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BOUNDS FOR RANKIN-SELBERG INTEGRALS AND
QUANTUM UNIQUE ERGODICITY FOR POWERFUL LEVELS

PAUL D. NELSON, AMEYA PITALE, AND ABHISHEK SAHA

1. INTRODUCTION

1.1. Main result. Let f : H — C be a classical holomorphic newform of weight
k € 2N on T'g(q), ¢ € N (see Section Bl for definitions). The pushforward to
Yy(1) = SLa(Z)\H of the L?-mass of f is the finite measure given by

B RIFI2( dedy
1y (6) = / YR 7

for each bounded measurable function ¢ on Yy(1). Its value (1) at the constant
function 1 is (one possible normalization of) the Petersson norm of f. Let du(z) =
y~2dx dy denote the standard hyperbolic volume measure on Yy(1), and let

Dy(g) = B10) _ 10)

pr(1)  p(1)
The quantity Dy(¢) compares the probability measures attached to py and p
against a test function ¢.

The problem of bounding Dy(¢) for fixed ¢ as the parameters of f vary is
a natural analogue of the Rudnick—Sarnak quantum unique ergodicity conjecture
[37). Tt was raised explicitly in the ¢ = 1, k¥ — oo aspect by Luo—Sarnak [30] and
in the k = constant, ¢ — oo aspect by Kowalski-Michel-VanderKam [28]; in each
case it was conjectured that Dy(¢) — 0. Such a conjecture is reasonable because a
theorem of Watson [46] and subsequent generalizations (see Sections and B.2))
have shown that it follows in many cases from the (unproven) Generalized Lindel6f
Hypothesis, itself a consequence of the Generalized Riemann Hypothesis.

The first unconditional result for general (nondihedral) f was obtained by Holo-
winsky and Soundararajan [I8], who showed that Ds(¢) — 0 for fixed ¢ (= 1) and
varying k — oo; we refer to their paper and [39] for further historical background.
The case of varying squarefree levels was addressed in [33], where it was shown that
Dy(¢) — 0 as gk — oo provided that ¢ is squarefree.

Our aim in this paper is to address the remaining case in which the varying
level g need not be squarefree. We obtain the expected result, thereby settling the
remaining cases of the conjecture in [28]:
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148 PAUL D. NELSON, AMEYA PITALE, AND ABHISHEK SAHA

Theorem 1.1. Fiz a bounded continuous function ¢ on Yo(1). Let f traverse a
sequence of holomorphic newforms of weight k on I'g(q) with k € 2N, ¢ € N. Then
D¢(¢) — 0 whenever gk — cc.

Theorem [[T]is a consequence of the following more precise result and a standard
approximation argument (see Section and [33, Section 1.6]).

Theorem 1.2. Fiz a Maass eigencuspform or incomplete Fisenstein series ¢ on
Yo(1). Let f traverse a sequence of holomorphic newforms of weight k on T'g(q)
with k € 2N, q € N. There exist effective positive constants 01,09 so thafl

(1) Dy(¢) <4 (¢/q0) " log(ak) 2,

where qo denotes the largest squarefree divisor of qE

A potentially surprising aspect of Theorem [[.2]is the unconditional power savings
in the rate of equidistribution when ¢/qo grows faster than a certain fixed power
of log(qok), or in other words, when the level is sufficiently powerful. A special
case that illustrates the new phenomena is the depth aspect, in which k is fixed and
q = p" is the power of a fixed prime p with n — oc.

By contrast, suppose that g is squarefree, so that ¢ = ¢y. Then the logarithmic
rate of decay D (¢) <4 log(gk) ™% in Theorem [[Zis consistent with that obtained
in [18], [33], and the problem of improving this logarithmic decay to a power savings
Dy(¢) <4 (gk)™% (63 > 0) is equivalent to the (still open) subconvexity problem
for certain fixed GL(1) or GL(2) twists of the adjoint lift of f to GL(3) (see Section
L2).

Explaining this “surprise” is a major theme of this paper. It amounts to a
detailed study of certain Rankin-Selberg zeta integrals J(s) arising as proportion-
ality constants in a formula for D(¢) given by Ichino [19], as simplified by a lemma
of Michel-Venkatesh [3I, Lemma 3.4.2]. In classical terms, J¢(s) is proportional
uniformly for Re(s) > ¢ > 0 to the meromorphic continuation of the ratio

) Jro@a V() (S yro (Imy2)* ) 4o
Fo(g) : To(1)] fFo(Q)\H yEIf12(2) (Zverm\Fo(q) (Imfyz)s) dzgy

defined initially for Re(s) > 1. The quantity J¢(s) factors as a product over the
primes dividing the level:

(2)

Ti(s) = [T J(s),
plg
with each J,(s) a p-adic zeta integral (see (29)) that differs mildly from a polynomial
function of p** and satisfies a functional equation under s + 1 — s.

We find the analytic properties of such integrals to be unexpectedly rich and to
participate in many amusing analogies. For instance, we show that the problem of
obtaining a positive value of §; in Theorem is equivalent to knowing either a
“global” subconvex bound for an L-value or what we call a local subconvex bound
for Jg¢(s) (see, e.g., Observation [4)). The main technical result of this paper is
a proof of (what we call) the local Lindeldf hypothesis for J;(s), which, naturally,

IWe use the notation A <Lz,y,z B to signify that there exists a positive constant C', depending
at most upon z,y, z, so that |A| < C|B].
2If ¢ has the prime factorization g = prap, then go has the prime factorization g9 =

Hp pmin(ap,l) .
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RANKIN-SELBERG INTEGRALS AND QUANTUM UNIQUE ERGODICITY 149

saves nearly a factor of ¢'/4 over the local convexity bound on the critical line
Re(s) = 1/2 (see Section [[.@]). We observe numerically that J¢(s) seems to satisfy
a local Riemann hypothesis (see Section [[7)), the significance of which remains
unclear to us.

Remark 1.3. We comment on the nature of the constants d1, o appearing in The-
orem One may choose d9 very explicitly as in [18], [33], while §; depends upon
a bound 6 € [0, 7/64] (see [27]) towards the Ramanujan conjecture for Maass forms
on SLy(Z)\H, with any improvement over the trivial bound 6 < 1/2 sufficing to
yield a positive value of §;. For example, in the simplest case that ¢ = p?>™ is an
even power of a prime (the “even depth aspect”), our method leads to the bound

Dy(@) <k mOM (p) T <o (p)THAHOTE,

Our calculations show that the Ramanujan conjecture for Maass forms together
with the Lindelof hypothesis for fixed GL(1) and GL(2) twists of the adjoint lift of
f would imply the stronger bound D (¢) <., (p™)~1*¢, which should be optimal?
as far as the exponent is concerned.

Our paper is organized as follows. The remainder of Section [I] is an extended
introduction that explains the main ideas of our work. In Section 2] we undertake
a detailed study of the local Rankin—Selberg integral attached to a spherical Eisen-
stein series and the L2-mass of a newform of arbitrary level. Our calculations yield
an explicit extension of Watson’s formula (see Theorem [B1]) to certain collections
of newforms of not necessarily squarefree level. In Section 3] we study the Fourier
coefficients of highly ramified newforms at arbitrary cusps of I'y(q) (see Section 9]
for an overview) and apply a variant of the Holowinsky—Soundararajan method to
deduce Theorem

The results of Section 2] suffice on their own to imply Theorem when the level
q is sufficiently powerful (e.g., if ¢ = p™ with p fixed and n — o0). At the other
extreme, Theorem is already known when ¢ is squarefree (see [33]). It is the
myriad of intermediate possibilities (e.g., when g = gop™ is the product of a large
squarefree integer gy and a large prime power p™) that justifies Section

1.2. Equidistribution vs. subconvexity. The motivating quantum unique er-
godicity (QUE) conjecture, put forth by Rudnick and Sarnak, predicts that the L2-
normalized Laplace eigenfunctions ¢ on a negatively curved compact Riemannian
manifold have equidistributed L?-mass in the large eigenvalue limit. The arithmetic
QUE conjecture concerns the special case that ¢ traverses a sequence of joint Hecke-
Laplace eigenfunctions on an arithmetic manifold. A formula of Watson showed in
many cases that the arithmetic QUE conjecture for surfaces, in a sufficiently strong
quantitative form, is equivalent to a case of the central subconvezity problem in
the analytic theory of L-functions. A principal motivation for this work was to
investigate the extent to which this equivalence survives the passage to variants of
arithmetic QUE not covered by Watson’s formula.

In the prototypical case that f is a Maass eigencuspform on Yy(1) with Laplace
eigenvalue A, the definitions of y1; and Dy given in Section [[T]still make sense (take
k = 0), and the equidistribution problem is to improve upon the trivial bound

(3) Dy(¢) < 1

3That is to say, it should be the optimal bound that holds for all f of level p>™. Stronger
bounds will hold, for instance, for ramified character twists of forms of lower level.
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150 PAUL D. NELSON, AMEYA PITALE, AND ABHISHEK SAHA

for the period Dy(¢) in the A — oo limit. Watson’s formula implies that if ¢ is
a fixed Maass eigencuspform on Y(1), then Dy (¢) is closely related to a central
L-value:

(4) [Dp(@)* = ATHOL(f x f x 6,1/2).

For quite general (finite parts of) L-functions L(w, s), which we always normal-
ize to satisfy a functional equation under s — 1 — s, there is a commonly accepted
notion of a trivial bound for the central value L(w,1/2). It is called the convexity
bound and takes the form L(r,1/2) < C(r)/4t°() where C(n) € R>; is the an-
alytic conductor attached to m by Iwaniec—Sarnak [24]. The subconvezxity problem
is to improve this to L(m, 1/2) < C(m)/*~? for some positive constant §, while
the Grand Lindel6f Hypothesis — itself a consequence of the Grand Riemann Hy-
pothesis — predicts the sharper bound L(m,1/2) < C(7)°"). The subconvexity
problem remains open in general for the triple product L-functions considered in
this paper. We refer to [24], [38], [39] for further background.

For the L-value appearing in (), the convexity bound reads

(5) L(f x fx ¢,1/2) <4 AW,

Thus under the correspondence between periods and L-values afforded by Watson’s
formula (@), the trivial bound (@) for the period essentially@ coincides with the
trivial bound (@) for the L-value; strong bounds for the period imply strong bounds
for the L-value, and vice versa.

