF(MN,2k) LS )(1’7T’Ad)

8.3 Geometric calculations

We will now obtain our average value formula from the trace formula (8.1) and spectral calcu-
lation (8.5) by computing the geometric side I(f). Most of the calculations we need are done
in [FWO09], with the proviso that our choice of test functions f, (v { 911) are essentially con-
stant multiples of those therein (the test functions in [FW09] also come “pre-integrated over the
center” ).

Lemma 8.3 Let b € eN(L*). We have the following vanishing of local orbital integrals.
i) If v|Ng, then I(co, f,) = 0.
it) If v|Ny and b & p,, then I(b, f,) = 0.
i) If v N is finite and v(1 —b) > v(dr,pc(R2)), then I1(b, fy) = 0.
i) If M and v(1 —b) > v(c(2)) — 2, then I(b, f,) = 0.
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Proof. The first three results are directly from [FW09, Lemmas 4.2, 4.10 and 4.11]. So suppose
v|M is odd and write b = eN(f3) for some § € L*. For I(b, f,) to be nonzero we need that, for

some o € L and u € L},
@ 1 efu %
[ o [ e

N(a)(1—b) € 0, tr(a)€o), acpr ™or, a(l—pBu)co,+p™or,.
Note this implies v(1 —b) = —v(N(«a)) < 2m, — 2. Hence if v(1—b) > 2m,, — 1, then I(b, f,) = 0.

i.e.,

Proposition 8.4 If || > dp,,p(|€]/|M|)"7, then I(f) = 2L(1,7)I(0, f) and

2 L 1 _
AU L)y 3 rr 2o

Ve Q)AL Lsgy(1,1F) vioo 27

Proof. This argument is adapted from the proof of [FW09, Lemma 4.21]. By the first part of
the previous lemma, we know the global orbital integral (oo, f) = 0. Arguing as in the proof
of [FW09, Lemma 4.21], we see that, if |9| > dL/F]’)TI_2€|hF, then I(b, f) = 0 for all b.

Next we compute I(0, f). For v f 9y, we recall the following calculations from [FW09,
Section 4.1] (cf. [JCO1, Section 2], [FWO09, Section 2.1] and [FW09, Proof of Proposition 4.20]
for necessary facts about local Tamagawa measures). Due to the difference in our definition of
test functions, our local orbital integrals (0, f,) (for v 1 91;) will be vol(Z, N R} )/vol(R,) (resp.
(2ky — 1)/v01(G’( v)/Z(Fy))) times those in [FW09] for finite (resp. infinite) v

For v|Ny,

10, f,) = Vol(ozv/oj yvol(Z, N R))/vol(R) = (g — 1)L(2, lpv)vol(ozv)/Vol(of]< )4,

since vol(RX) = L(2,1f,) (g, — 1)~ !vol(o
For a finite v { N, we have vol(R)) =

I

) and R} N Z, = oX.
L(2,1F,)~ vol( >)* and

L(2, lpv)vol(ozv)/vol(o§)4 my = 0,

10, f,) = vol(og, /oy )vol(Z, N R))/vol(R) =
o = ¢ "™ L(1,n,)L(2,1F,)vol(o} )/vol(0;)*  m, > 0.

q*m“L(l,nv)vol(ozv)/vol(RX)
For v|oo,
2k, — 1 2k — 1
o(G"(F,)/Z(F,))  2m?

Now, for v|0M;, our description of R, readily implies

I(0, f,) = vol(E )\ L} )
(0, fu) = vol(o; (1 + py"or,))/vol(R;) = ¢~ L(1,mu)vol(of )/vol(Ry)*.
A simple calculation gives vol(R)) = g, 'vol(0*)*/L(1,1f,). Hence when v|91;, we have

1(0, fu) = @y ™ L(2, 1k, )vol(oF) /vol ().
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Putting together the nonarchimedean calculations gives

I 7. £.) HL(21)HL(11)—1HL(1 )H%
v) — m fin 9 F 9 Fq; 777’0 VOI(OX)4‘
V<00 v\‘ﬁo v|€0 V<00
Noting that [, vol(0*) = A™1/2 (and similarly over L), we have
A% _
T 705 = 22 p 1) T 20018 T 200
v<00 (Q)AL v|No v|€o
Recalling that L(2,1r) = Lgy(2, 17)/7%, we see
AN 2k,
10,5 =22 po ) [T 2001 T2 [T
C(Q)A v|MNo v|€o v]oo 2m

8.4 Proofs

Proof of Theorem 1.3: The result immediately follows from our above calculations of both
sides of the equality J(f) = I(f) = 2L(1,1)I(0, f).