This matching between trivial bounds for periods and trivial bounds for L-values
holds up in the weight and squarefree level aspects: for f a holomorphic newform
of weight k and squarefree level ¢, a generalizatiorﬁ of Watson’s formula due to
Ichino [I9] that was pinned down precisely in [33] asserts that for each fixed Maass
eigencuspform or unitary Eisenstein series ¢ on Yy(1), one has

(6) Dr(9)* = (k) FOL(f x f x 6,1/2)

Here the convexity bound reads L(f x f x ¢,1/2) < (qk)*°(M). Thus in the
eigenvalue, weight, and squarefree level aspects, the trivial bounds for periods and
L-values essentially coincide; in other words, the equidistribution and subconvexity
problems are essentially equivalent.

We find that this equivalence does mot survive the passage to nonsquarefree
levels. A simple yet somewhat artificial way to see this is to consider a sequence of
twists fp = f1 ®xp of a fixed form f; of level 1 by quadratic Dirichlet characters x,
of varying prime conductor p. The form f, has trivial central character and level
p?. For each ¢ as above, one has

L(fp X f;D X ¢7S) = L(fl X fl X ¢7S)

for all s € C. Thus it does not even make sense to speak of the “subconvexity
problem” corresponding to the equidistribution problem for the measures py, , as
only one L-value is involved. The artificial nature of this example suggests that
one could conceivably still have such an equivalence by restricting to forms that are
twist-minimal (have minimal conductor among their GL(1) twists), but this turns
out not to be the case; we find that the equidistribution problem is (in general)
substantially easier than the subconvexity problem (see Section [L).

4That is to say, it coincides up to a bounded multiple of an arbitrarily small power of \.
5Watson’s original formula would suffice when ¢ = 1.
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RANKIN-SELBERG INTEGRALS AND QUANTUM UNIQUE ERGODICITY 151

1.3. Local Rankin—Selberg integrals. The ideas involved in clarifying the re-
lationship between the equidistribution and subconvexity problems discussed in
Section are exemplified by the following special case. Let f be a holomorphic
newform of fixed weight k£ and prime power level ¢ = p™, with a fixed prime p and
varying exponent n — oo. Recall the full-level Eisenstein series E,, defined for
Re(s) > 1 by the absolutely and uniformly convergent series

Es(z) = Z (Imvz2)®, Te={£['7]:neZ}
€T \I'o (1)
and in general by meromorphic continuation. It is known that s — FE; has no poles
in Re(s) > 1/2 except a simple pole at s = 1 with constant residue. Those Ej
with Re(s) = 1/2 are called unitary Eisenstein series and furnish the continuous
spectrum of L?(Yy(1)). We fix t € R with ¢ # 0 and take ¢ = E1 /2445 although ¢
is not bounded, it is a natural function against which to test the measure p¢.

The period pf(Ey/244) is related to the L-value L(f x f,1/2 + it), but not
directly. The “usual” integral representation for L(f x f,1/2 + it) involves an
Eisenstein series for the group I'o(q), so that the integral cleanly unfolds (initially
for Re(s) > 1, in general by analytic continuation):

s\ dzdy Lo dx dy
/ FEE Y (me) - / / Y| 2 (n) W
To(q)\H =0 Jy=0

2
~ET o \Lo(q) Y Y

_ I'(s+k—1) Z Ap(n)?

+k—1
(4m)s = ns

_T(s+k=1)L(f x f,5)
Y T ()

where f(z) = 307 o Ay(n)n(F=1/2e2min2 and ~ denotes equality up to some very
simple Euler factors at p that are bounded from above and below by absolute
constants when Re(s) = 1/2 (see Section [Z6]).

On the other hand, the full-level Eisenstein series E; is defined relative to
T'o(1). Since f is invariant only under the smaller group I'g(q), the unfolding for
i (Er j244¢) is not so clean; instead of giving a simple multiple of the L-value, it
gives its multiple by a more complicated proportionality factor J(s) satisfying ().
The square of a precise form of this relation implies (with ¢ = E and s = 1/2+it)

(7) 1D5(0)1* = ¢" W | T¢(5)T5(1 = 8)| L(f x f x 6,1/2).
Here the implied constant in o(1) is allowed to depend upon the weight & and
the fixed form ¢, and L(f X f x ¢,1/2) = L(f x f,1/2 +#t)L(f x f,1/2 —it) =
|L(f x f,1/2 +it)|%.

The content of Ichino’s formula [19], when combined with a lemma [31, Lemma
3.4.2] of Michel-Venkatesh, is that the relation () continues to hold when ¢ is a
Maass eigencuspform provided that s = s, , is chosen so the pth Hecke eigenvalue

of ¢ is p*~1/2 +p'/2=% With this normalization, the Ramanujan conjecture asserts
Re(s) = 1/2; it is known unconditionally that |Re(s) — 1/2| < 7/64 < 1/2 (see
[27]), so in particular 0 < Re(s) < 1. Thus in all cases, the relative difficulty of the
equidistribution problem for py and the subconvexity problem for twists of f x f
(in the n — oo limit) is governed by the analytic behavior of J(s) in the strip
Re(s) € (1/2—17/64,1/2+7/64) C (0,1).
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152 PAUL D. NELSON, AMEYA PITALE, AND ABHISHEK SAHA

The quantity J¢(s) is best studied p-adically. Let W : PGL2(Q,) — C be an L*-
normalized Whittaker newform for f at p; in classical terms, this function packages
all p-power-indexed Fourier coefficients of f at all cusps of T'y(q) (see Section B4)).
Then the relation (7)) holds with the definition

ly|* —= dk.

(8) Ti(s) = /keGLz(Zp) /yeQi v ({y J k> i

We refer to Sections 2.1] and for precise definitions and normalizations. When
g = p' is squarefree, there are explicit formulas for W with which one may easily
show that

2
s 4%y

Jf(S) — ps—l CP(S)CP(S + 1) ,

(p(25)¢p(1)
which is consistent with a special case of the relation ([@). When ¢ = p™ with n > 2,
such as is the case when f is supercuspidal at p, the function W is more difficult to
describe explicitly, and so it is not immediately clear whether a comparably simple
formula exists for J¢(s).

Gp(s) == (1—p~*) 7,

1.4. Local convexity and subconvexity. In Section 2.4l we prove what we call a
local convezity bound for the local integral J¢(s) as given by (8). The terminology
is justified by the proof, which we now illustrate. We continue to assume that f is
a newform of prime power level ¢ = p™ and let 7 be the representation of GL2(Q))
generated by f. The local GL(2) x GL(2) functional equation (see Proposition 2:12]
or [25]) asserts that the normalized local Rankin-Selberg integral

Gp(2s)

(9) Ji(s) = mlf(s)
satisfies
(10) Ji(s)=C*H2T5(1 - s),

where C' = C(f x f) is the conductor of the Rankin—Selberg self-convolution of f;
the latter is a power of p that satisfies 1 < C < p™*! (see Proposition 2.5)).

Our assumption that W is L?-normalized implies the trivial bound J i) <1
for Re(s) = 1, which we may transfer to the bound Jj(s) < C~%/2 for Re(s) = 0
via the functional equation (I0). Interpolating these two bounds by the Phragmen—
Lindeldf principle and using that J5(s) =< J¢(s) uniformly for Re(s) > ¢ > 0, we
deduce that J;(s) < C~1/2+Re(s)/2 yniformly for Re(s) in any compact subset
of (0,1). If Re(s) = 1/2, which under the Ramanujan conjecture we may always
assume to be the case in applications, then the local convexity bound just deduced
reads

(11) CY2 ] (s) < CV/4,

The proof we have just sketched of () is analogous to that of the (global)
convexity bound for L(f x f x ¢,1/2), which augments a trivial bound in the
region of absolute convergence with the functional equation and the Phragmen—
Lindel6f principle (see [23] Sec. 5.2]). We refer to a bound that improves upon (]
by a positive of power of ¢ as a local subconvex bound, and we refer to the problem
of producing such a bound as a local subconvexity problem.
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1.5. QUE versus local and global subconvexity. The upshot of the above
considerations is the following. Preserve the notation and assumptions of Sections
and [l Assume also, for simplicity, that Re(s) = 1/2. We may rewrite the
formula () in the suggestive form

CV27:(s) |2 L(f % f x ¢,1/2)
2 o )
(12 Dy = ) | <k L
Here the local and global convexity bounds read

CY2J(s L(fx fxd¢,1/2 .
(13) T/f‘*() <1, resp. ( o1z /2) < Cc°W),

where the implied constants are allowed to depend upon k, s, and ¢. Now, note that
the intersection of the convexity bounds (T3] is essentially@ equivalent, via (I2), to
the trivial bound Dy(¢) < 1 for the QUE problem. For emphasis, we summarize
as follows:

Observation 1.4. Fix a prime p, an even integer k, a complex number s, and either
a Maass eigencuspform ¢ with pth normalized Hecke eigenvalue p*~1/2 + p/2=5 or
a unitary Eisenstein series ¢ = F, on Yy(1). Suppose, for simplicity, that Re(s) =
1/2. Then the following are equivalent (with all implied constants allowed to depend
upon p, k, and ¢):
(1) (Equidistribution in the depth aspect with a power savings) There exists
d > 0o that Df(¢) < ¢~ for all holomorphic newforms f of weight k and
prime power level ¢ = p™.
(2) There exists § > 0 so that for each holomorphic newform f of weight k£ and
prime power level ¢ = p”, at least one of the following bounds hold:
(a) (global subconvexity without excessive conductor—dropping)ﬂ

LU xfx¢,1/2) _ s

(b) (local subconvexity)
CY2Js(s _

Remark 1.5. We have stated the above equivalence as an observation (rather than
as, say, a theorem) because one of the main results of this paper is that “local
subconvexity” holds in a strong form (see Section [L.G]).

1.6. Local Lindel6f hypothesis. One might argue that the more interesting
objects in the identity (I2]) are the global period Df(¢) and the global L-value
L(f x f x ¢,1/2), rather than the local period Jy(s). One would like to compare
precisely the difficulty of the QUE problem and the global subconvexity problem.
In order to do so via ([I2)), one must understand the true order of magnitude of
J¢(s). Suppose once again, for simplicity, that Re(s) = 1/2. A global heuristidd

6That is to say, it is equivalent up to q°W.

7This estimate is implied by a global subconvex bound, which saves a small negative power
of C rather than of ¢, together with a condition of the form log(C) > alog(q) for some fixed
a > 0. Note, for instance, that C' > ¢ if f is twist-minimal, in which case we may drop the phrase
“without excessive conductor dropping”.

8The heuristic involved a computation by the first author, without appeal to triple product
formulas, of an average of |Df(¢)|? over f of level p>™ (see [32]).
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suggested that one should have J(s) ~ ¢ 1/?t°() in a mean-square sense. This
expectation would be consistent with the individual bound

(15) CY2J;(s) < (C/q)2q° W,

which we term the local Lindeldf hypothesis.

In the special case ¢ = p" relevant for Observation [, we remark that C'//q¢ <p
with equality if and only if n is odd (see Proposition [23]), so that one should regard
the right-hand side (RHS) of (IH) as being essentially bounded as far as the depth
aspect is concerned. We may rewrite the bound (I5) in the form C'/2J;(s) <
CY4(C/g*) *q°M); since C/q? <, ¢ ', we see that (I5) implies (Id) in a strong
sense. This makes clear the analogy with the (global) Lindel6f hypothesis, as de-
scribed in Section

One of the main technical results of this paper is a proof of the bound (1) for
all newforms on PGL(2). The proof goes by an explicit case-by-case calculation of
Jr(s) and yields the more precise bound

(16) CY2J(s) < 10°%@W7(q/VO)(C/a)'?,

where 7(n) (resp. w(n)) denotes the number of positive divisors (resp. prime divi-
sors) of n. We remark that ¢/ V/C is always integral and equals 1 if and only if ¢ is
squarefree. As a byproduct of our explicit calculations, we obtain a precise general-
ization of Watson’s formula to certain triple product integrals involving newforms
of nonsquarefree level (see Theorem B.1).

By the discussion of Section [L4] it follows that the global convexity bound is
remarkably stronger than the trivial bound for the QUE problem, or in other words,
that the subconvexity problem for L(f x f x ¢, 1/2) in the depth aspect (f of level p™,
p fixed, n — o) is much harder than the corresponding equidistribution problem,
in contrast to the essential equivalence of their difficulty in the eigenvalue, weight,
and squarefree level aspects.

The above situation is somewhat reminiscent of how the problem of establishing
the equidistribution of Heegner points of discriminant D on Yy(1) (D — —o0) is
essentially equivalent to a subconvexity problem when D traverses a sequence of
fundamental discriminants (cf. [7]) but reduces to any nontrivial bound for the
pth Hecke eigenvalue of Maass forms on Yy(1) when D = Dyp?" for some fixed
fundamental discriminant Dy and some increasing prime power p".

Remark 1.6. Let f; and f; be a pair of L?-normalized holomorphic newforms, of
the same fixed weight, on T'o(p™) with n > 2. One knows that

(17) C = C(fl X f2) S p2n.

There is a sense in which C' measures the difference between the representations of
PGL2(Qp) generated by fi and fo and in which for typical fi and fa, the upper
bound in (7)) is attained. This perspective is consistent with the much stronger
bound C < p"*! that holds on the thin diagonal subset fi = f» and also with
the explicit formulas for C' given in [4]. We expect that the problems of improving
upon the Cauchy-Schwarz bound [ fifo¢p <4 1 (the integral is over I'g(g)\H with
respect to the hyperbolic probability measure) and the convexity bound L(f; x
fa X ¢,1/2) < C'? should have comparable difficulty if and only if the upper
bound in (7)) is essentially attained. If reasonable, this expectation suggests a
correlation between the smallness of C' and the discrepancy of difficulty between
the corresponding equidistribution and subconvexity problems.
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1.7. Local Riemann hypothesis. Maintain the assumption that f is a newform
of level p™ that generates a representation 7 of PGL2(Q,). Numerical experiments
strongly suggest that the normalized local Rankin—Selberg integral J}‘(s) (see @),
which is an essentially palindromic polynomiaﬂ in p**, has all its zeros on the line
Re(s) = 1/2[1

We suspect that this “local Riemann hypothesis” should follow from known prop-
erties of the classical polynomials implicit in our formulas for J3(s) (see Theorem
27), but it would be interesting to have a more conceptual explanation, or a proof
that does not rely upon our brute-force computations. It seems reasonable to ex-

pect that such an alternative explanation would lead to a different proof of the local
Lindelof bound (I3).

Example 1.7. Suppose that 7 has “Type 1”7 according to the classification recalled
in Section Let p?9 (g > 1) be the conductor of 7. Suppose that p?9 is also
the conductor of m x 7; equivalently, 7 is twist-minimal. Then (the calculations
leading to) Theorem 2.7 imply that J}(s) differs by a unit in Clp*®] from F(p~*),
where F' is the integral polynomial

g—1
F(t)y=1+) (0 —p/ )7 +p't* € Z[t).
j=1

Example 1.8. Suppose that 7 has “Type 2” (see Section 2.5 and conductor p29+1
(9 > 1). Then as above, J7(s) differs by a unit in C[p**] from F(p~*) with

g g—1
F(t)y =Y _p't¥ = > pt* e zt).
=0 =0

In either example, F satisfies the formal properties of the L-function of a smooth
projective curve of genus g over F,; for example, the roots of F' come in complex
conjugate pairs, they have absolute value p~'/2, and F satisfies the functional
equation F(1/pt) = p9t=29F(t). The geometric significance of this, if any, is
unclear.

1.8. A sketch of the proof. The essential inputs to our method for proving (L6])
are the local functional equations for GL(2) and GL(2) x GL(2) and some knowledge
of the behavior of representations of GL(2) under twisting by GL(1); specifically,
for p on GL(1) and 7 on PGL(2), we use that the formula C'(7wu) = C(w) holds
whenever C(u)? < C(r). Here and below, C(+) is the conductor of a representation.

Write F' = Q,, |.| = the standard p-adic absolute value, U = {z € F': |z| =1} =
Z)y,G=GLy(F),n(x)=['{]forz € F,a(y) =[Y ] fory € F*, N ={n(z) :x €
F}, K =GLy(Z,), and Z = {[* ,] : z € F*}. We sketch a proof of the bound (1)
in the simplest case that f is a newform of prime power level ¢ = p™, and 7, the local
representation at p attached to f, is a supercuspidal representation of G with trivial

9The local functional equation for GL(2) x GL(2) implies that J} (s) = Py (p®) for some Py (t)
in C[t, 1/t] satisfying Py(t) = p~N/2tN Py (p/t) where the integer N is defined by the equation
C(f x f)=p".

10More precisely, it seems that J}“(s) has its zeros on Re(s) = 1/2 unless 7 is a ramified
quadratic twist of a highly nontempered spherical representation, specifically unless 7 = S|.|°0 H
Bl.|7%0 with s € R, |so| > 1/4+ &, (see Section 2] for notation); here §, is a positive real that
satisfies §, — 0 as p — oco. By the classical bound |sg| < 1/4, the latter possibility does not occur.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



156 PAUL D. NELSON, AMEYA PITALE, AND ABHISHEK SAHA

central character, realized in its Whittaker model with L?-normalized newform W.

Let f3: ZN\G — C be the function given by f3(n(z)a(y)k) = |y|® in the Iwasawa

decomposition. We wish to compute the local integral Jf(s) = fZN\G |W|? fs.

It is convenient to do so in the Bruhat decomposition, where our measures are

normalized so that

(18)
&)
G (2)

Because the left-hand side (LHS) of (I8) satisfies the GL(2) x GL(2) functional
equation, it suffices to determine the coefficients of the positive powers of p°® occuring
on the RHS. The left N-equivariance of W implies that no such positive powers
arise from the integral over |z| > C(7)'/2, an implication which in classical terms
amounts to the calculation of the widths of the cusps of I'g(¢) (see Section [B.4]). In
the remaining range |z| < C(7)Y/?, we show that W (a(y)wn(z)) is supported on
the coset |y| = C(x) of the unit group U in F*. Thus by the invariance of the inner
product on 7, the integral over F* in (8] is simply C(m)*~!. Integrating over z
gives
(19)

&) o B .
<§<2>/ZN\G'W'2f3—C<”> 1 / o max(Lla)de |+ 3

pms
o] <C(m)"/? meZo

/ WP fs = / max(1, o)) "2 / WP (a(y)wn(@) |yl &y dz.
ZN\G zel yeFx

for some coefficients ¢,,. After determining ¢, via the GL(2) x GL(2) functional
equation, we end up with a formula for [ |W|?f; in terms of C(r) and C(r x =)
that shows, by inspection, that [ |W|? f5 satisfies the desired bounds[]

A key ingredient in the above argument was the support condition on
W (a(y)wn(z)) for |z| < C(m)'/2. We derive it via a Fourier decomposition over the
character group of U and invariance properties of W. Indeed, the GL(2) functional
equation implies

(20) W(a(y)wn(x)) = Z w(y)e(mu)G(x, ),
COrm—ll
where

Gl = [ wlnupWa) = [ i)
yeFX yeU
and e(mp) = e(mp, 1/2) is the local e-factor (see Section 2H). The characters p
contributing nontrivially to ([20) all satisfy G(x, ) # 0, which implies C(u) < x; in
that case our assumption |z|?> < C(7) and our knowledge of the twisting behavior
of m implies C(wp) = C(m). It follows that W(a(y)wn(z)) = 0 unless |y| = C(n).