Proof of Theorem 1.4: Suppose 91; contains exactly one prime p. Put
R V() e
v]oo TEF (W ,2k)
Then Theorem 1.3 reads
Sot(MNo) + Em(N) = 227 AN L(L, 1g, ) Lgong) (2, L) L5 (1, 7). (8.14)
Applying our average value formula when 9t = 91y, we also see
Sate (M) = 22 LA 20| Loy (2, 1) L5 (1, 1) (8.15)

if [Mo| > dp,/p|€|". (This is precisely [FW09, Theorem 1.1].) For m, unramified, we have

1
—————— < L(l,m, Ad) < L(1,1p,) ————,
1+2qp1+qp2 "1—2qp1+qp2

which implies

(Hzl)szo (M) < Sm(Mo) < L(1, 1Fp)(1_1ql)22m0 M) (8.16)
i b

Combining the (in)equalities above gives

L(1,1F,)

_ 1
Em(m) < 22 dA3/2|m0’L(]‘a 1Fp)LS(mo)(271F)LS(¢O)(1a77) <‘p| - 1+ 2|p|_1 + |p|_2) )
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and a similar lower bound, which are precisely the bounds asserted in Theorem 1.4.
To get an asymptotic, we use a special case of [FW09, Theorem 1.2], which is an asymptotic

fOI'
3 LP(1/2, 7, @ Q 2k, — 2 R Y

; o _=nlUb)
TEF(MNo,2K) LP(1,, Ad) o]oo kv =my —1) Loy (2,1F)

as |Mp| — oo. (Note LP(1/2,7, ® Q) = L(1/2, 7, ® Q) since ) is ramified at p.) Specifically,
[FW09, Theorem 1.2] tells us

Sou(Mo) ~ 227 IAY M| L(1, 15, ) Lig(my) (2, 1r) L) (1,m) (8.17)

as |9| — oo along a sequence of squarefree ideals 9y coprime to € satisfying our parity and
ramification assumptions. Consequently, we have

Sor(M) ~ 227 TAYZ NG| L(1, 15, ) Lig(ong) (1,m) L5 (1,) (|p| = 1) .
This gives the asymptotic asserted in the theorem.

8.5 Nonvanishing mod p

Let m € F(M, 2k) and f be the corresponding normalized Hilbert modular newform of weight
2k and level 91 over F. As before, Q) is a unitary character of A} /L*A} such that, for all

v]oo, Q,(2) = (2/2)T™ with 0 < m, < k,. Put m = (my,...,mq). Then Q gives rise to a
Hilbert modular form g over F' of weight m + 1 = (my + 1,...,mgq + 1) (cf. [Shi78, Sec. 5]).
Assume mi = mo = --- = my mod 2. This implies () is algebraic, so that the field of rationality

Q(g) C Q [Shi78, Prop 2.8].
Put kg = max,|o ky and mg = max,|o m,. Then Shimura [Shi78, Thm 4.1] proved

D(so,f,g) AN A
m €Q(g)=0Q

for any sy € Z such that 2Ketme=l o g < 2Zkodmoddhu=my fo g]] y|co. Here D(s,f,g) is
the Dirichlet series defined in [Shi78], (f,f) is the Petersson norm defined as in [Hid91], and
k| = >, |oc kv. Assume that mg =0 mod 2. Then, for so = m, this means

1 Ln(1/2,m, Q) -
L) ArH(E D) € Q. (8.18)

(Note we normalize the algebraic part of the L-value in a different way than other authors.)
Recall the archimedean L-factors are given by

LM8(1/2,m, ® Q) =

Ly(1/2,7;, @ Q) = (27) 24T (ky + my)T(ky — my),  v|oc.

From [HT93, Theorem 7.1] and [Hid91, (7.2 ¢)] (cf. [GG12, Theorem 5.16]), we have
22|k\—1
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Thus

L(1/2,7, ® Q)
L(1, 7, Ad)

_ 22d—s—1—4|k|A5/2hF’;mL(l7 n)Lalg(l/z, 7 ® Q) H C(ky + my)T(ky — my).

v]oo

Hence we can rewrite the average value formula from Theorem 1.3 as

1

P A=A T2k —2) Y L¥®(1/2, 7,0 Q) = Lo (L)

v TeF(MN,2k)

(8.20)

This immediately implies Theorem 1.5.
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