Remark 1.9. Tt seems worthwhile to note that one may also compute the RHS of
[I8) in “bulldozer” fashion, as follows. Suppose for simplicity that 7 is supercusp-
idal. We may view the integral over y € F'* as the inner product of the functions
W (a(y)wn(x)) and W (a(y)wn(x))|y|*, whose Mellin transforms are (by definition)

111t would be possible to establish this by a slightly softer argument, but we believe that having
precise formulas is of independent interest.
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local zeta integrals; applying the Plancherel theorem on F* and the GL(2) func-
tional equation, we arrive at the formula

Cp(l) 2, o)L |G(~T7M)|2 -
(21) /ZN\G'W' fs= 3" Clan) / Gt wl_,

(n(2) et ver max (L, [z[)>

This also follows from (20)) by the Plancherel theorem on U. Substituting into (2I])
the fact that C(7p) < max(C(7), C(u)?) with equality if C'(u)? # C(7), evaluating
|G(x, 1)], and summing some geometric series, we find that

(22)
&) :
&) /ZN\G W
1
)

— s—1
_ pn(s—l) 14+ Z Cp(l) +p—r + Cp(l) Z ng—ﬂ’) ,

p(2sfl a
1<a<n/2 C(p)2=C(m)

where C(7) = p™ and r = |n/2] + 1. This identity agrees with (I9)) and shows that
the only barrier to immediately obtaining an explicit result is the potentially subtle
behavior of the conductors of twists of 7 by characters of conductor C(m)'/2 (see
also Remark B.I6). It suggests another approach to our local calculations (write
T = Topo With mp twist-minimal and compute away) but one that would be more
difficult to implement when 7 is a ramified twist of a principal series or Steinberg
representation.

The approach sketched in this remark has the virtue of applying to arbitrary
vectors W € 7, leading to formulas generalizing those that we have given in this
paper in the special case that W is the newvector.

1.9. Fourier expansions at arbitrary cusps. Let f be a newform on Iy(q),
q € N. In order to apply a variant of the Holowinsky—Soundararajan method
in Section Bl we require some knowledge of the sizes of the normalized Fourier
coefficients A(¢;a) of f at an arbitrary cusp a of T'o(g). It is perhaps not widely
known that such Fourier coefficients are mot multiplicative in general; this lack
of multiplicativity introduces an additional complication in our arguments. More
importantly, we need some knowledge of the sizes of the coefficients A(¢;a) when
¢ | ¢*°. For example, the “Hecke bound” A(4;a) < 012 would not suffice for our
purposes.

Let A(¢) = A(¢; 00) denote the £th normalized Fourier coefficient of f at the cusp
00. A complete description of the coefficients A(¢) is given by Atkin and Lehner [I];
for our purposes, it is most significant to note that A(p®) = 0 for each a > 1 if p is
a prime for which p?|q.

If a is the image of co under an Atkin-Lehner operator (an element of the
normalizer of I'y(q) in PGL3 (Q)), then the coefficients A(¢) and A(¢; a) are related
in a simple way; this is always the case when ¢ is squarefree, in which case the
Atkin-Lehner operators act transitively on the set of cusps. Similarly, there is
a simple relationship between the Fourier coefficients A(¢, a), A(¢,a’) of f at each
pair of cusps a, a’ related by an Atkin-Lehner operator (see [13]). However, such
considerations do not suffice to describe A(¢;a) explicitly when a is not in the
Atkin—Lehner orbit of co.
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Our calculations in Section [2]lead to a precise description of A(¢; a) for arbitrary
cusps a, at least in a mildly averaged sense. This may be of independent interest.
To give some flavor for the results obtained, suppose that ¢ = p™ with n > 2. The
nature of the coefficients A(¢;a) depends heavily upon the denominator p* of the
cusp a, as defined in Section B4t briefly, k is the unique integer in [0,n] with the
property that a is in the [o(p™)-orbit of some fraction a/p* € R C P}(R) with
(a,p) = 1. The Atkin—Lehner/Fricke involution swaps the cusps of denominators
p* and p k.

Say that f is p-trivial at a cusp a if A\(p®*;a) = 0 for all @ > 1. For example, the
result of Atkin-Lehner mentioned above asserts that f is p-trivial at co. We observe
the “purity” phenomenon: f is p-trivial at a unless n is even and the denominator
pk of a satisfies k = n/2 (see Proposition B.I2). In the latter case, let us call a a
middle cusp.

In Section B:4] we compute for each o > 0 the mean square of A\(p®;a) over
all middle cusps a; an accurate evaluation of this mean square, together with the
aforementioned “purity”, turns out to be equivalent to our local Lindel6f hypothesis
described above (see Remark[B.16]). We observe that the “Deligne bound” |A(¢4; a)| <
7(¢) can fail in the strong form \(p®;a) > p®/ for some o > 0 when f is not twist-
minimal (see Remark [14). In general, A(¢; a) may be evaluated exactly in terms
of GL(2) Gauss sums (e.g., combine (20) and ({@3J)) when 7 is supercuspidal). We
suppress further discussion of this point for the sake of brevity.

1.10. Further remarks. Our calculations in Section ], being local, apply in great-
er generality than we have used them. For example, they imply that the pushfor-
ward to Yp(1) of the L2-mass of a Hecke-Maass newform on I'g(p") of bounded
Laplace eigenvalue equidistributes as p™ — oo with n > 2. They extend also to
nonsplit quaternion algebras, where Ichino’s formula applies but the Holowinsky—
Soundararajan method does not, due to the absence of Fourier expansions. For
example, one could establish that Maass or holomorphic newforms of increasing
level on compact arithmetic surfaces satisfy an analogue of Theorem provided
that their level is sufficiently powerful (cf. the remarks at the end of Section [[2]);
in that context, no unconditional result for forms of increasing squarefree level is
known. For automorphic forms of increasing squared-prime level p? on definite
quaternion algebras, an analogue of Theorem had been derived earlier by the
first author (see [32]) via a different method (i.e., without triple product formulas),
but the bounds obtained there are quantitatively weaker than those that would
follow from the present work.

After completing an earlier draft of this paper, we learned of some interesting
parallels in the literature of some of the analogies presented hitherto. Lemma 2.1
of Soundararajan and Young [45] gives something resembling a “local Riemann
hypothesis” for a certain Dirichlet series, studied earlier by Bykovskii and Zagier,
attached to (not necessarily fundamental) quadratic discriminants[ Section 9 of
a paper of Einsiedler, Lindenstrauss, Michel, and Venkatesh [§] establishes what
they refer to as “local subconvexity” for certain local toric periods, the proof of one
aspect of which resembles that of what we describe here as “local convexity”. It
would be interesting to understand whether our work can be understood together
with these parallels in a unified manner.

12We thank M. Young for bringing this similarity to our attention.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



RANKIN-SELBERG INTEGRALS AND QUANTUM UNIQUE ERGODICITY 159

2. LOCAL CALCULATIONS

2.1. Notation and preliminaries.

2.1.1. Groups, measures. Let p be a prime number, and let F' = Qp Let o be its
ring of integers, and let p be its maximal ideal. Fix a generator w of p. Let |.| or
|.|, denote the absolute value on F normalized so that |w| =p~'.

Let G = GLy(F) and K = GLa(0). For each integral ideal a of o, let Ky(a) and
K (a) denote the usual congruence subgroups of K:

0

Ko(a) = KN [Z °

}, Kl(a)_Kﬁ[1+a "].

a 0

In particular, Ko(0) = K1(0) = K. Write

R Y el ) el e )

for x € F,y € F*,t € F*. Define subgroups N = {n(z) :z € F}, A={a(y) :y €
F*}, Z={z(t):te F*},and B=ZNA=GnN[*}] of G.

We normalize Haar measures as in [31, Section 3.1]: The measure dz on the
additive group F' assigns volume 1 to o and transports to a measure on N. The
measure d*y on the multiplicative group F'* assigns volume 1 to 0 and transports
to measures on A and Z. We obtain a left Haar measure drb on B via

dr,(z(u)n(x)a(y)) = |y| = d*udz d*y.

Let dk be the probability Haar measure on K. The Iwasawa decomposition G =
BK gives a left Haar measure dg = dpbdk on G; with respect to the Bruhat
decomposition G = B LI BwN, this measure takes the form

(23) dg = %ml d*ud*ydz'dx  for g = n(z")a(y)z(uw)wn(zx),

where (,(s) = (1 —p~%)~! (see [31] (3.1.6)]).

2.1.2. Representations, models. Fix an additive character ¢ : F — C! with con-
ductor o. For each generic representation o of G, let W(o, 1) denote the Whittaker
model of o with respect to ¢ (see [26]). For two characters xi, x2 on F*, let
x1 B x2 denote the principal series representation on G that is unitarily induced
from the corresponding representation of B; this consists of smooth functions f on
G satisfying

£([5a]s) = tarata@a@so

13Most of this section reads correctly in the more general case that p is an arbitrary prime power
and F' is a nonarchimedean local field of characteristic zero whose residue field has cardinality p.
We work in the restricted generality that we need for our global applications only because we have
not checked that the calculations in the Type 3 case of the proof of Theorem 7] carry through in
this more general context when p = 2.
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2.1.3. Conductors, L-functions, e-factors. For each characte o of > there ex-
ists a minimal integer a(c) such that o(1 +¢) = 1 for all ¢t € p®©). For each
irreducible admissible representation o of G, there exists a minimal integer a(o)
such that ¢ has a K3 (p“("))—ﬁxed vector. In either case, the integer p®(@) is called
the local analytic conductorl of o; we denote it by C(o).

For a representation o of G and a character x of F'*, write ox for the represen-
tation o ® (x o det) of G.

Let L(o,s) (resp. €(0,,s)) denote the L-function (resp. e-factor) of an irre-
ducible admissible representation o of GG or a character o of F'*. These local factors
are defined in [26]. For ¢ an irreducible admissible representation of G, let L(ado, s)
denote the adjoint L-function of o, or equivalently, the standard L-function of the
adjoint lift of o to an admissible representation of PGL3(F).

If o1, 0o are two irreducible admissible representations of G, the local Rankin—
Selberg factors L(oq1 X 02,s) and e(o1 X 02,%,s) are defined in [25]. The local
analytic conductor C'(o1 X 02) is a nonnegative integral power of p and can be
defined by the formula £(o; X 02,1, s) = C (01 X 02)Y/? %¢(01 X 72,1,1/2); we also
let a(o; x 03) denote the nonnegative integer for which C(o; x gq) = p®(@1%72),

2.1.4. Temperedness. Let m be a generic irreducible admissible unitarizable repre-
sentation of G with trivial central character. The quantity
0 if 7 is tempered,
(24)  Alm) = | S .
[so| fx=p|. BB |.|7%, so€R, [ unitary,

measures the temperedness of 7. When 7 arises as the local factor of a cuspidal
automorphic representation of GLy(A), it is known that A(7) < 7/64 (see [27]). For
our purposes, it suffices to assume that A(r) < 1/4. We record this assumption as
follows:

Condition 2.1. 7 is a generic irreducible admissible unitarizable representation of
G with trivial central character and A(7) < 1/4.

2.1.5. Classification of representations. Let w satisfy Condition 21l Write n =
a(m), and suppose that n > 2. We recall a certain classification of such 7. The
classification is standard, although our labeling is not (and we are not aware of a
standard labeling).

e Type 1. These are the supercuspidal representations satisfying m = 7,
where 7 is the unique nontrivial unramified quadratic character of F*.
Equivalently, 7 is the dihedral supercuspidal representation p(E/F,¢) as-
sociated to the unramified quadratic extension E of F' and a character £ of
E* that is not Gal(E/F)-invariant.

e Type 2. These are the supercuspidal representations satisfying m 2 7,
with 7 as above.

14We adopt the convention that a character of a topological group is a continuous (but not
necessarily unitary) homomorphism into C*.

151n the rest of this paper, we will often drop the words “local analytic” for brevity and call
this simply the “conductor”.
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e Type 3. In this case 7 is a ramified quadratic twist of a spherical
representation:

T2 B BB .7, sy €iRU(-1/4,1/4), [ ramified, * = 1.

We denote By, = (p*° + p~%0)2.
e Type 4. In this case 7 is a ramified principal series that is not of Type 3:

T~ BELTL, B ramified, unitary character of F'*, (% ramified.
e Type 5. In this case 7 is a ramified quadratic twist of the Steinberg
representation:

7 = BStar(2),  ramified, 5% = 1.

Remark 2.2. If p is odd, then each supercuspidal representation is dihedral, i.e.,
constructed via the Weil representation from a quadratic extension F of F and
a non-Gal(F/F)-invariant character £ of E*. Such representations are of Type 1
if E/F is unramified and of Type 2 if E/F is ramified. If p is even, there exist
nondihedral supercuspidals; these are also of Type 2.

Remark 2.3. For representations of Type 3 or 5, the ramified quadratic character
O satisfies a(8) = 1 if p is odd and a(p) € {2,3} if p is even.

Remark 2.4. If 7 is of Type 1, 3, 4, or 5, then n is even. If 7 is of Type 2, then n
can be either odd or even.

2.1.6. Properties of the adjoint conductor. Let 7 be a generic irreducible admissible
unitarizable representation of G' with trivial central character. Write n = a(7) and
N = a(m x w). In Section [Z6] we will establish the following result concerning
the integer N and its relation to n. We state it here because it will be useful in
interpreting the results to follow.

Proposition 2.5. The integer N is even and satisfies N < n + 1. Furthermore,
the following conditions on 7 are equivalent:
(1) N=n+1.
(2) n is odd.
(3) Either
(a) m is the Steinberg representation or an unramified quadratic twist there-
of (in which case n =1) or
(b) 7 is a representation of Type 2 for which n is odd.

2.1.7. Definition of Ichino integral. Let s be a complex parameter, and let 73 =
.|*=1/2 8 |.|'/?~* be the corresponding principal series representation of G. Tt is
well known that 3 is irreducible and unitarizable if and only if Re(s) = 1/2 or
s € (0,1); suppose that this is the case. Fix a nonzero K-invariant vector x3 € 7s,
which is then unique up to a scalar. We recall, for later use, the following formula
for the normalized Hecke eigenvalues of xj:

(25)
am«#lfﬁnl{»l
Asm = Z alfl = ag — m=20, with a = p*~1/2, 8 = pt/2—5,
1,j€L>0 0, m <0,
itj=m

Let 7 be a representation of G satisfying Condition[2.Il Let x € 7 be a newvector,
i.e., a nonzero vector on the unique line of Ky(p(™)-invariant vectors in 7. Fix
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arbitrary G-invariant inner products (, ) on 7 and m3. It follows from [19] Lemma
2.1] that what we will call the local Ichino integral

g.’L’,!E> 2 (gm;;,x;;)
<J),l‘> > <$3,l‘3>

(26) I(s) = I(s;7) = / <<
Z\G

converges absolutely provided that either Re(s) = 1/2 or s € (2A(w),1 — 2A(m));
we will see later that it extends to a meromorphic function of s € C. Note that
I(s) depends only upon =, s, and our normalization of measures and not upon the
precise choice of x, x3, or the inner products ( , ) on 7, 75. While not immediately
obvious, it can be shown (using ([BI)) below, for instance) that the right-hand side
of (26]) is nonnegative.

It will be convenient to work with the normalized quantity

o e [ L{mxmxms,1/2)6(2)2)
1(5)_1(5,@_( L(adm,nz(admy > I(s).

We note that L(m x 7 x 73,1/2) = L(m x 7,8)L(7 x w,1 — s) and L(adns, 1)~ =
(1 _ p2572)(1 _pfl)(l _ p72s).

2.2. Statement of results. Let 7 be a representation of G satisfying Condition
21l and let s € C. Our main local result is an explicit formula for the normalized
local Ichino integral I* = I*(s) = I*(s;7); as a consequence, we deduce optimal
bounds for the latter. The proofs will occupy the remaining subsections of Section
We will use the notation

N
n=a(r), N=a(lrxmw), n'=n——.

2
Proposition implies that n’ is an integer satisfying % —1=n= ”Tfl if n is
odd and % <n' <nifnis even.
When n € {0,1}, the value of I'* is already known (see [20, Theorem 1.2] and
[33, Lemma 4.2]):

n

Theorem 2.6. Suppose thatn =0 orn=1. Then I* =p~".

We turn to the case n > 2. Our formulas will depend upon the classification of
7 recalled in Section 2.5l and the notation A, introduced in (25).

Theorem 2.7. Suppose that n > 2. Then I* =p~" - L(adm, 1)? - Q ,(s)? with

/\s,n’ _pil)\s,n’—2 fO’I’ Type 1,

)\s,n’ _p71/2>\s,n/71 fO’f" Type 27
Qrp(s) = ~1/2 1

)\s,n’ - 229 )\s,n’fl +p >\5,n’72 fOT’ Type 4:

As,n’ _p_1/2(1 +p_1))\s,n’—l +p_2)\s,n’—2 fO’f’ Typ@ d.

In the remaining case that 7 is of Type 3, we have N = 0, n = n’ = 2a(B) €
{2,4,6}, and

)\5,2 - p_1/2ﬁso)\s,1 +p_1(2ﬁso —-2- p_l)u p 0dd7
Qmp(s) = >\s,n - pil/zﬂso)‘s,nfl + 2p71(650 - 1))\577172
_p_3/2650>\5,n73 +p_2>\s,n747 b even.
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Corollary 2.8 (Local Lindeldf hypothesis). Let § = |Re(s — 1/2)|. Then I* <
105p—n7_(pn/)2p29n’ .

Proof. The case n € {0, 1} follows easily from Theorem 28] so suppose that n > 2.
The value of L(adm, 1) can be read off from the formula for L(m x m,5)71(,(2s) =
(1+p~*)"'L(adm,s)"! given in Table [l in Section We see that L(adm,1) <
30 < 10% in every case. The formulas for Q ,(s) provided above imply the bound
1Qrp(s)] < 107(p™)p?. The result now follows from Theorem 277} noting that
n > 2 implies n’ > 1. O

2.3. An identity of local integrals. In this section we apply a lemma of Michel—-
Venkatesh to establish the meromorphic continuation of the local Ichino integral
I(s) = I(s;m) defined in Section 2T and to reduce its study to that of a Rankin—
Selberg integral involving the Whittaker newform of .

Let 7 be a generic irreducible admissible unitarizable representation of G with
trivial central character, realized in its ¢-Whittaker model: © = W(w,¢). By
[26], Lemma 2.19.1], the formula

(21) Wi Wa) = [ Walal) el &y (W, Wa € )
FX
defines a G-invariant hermitian pairing on .

Definition 2.9. The normalized Whittaker newform W € 7 is the unique vector
invariant under Ko (p(™) that satisfies (W, W) =1 and W (1) > 0.

Remark 2.10. One can check that W (1) = 1 whenever a(w) > 2.

Let s € C be a complex parameter. We realize w3 = |.|*~Y/2 B |.|'/27% in its
induced model, and let fs € 73 denote the unique K-invariant vector that satisfies
fs(1) = 1. Define the local Rankin—Selberg integral

(29) I6) = [ WeWla(-1g)s.(o) ds

NZ\G
where W € 7 is the normalized Whittaker newform. It is well known that the RHS
converges absolutely in some nonempty vertical strip and extends to a meromorphic
function of s on the complex plane (see [25]). Using the identity W (a(—1)g) = W(g)
and the Iwasawa decomposition, we can rewrite this definition as

(29) 6= [ [ PR .

keEK yeFx

or alternatively, using the Bruhat decomposition (see ([23)), as

0 )= 2B [ (el [ Wl yde.

B CP(]-) zel yeFx

The following important result is a consequence of Lemma 3.4.2 in [31].

Proposition 2.11. Suppose that w satisfies Condition 21l The integral 1(s), de-
fined initially for Re(s) = 1/2 or s € (2A\(w),1 —2X(7)), extends to a meromorphic
function of s on the entire complex plane. We have an identity of meromorphic
functions

(31) I(s) = (1—p ) tJ(s)J(1 - s).
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Proof. Denote by D = {s € C : Re(s) = 1/2} U (2A\(7),1 — 2X(x)) the cross on
which I(s) was defined, and let s € D. Then 73 is irreducible and unitarizable. We
normalize the (unique up to scaling) G-invariant hermitian pairing { , ) on 73 so
that (fs, fs) = 1M With this normalization, the definition (26]) reads

(32) I(s) = /Z W eg ) dy

This integral converges absolutely and locally uniformly on D.
We observe that (gfs, fs) extends to an entire function of s, and in fact a poly-
nomial function of p**; explicitly,

<k1a(wm)k2fs> f8> = p—m/2(1 + p_l)_l()\s,m - p_l)‘s,m72)
with Ag ,,, as in (28] for all k1, ke € K, m > 1. Moreover, we have the majorization
gfs, fs)] < (9fs, fo) € R>o with 0 = Re(s). Consequently, the integral (32)
converges normally and defines a holomorphic function on the strip D' = {s € C:
Re(s) € (2A\(m),1 — 2\(m))}.

The relation ([BI) on the line Re(s) = 1/2 follows from Lemma 3.4.2 in [31] upon
noting that J(s) = J(1 — s) whenever Re(s) = 1/2. Since both sides of [BI) vary
analytically with s on the strip D’, we obtain at once the meromorphic continuation
of J(s) to the complex plane and the general case of the identity (B2)). (Il

Proposition 2IT]is significant for our purposes because it reduces the evaluation
of the integral I(s), which appears in Ichino’s formula, to that of the simpler integral

J(s).

2.4. The local functional equation. Let 7 = W(m, 1) be a generic irreducible
admissible unitarizable representation of G with trivial central character, let W € &
be the normalized Whittaker newform, and let J(s) be the local Rankin—Selberg
integral. The main difficulty in computing J(s), and hence I(s), is that W (g) has
no simple formula when a(7) > 2. In Section 2.6] we will split the integral (30)
defining J(s) into several pieces. Initially, we will be able to evaluate at least half of
these pieces. The key tool that will enable us to compute the remaining pieces is the
local functional equation for GL(2) x GL(2), which we now recall in a specialized
form. It is convenient to define the normalized local Rankin—Selberg integral

i J(8)Gp(25)
Ts) = L(m xm,s)
and to introduce the shorthand notation C'= C(7 x ).

Proposition 2.12 (Local functional equation for GL(2) x GL(2)). J*(s) extends
to a polynomial function of p™* that satisfies the functional equation J*(s) =
Cs= 125 (1 — s).

Proof. This follows from (1.1.5) of [II] by taking the Schwartz function ® to be
the characteristic function of 0o x 0. We have used here that the epsilon factor
(s, m x m,1)) equals C''/2~%. This follows from the fact that the local root number
of m x 7 is equal to +1; see the proof of Prop. 2.1 of [36]. O

161n the tempered case Re(s) = 1/2, we have explicitly
Y= [ ST (£ f € ma).
keK

When s € (0, 1), the formula for the pairing is slightly more complicated.
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Suppose that 7 satisfies Condition 2.1l From Proposition2Z.ITand the definitions
of I*(s) and J*(s), we readily derive the formula

(33) I*(s) = (1 +p )2 L(adm, 1)27*(s) J*(1 — s).

By Proposition 212] J*(s) is an entire function of s. It follows that I*(s) is also
entire as a function of s. By contrast, I(s) may have poles. Using soft analytic
techniques, we deduce from Proposition 212 the local convezity bound described in
the introduction.

Corollary 2.13 (Local convexity bound). For 0 < Re(s) < 1, we have J*(s) <
C=1/2+Re(3)/2 gnd T*(s) < C~Y/2 with absolute implied constants.

Proof. By [B3), it suffices to prove the first part of the statement. Using (29) and the
fact that W (g) is L2-normalized, we get the trivial bound J*(s) < 1 for Re(s) = 1.
We transfer this to the bound J*(s) < C~/2 for Re(s) = 0 via Proposition
We interpolate these two bounds by the Phragmen-Lindelof theorem, which in
this context is nothing more than the maximum modulus principle, to deduce that
J*(s) < C71/2+Re()/2 for all s with 0 < Re(s) < 1. O

2.5. Properties of Whittaker functions. Let # = W(w, ) be a generic irre-
ducible admissible unitarizable representation of G with trivial central character,
and let W € 7 be its normalized Whittaker newform. The purpose of this section
is to establish the key properties of W that will be used in our proof of Theorem
27

Lemma 2.14 (Invariance of inner product on Whittaker model). For each g1, 92 €
G, one has [, p (WP (a(y)gr) &y = [ cpu W (aly)gz) d*y = 1.

Proof. Since G acts on W(m, 1) by right translation, the first identity amounts to
the fact that integration along A defines a G-invariant hermitian pairing on W(w, ¢)
(see the beginning of Section [23]). The second identity follows from our assumption
that W is L2-normalized. |

Lemma 2.15 (Support conditio). Write n = a(rw), and suppose that n > 2. If
|2[* < max(p”, [y|) and W (a(y)wn(z)) # 0, then [y| = p".

Before embarking on the proof of this lemma, we must introduce some nota-
tion and recall the local GL(2) functional equation. Let u be a character of the
unit group 0*. We extend u to a (unitary) character of F* (noncanonically) by
setting pu(w) = 1 and henceforth also denote this extension by p. We may write
the standard e-factor for wu in the form e(mpu, s, ) = e(mp)C(7p)*/?>=* for some
e(rp) = e(mp,v,1/2) € C', where C(mu) = p»™) is as in Section L3t for no-
tational simplicity, we suppress the dependence of e(wp) on our fixed choice of
uniformizer w and unramified additive character 1.

With this notation, the local GL(2) functional equation (see [20]) asserts that
for each vector W’ € W(m, ), each character u of 0%, and each complex number
s € C, the local zeta integral

20 s = [ W el sl

17The reader looking to understand how our arguments would apply to slightly more general
vectors W’ € 7 might complain that this condition is very particular to the newform. We refer to
Remark [[3) for a sketch of an alternative, more robust argument that does not make use of this
condition.
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satisfies

Z(Wlnu‘ilas) _ SZ(wW/’:u’7 _S)
Torp L ia1s) o) T =

(34)

Proof of Lemma I8 Suppose that |z|?> < max(p",|y|). If [z[* > p", then |y| >

|z|2 > p™, hence
1
rnax( —D <1
Y

It follows that for each unit v € 0, the matrix

2

Y

T

Y

n

P

)

2
1+ %uw‘l %uw‘l
—Lywt 11—y !
y Yy

(a(y)wn (@) n(uw ™) (a(y)wn(z)) =

belongs to Ko(p™). Therefore W(a(y)wn(z)) = ¥(uww™ )W (a(y)wn(z)) for all
u € 0*. Since 1 has conductor o, we see that W (a(y)wn(x)) = 0.

It remains to consider the case that |z|? < p*. Let W' = wn(x)W. We wish
to show that W'(a(y)) = 0 unless |y| = p™. By Fourier inversion on the unit
group 0%, it is equivalent to show that for each character u of 0™, the zeta integral
Z(W', 1, s) is a constant multiple of p™*, where the constant is allowed to depend
upon g but not upon s.

It is a standard fact (see [40], [42]) that the map F'* > y — W (a(y)), and hence
also the map

(35) F* 3y (wW)(a(y) = (n(z)W)(a(y)) = W (a(y)n(z)) = 9 (zy)W (a(y)),

is supported on 0%, so that co(p) := Z(wW’, u, —s) is independent of s; it is here
that we have used the assumption n > 2. Therefore the functional equation (B4)
reads
L 12+ 5)

L(mp,1/2—=5) 7

ZW' 5, s) = co(p)e(mp)Cmp)

and we reduce to showing that ¢o(p) # 0 implies that C(7p) = p™ and L(mp, s) =
L(rp=t s) = 1.

The right-a(o™ )-invariance of W implies that (35 is invariant under o* N (1 +
x710), hence co(p) = 0 unless C(p) < |z|, in which case C(u)? < |z|*> < p™ and
C(mp) = p™. I 7 is of Type 1 or Type 2, we deduce immediately that L(wu,s) =
L(mp~1, s) = 1; in the other cases this holds by inspection. a

Remark 2.16. A slight modification of the above argument implies that under the
hypotheses of Lemma 2.15] we have

(36) W(a(y)wn(x)) = Z; w(y)e(mu)G(x, ),
=

where G(z, 1) = [, o, ¥(zu)p(u) is a Gauss-Ramanujan sum. Note that the char-
acters p contributing nontrivially to ([B6l) are those for which G(x, ) # 0, which

implies that C(u) < |z|.
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2.6. The proofs. Our aim in this section is to prove Theorem 27} along the way,
we will also establish Proposition Let 7 satisfy Condition 2.Il Recall the
notation n = a(w) and N = a(w x 7). Suppose that n > 2. By (&I, the calculation
of I*(s) reduces to that of J*(s). Let T, be the coefficient of p™* therein:

(37) T (s) = Tmp™
meZ

Recalling that J*(s) is a polynomial in p** and applying its functional equation

J*(s) = (pN)*~1/2J*(1 — s) (Proposition B12)), we see that T, = 0 for almost all
m and

(38) Ty =p™ 2 T,

Setting s = 1 in (B17) and using the identity J(1) = 1, we obtain
(2)

39 Tp™ = ——222)

(39) ; P L(r xm,1)

Closely related to T, are the quantities R,, defined by
(40) J(s) =Y Rpp™
mEeEZ

A linear relation between the sequences T, and R, follows immediately from the

definition
L(m x 7, s)
For convenience, we explicate this relation case-by-case in Table [I1
Let us now explain our strategy for computing J*(s). In view of (3T), BS),
and ([B9), it suffices to compute T, for positive m. Using Table [[ we reduce

further to computing R,, for positive m.
The definition (BIII) of J(s) implies that

/IEF /F WP (aly)wn(e))|y|* &y de.

\yl/max (1,]z[)?=p™

Let z,y be as in the integrand above, and suppose that W (a(y)wn(z)) # 0. Since
m > 0, we have |z|?> < |y|. By the support condition on W (Lemma 25, we

TABLE 1. Relation between T,,, and R,,

Representation L(m x m,8) 71, (25) T, in terms of R,
Type 1 1 R,,
Type 2 o= > rzo(=1) R
Type — U=pi0ope 0op =00 Ry = BagRms1 — Rno
4280 2ormo (= 1) R
Type 4 i;g:: Ry +23702 (=1 Ry
Type 5 e B+ (1+p )% (1) Rypr
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deduce that |y| = p™. Therefore

. CP(2) —-n 2 a wn(z X T
Ro=ge [ W)

max(L,|z])2=pn—m

By the invariance of the inner product on W(m, ) and our assumption that W is
L?-normalized (Lemma 214]), we deduce that the integral over y is identically 1
and, in particular, independent of x. We summarize as follows:

Proposition 2.17. Let m be a positive integer. Then

_ %) T max(1, |z p" Y dx
R = 2y " voll(x € F: max(L[o])? = p" ") de).

FExplicitly,
(1) R, =0 if either
e m>n or
e 1 <m<nandm—n is odd.

(2) anl"j;?.
3) Rnn=p —7 mh — zfl<m<nandm—nzseven

In order to prove Theorem 2.7 it suffices to evaluate T}, for each m and then
use (33) and BT). From (B8) and Proposition X117 we know that T, =0if m > n
or m < N —n. For the remaining values of m, the evaluation of T,, follows by
collecting together ([B8]), [B9)), Proposition 2I7, and the relations in Table [l We
record the results.

Type 1. In this case 7 is a dihedral supercuspidal representation p(E/F, &), asso-
ciated to the unramified quadratic extension F of F' and to a non-Galois-invariant
character £ of E*. A standard computation [40] shows that n = 2a(§) and
N = 2a(£?). This shows that n and N are even and N < n. As for T,,, we
haveTm—01fm>norm<N—norN—n<m<nandm—nlsodd

T, = 1+ L —ifm=n T, =&
remaining cases.

—n—m

L2 ifm=N—-nandT, =p 2 '1+_1 in the

1+p

Type 2. In this case we will prove that

—_m—n

L

_ m+n p

(a) T = (-1 By

unless we have m > n or m < N — n, in which case T;, equals 0. Indeed, from

Proposition 2T and Table[I], we see that [Tl holds for m positive. Now, if N were

odd, then we would be able to use (B])) to find T,, for all m; however, the resulting

formula would contradict ([B9). We conclude that N is even. Now using (B8]

and ([B9), we see that T, is given by (I) for all m in the range N —n <m <mn
and it is 0 otherwise.

Next we show that N = n + 1 whenever n is odd. Indeed, if not, then we must
have either N > n+2 or N < n. In the first case, [@I]) implies that T3 = To = 0
and hence (by the relation Ry = T7 4+ Tp) that Ry = 0. This is a contradiction
since ([29) shows immediately that Ry > f |W (k)|?dk > 0 since W(1) > 0. In the

[ =2=1)

I+p~t

-3
second case, (I implies that Ty = (—1)" f+p_1 and Ty = (—1)"tt 2

. As
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n is odd, we have Ty = —T7 and because Ty = Ry — 11, this implies that Ry = 0,
once again leading to the same contradiction.

Type 3. In this case, we must have n = 2a(8), N = 0. We have T;,, =0 if m > n or
—2
m < N—n = —n. First assume that p is odd; so a(8) = 1. We have Ty = liT and

—2 -1
T = —ﬁsOliT. From (B8)), it follows that T, = —,BSDIJZ;T and T o = #.

It is left to calculate Tp. For that we use the fact that > T, p™ = LC& This

(mxm,1)
. _q11-2p t—p 2428, p ! L.
gives us Ty = p~ 1 —=2 lipj Beal The case p = 2 is similar, except that now

a(B) € {2,3}. We compute T,,_2, T),_3 from Table [ (since n > 4). We omit the
details.

Type 4. In this case n = 2a(B3) and N = 2a(3?). So n and N are even and N < n.
As always, we have T,,, = 0 if m > n or m < N — n. For the remaining cases,
N e

f{?ifm:n;Tm:%ifm:N—n;Tm:p T if

we compute T, =
—n—m—1

2p 2
1+p—1

0<n—m<2n— N and m —niseven; T, = — if0<n—-m<2n—N

and m — n is odd.

Type 5. In this case N = 2 and n = 2a(8). As always, we have T,, =0if m > n

2

orm < N —n. MoreoverTmz#ifmzn;Tm:ﬁ?ifm:N—n;

—n—m -2 . —n—m-—1 |,
Tm=p 2 }ig,l if0<n—m<2n— N and m —niseven; T, = —p~ 2 if

0<n—m<2n— N and m — n is odd.

By substituting the above formulas into ([B7)), we get an explicit formula for
J*(s). This immediately proves Theorem [2.7] using the relation ([B33]). We note here
the precise relation between Q@ ,(s) and J*(s),

N

El — N, n .
PEQrpls) = (L+p pT 72T (s).
Note that along the way we have also proved Proposition
Finally, one can easily derive explicit formulas for R,,, for all m from those for

T, calculated above and the relations written down in Table [l For example, for
Type 1 representations, we have

(1) Ry, =0 if either
em>norm<N—nor
° Nin§m<nandm—nisodd.
(2) anlfr?./
—N/2

e i
(4) Ry, =p Lz*l if N—n<m<nand m—n is even.

The values of R,, for m < 0 are related to the Fourier coefficients at various cusps
of a newform corresponding to 7 (see Section B.4]).

3. PROOF OF THEOREM

3.1. Background and notation. In this subsection we collect some notation that
will be used frequently in this section. For complete definitions and proofs, we refer
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the reader to Serre [41], Shimura [43], Iwaniec [21]], [22] and Atkin-Lehner [I]. We
note that some of this (boilerplate) subsection is borrowed from [33].

General notation. For an integer n and a prime p, we let n, denote the largest
divisor of n that is a power of p, and we let n, denote the largest integer such that
nZ divides n. In other words, n,, is the “p-part” of n (the maximal p-power divisor),
while n?2 is the “square part” of n (the maximal square divisor). Note that ny =
In|, " where |n|, denotes the p-adic absolute value. We let ng denote the largest
squarefree divisor of n. One could also write n, = (n,p>) and no = (n, ][, p). We
have n, = 1 if and only if ng = n if and only if n is squarefree, but there is in
general no simple relation between n, and nyg.

Given a finite collection of rational numbers {...,a,, ...}, the greatest common
divisor (...,a;,...) (resp. least common multiple [...,a;,...]) is the unique non-
negative generator of the (principal) Z-submodules Y Za; (resp. [)Za;) of Q. In
particular, if ¢ and b are two positive rational numbers with prime factorizations
a=[]p%,b=]]p’, then we have (a,b) = []p™"(@:) and [a,b] = [] p=*(@r:ts),
We write a|b to denote that the ratio b/a is an integer.

For each complex number z, we write e(z) := 2™, For each positive integer n,
we let p(n) denote the Euler phi function p(n) = #(Z/n)* = #{a €Z:1<a <
n,(a,n) = 1}. We let 7(n) denote the number of positive divisors of n and w(n)
the number of prime divisors of n.

The upper-half plane. We shall make use of notation for the upper half-plane
H = {z € C: Im(z) > 0}, the modular group I' = SL(2,Z) © H acting by
fractional linear transformations, its congruence subgroup I'g(q) consisting of those
elements with lower-left entry divisible by ¢, the modular curve Yy(q) = T'o(q)\H,
the Poincaré measure dy = y~? dz dy, and the stabilizer I'oo = {£(17) : n € Z}
in I of co € P}(R). We denote a typical element of H as z = x + iy with z,y € R.

Holomorphic newforms. Let k be a positive even integer, and let « be an element
of GL(2,R) with positive determinant; the element « acts on H by fractional linear
transformations in the usual way. Given a function f : H — C, we denote by f|r«
the function z — det(a)*/%j(a, 2) 7% f(az), where j ([¢4],2) = cz + d.

A holomorphic cusp form on I'g(q) of weight k is a holomorphic function f :
H — C that satisfies f|py = f for all v € T'o(q) and vanishes at the cusps of
To(q). A holomorphic newform is a cusp form that is an eigenform of the algebra
of Hecke operators and orthogonal with respect to the Petersson inner product
to the oldforms (see [I]). We say that a holomorphic newform f is a normalized
holomorphic newform if moreover Ay(1) =1 in the Fourier expansion

Ar(n)

(42) Rz = Sk (ny)e(na),
Y nze% \/ﬁ Finy

where £ s (y) = y*/2e727Y; in that case the Fourier coefficients \;(n) are real, mul-
tiplicative, and satisfy [5], [6] the Deligne bound |A¢(n)| < 7(n).

Recall, from Section 1] the definitions of the measures p and ¢ on Yy(1), given
by

B ; dx dy _ A F2(2 k%
u(aﬁ)—/F\Haﬁ() ) /Fo(q)\qu( ()t

for all bounded measurable functions ¢ on Yg(1).
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Maass forms. A Maass cusp form (of level 1, on T'g(1), on Yp(1), ...) is a I'-
invariant eigenfunction of the hyperbolic Laplacian A := y=2(9? + 65) on H that
decays rapidly at the cusp of I'. By the “A; > 1/4” theorem (see [2I Corollary
11.5]) there exists a real number 7 € R such that (A+1/4+7%)¢ = 0; our arguments
use only that r € RUi(—1/2,1/2), which follows from the nonnegativity of A.

A Maass eigencuspform is a Maass cusp form that is an eigenfunction of the
Hecke operators at all finite places and of the involution 71 : ¢ — [z — ¢(—2)];
these operators commute with one another as well as with A. A Maass eigencusp-
form ¢ has a Fourier expansion

Ap(n)
(43) $(2) = P ke (ny)e(nz)
Z oy

where ky(y) = 2\y|1/2Kir(27T|y\)sgn(y)1%§ with K, the standard K-Bessel func-
tion, sgn(y) = 1 or —1 according as y is positive or negative, and § € {£1} the
T_;-eigenvalue of ¢; note that the argument ny of k4 (ny) in (3) may be negative
even if y is positive. A normalized Maass eigencuspform further satisfies Ay (1) = 1;
in that case the coefficients A\4(n) are real and multiplicative.

Because f(—z) = f(z) for each normalized holomorphic newform f, we have
pr(¢) = 0 whenever T_1¢ = 0¢ with 6 = —1. Thus we shall assume throughout
the rest of this paper that § = 1, i.e., that ¢ is an even Maass form.

Eisenstein series. Let s € C, z € H. The real-analytic Fisenstein series E(s,z) =
>_r.\r Im(vz)" converges normally for Re(s) > 1 and continues meromorphically
to the half-plane Re(s) > 1/2 where the map s — FE(s, z) is holomorphic with the
exception of a unique simple pole at s = 1 of constant residue ress—; E(s,z) =
u(1)~1. The Eisenstein series satisfies the invariance E(s,vz) = E(s,z) for all
v €I'. When Re(s) = 1/2 we call E(s, z) a unitary Eisenstein series. We write F
for the function E,(z) = E(s, 2).

To each ¥ € C(RY), we attach the incomplete Eisenstein series E(V,z) =
> ver.or Y(Im(yz)), which descends to a compactly supported function on Yy(1).
One can express E(¥P, z) as a weighted contour integral of E(s, z) via Mellin inver-
sion.

3.2. An extension of Watson’s formula. The general analytic properties of
triple product L-functions on GL(2) follow from an integral representation intro-
duced by Garrett [9] and further developed by Piatetski-Shapiro-Rallis [35].

Harris—Kudla [I6] established a general “triple product formula” relating the
(magnitude squared of the) integral of the product of three automorphic forms
(on quaternion algebras) to the central value of their triple product L-function,
with proportionality constants given by somewhat complicated local zeta integrals.
Gross and Kudla [I5] and Watson [46] evaluated sufficiently many of the Harris—
Kudla zeta integrals to obtain a completely explicit triple product formula for each
triple of newforms having the same squarefree level.

Ichino [19] obtained a more general triple product formula of the type considered
by Harris—Kudla, but in which the proportionality constants are given by simpler
integrals over the group PGL2(Q,). Sufficiently many of those simpler integrals
were computed in [20, Theorem 1.2] and [33] Lemma 4.2] to derive an explicit
triple product formula for each triple of newforms of (not necessarily the same)
squarefree level (see [33] Remark 4.2]).
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Our local calculations in Section [2] give an explicit triple product formula for
certain triples of newforms of not necessarily squarefree level. We state only the
identity that we shall need.

Conventions regarding L-functions. Let m = ®m, be one of the symbols ¢, f,
adg,adf, or f X f X ¢; here v traverses the set of places of Q. One can attach
a local factor Ly(m, s) = L(my, s) for each v. We write L(mr, s) =[], Ly(, s) for the
finite part of the corresponding global L-function and A(w,s) = Loo(m,s)L(m, s)
= ]I, Lv(m,s) for its completion. The functional equation relates L(m,s) and
L(m,1—3s).

For the convenience of the reader, we collect here some references for the defi-
nitions of L(7,s) with 7 as above. Watson [406], Section 3.1] is a good reference
for squarefree levels. In general, the standard L-functions attached to m = f
and m = ¢ may be found in a number of sources (see for instance [3], [10], [26]).
Since ¢ has trivial central character and is everywhere unramified, we may write
Ly(¢,8) = Cols + 80)Cu(s — s0) for some sy € C, where (oo (s) = 7~%/%T'(s/2) and
Cp(s) = (L—p=%)7L. Then L,(f x f x ¢,8) = Ly(f X f, 8+ 80)Lo(f X f, 5 — s0)-
It is known that L,(f x f,s) factors as L,(adf, s)(,(s). Finally, the local factors
L,(adf, s) may be found in [12].

Theorem 3.1. Let ¢ be a Maass eigencuspform of level 1. Let f be a holomorphic
newform on T'y(q), ¢ € N. Then

’fFO(q)\H¢ 2)|fI?(2)y kdwdy
(fr\H|¢| dacdy) (fl“o(q)\H|f‘ (2)y* dacdy)

1 b
@A(a((iix : Xaﬁf2 2 H pladf,1) Qf>p(5¢,p))2a

with s = sgp € C chosen so that the pth normalized Hecke eigenvalue of ¢ is
p*~ Y2 4 pl/27=5 and the local factors Qy ,(s4,) are as in Theorem 2T

Proof. Ichino’s generalization of Watson’s formula [I9] reads
(44)

o 6210 1 (f><f><¢,1/2 T
(fr\m\¢|2 dmdy) (fl“o(q)\H|f| (2)y kdzdy) 8 A(adg, 1)A(adf,1)?

where I;; was defined and explicitly calculated in Section 2land I3, € {0, 1,2} (see
[46]). In our case, I* = 1. The result now follows from Theorems 26l and 2771 O

Remark 3.2. A conclusion analogous to that of Theorem [3.1]also holds when ¢ = E|
is an KEisenstein series, in which case the computation follows more directly from
the Rankin—Selberg method and the calculations of Section 21 See also [31], Section
4.4).

3.3. Bound for D;(¢) in terms of L-functions. We briefly recall the setup for
Theorem Let f be a holomorphic newform of weight k£ € 2N on I'g(q). We
assume without loss of generality that f is a normalized newform. Fix a Maass
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eigencuspform or incomplete Eisenstein series ¢ on Yy(1) = I'o(1)\H. We wish to
prove the bound asserted by Theorem [[2] i.e., that
pe(9) (@) s s
Dy(¢) = == — == <o (¢/q0) " log(qk) ™"
' pr(1)  p(1)
for some 91,02 > 0, with gg the largest squarefree divisor of ¢q. For simplicity, we
treat in detail only the case that ¢ is a Maass eigencuspform, since the changes
required to treat incomplete Eisenstein series are exactly as in [33]
We first collect an upper bound for D/(¢) obtained by combining the extension
of Watson’s formula (Theorem BI]) with Soundararajan’s weak subconvex bounds
[44).

Proposition 3.3. For each holomorphic newform f on T'o(q) and each Maass
eigencuspform ¢ (of level 1), we have

1A(f><f><¢31/2) 5(.UQ\/_
6 A(adf, 1)2 10 (af C)T(Q/\/a)2(Q/\/6)297

IDs(9)° <

where 6 € [0,7/64] (see [27]) is a bound towards the Ramanujan conjecture for
Maass forms on SLo(Z)\H.

Proof. Let C be the (finite) conductor of f x f. Then C is a perfect square, and v/C
divides q. The result now follows from Theorem 3] and the bounds of Corollary
O

The analytic conductor of fx fx ¢ is < C?k?*, so the arguments of Soundararajan
[44] imply that

VCk
log(Ck)t—<"
By Stirling’s formula as in [44] Proof of Cor. 1], we deduce:

L(fx fx¢,1/2) <

Proposition 3.4.

1 105(a/VO) 7(q/\/C)?
(adf. 12 Log(CR)~* (4/v/O)1-2

Note that q/v/C' € N (cf. Proposition 2.5)). Furthermore, when ¢ is squarefree,
we have C' = ¢2, so that the third factor on the RHS of (43 is absent.

(45) D4 (9)]> <o 7

Remark 3.5. The same bound holds when ¢ is a unitary Eisenstein series and with
uniform implied constants. By Mellin inversion, the bound also holds when ¢ is an
incomplete Eisenstein series (cf. [44], Proof of Cor. 1] or [33], Proof of Prop. 5.3]).

3.4. Cusps of T'g(¢) and Fourier expansions. We collect some (to the best
of our knowledge nonstandard) information concerning the Fourier expansions of
newforms at arbitrary cusps of I'o(¢) (§3.4.2). To illuminate that discussion, we
take some time to recall in detail certain comparatively standard facts concerning
the cusps of T'g(q) themselves (§34.T]).

I8However, one obtains different numerical values for §1, 82 when ¢ is an incomplete Eisenstein
series; see the statement of Theorem [3.10]
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3.4.1. Background on cusps. The group G := PGL;(R) acts on the upper half-
plane H and its boundary P!(R) by fractional linear transformations. For each
lattice (i.e., discrete subgroup of finite covolume) A < G := PGLj (R), let P(A)
denote the set of boundary points a € P*(R) stabilized by a nonscalar element
of A; one might call P(A) the set of parabolic vertices of A. Equivalently, for
each a € P(R), let U, denote the unipotent radical of the parabolic subgroup
P, = Stabg(a). Then P(A) = {a € P}(R) : vol(Uy /U, N A) < o0}

The group A acts on P(A), and the orbit space C(A) := A\P(A) is called the
set of cusps of A. One may take as representatives for C(A) the set of parabolic
vertices of a given fundamental polygon for A\H. Intrinsically, C(A) is in bijection
with the set of A-conjugacy classes of parabolic subgroups P < GG whose unipotent
radical U satisfies vol(U/U N A) < 0.

Recall that T' = T'g(1) = SL2(Z), and set henceforth TV = T'y(g). Then P(T") =
P(I’) = PY(Q). The action of I' on P(T') is transitive, and the stabilizer in I'
(as well as in I”) of oo € P(T) is T'oo = {£ (%) : n € Z}. Thus we have the
left T-set P(I') = I'/T'w, the left I"-set P(I') = I'/T'w, and their orbit spaces
CT)=T\I'/Tow = {1}, C(I'") =T"\I'/T .

For an arbitrary ring R, the group I' has a natural right action on the set P*(R),
realized as row vectors: [z : y]-(2Y) = [az+cy : br+dy]. The congruence subgroup
T'o(g) is then the stabilizer in T of [0 : 1] € P1(Z/q). The group I' acts transitively on
PY(Z) = P*(Q), hence on P!(Z/q), and so we may identify [V\I' = P'(Z/q) as right
I-sets. Under this identification, « = (2 %) € I corresponds to [c : d] € P*(Z/q).
Two row vectors [c : d] and [¢/ : d'] with (¢,d) = (¢/,d’) = 1 represent the same
element of P1(Z/q) if and only if there exists A € (Z/q)* for which ¢/ = Ac and
d' = \d. Thus P'(Z/q) may be identified with the set of diagonal (Z/q)*-orbits on
the set of ordered pairs [c : d] of relatively prime residue classes ¢,d € Z/q. In each
such orbit there is a pair [c : d] for which ¢ divides ¢/ if [¢, d] is one such pair, then
all such pairs arise as [c : Ad] for some A € (Z/q)* that satisfies Ac = ¢ (mod q), or
equivalently A =1 (mod g/c). Thus as ¢ traverses the set of positive divisors of
and d traverses {d € Z/(q/c) : (d,c,q/c) = 1}, the vector [c : d] traverses P! (Z/q)é

The element (! 7) of Iy, sends [c : d] € P1(Z/q) to [c : d+nc]. The orbit of [c : d]
in P*(Z/q) may then be identified with the set of all [c : d'] where d’ € Z/(q/c) and
d' =d (mod c). In summary, each section of themap '3 (¢ 4) — [c: d] € P(Z/q)
gives rise to a commutative diagram

I\l — I'\I'/Ts = C(I")

H H

PY(Z/q) — PYZ/q)/T o

{le:d]: clg,d € Z/(q/c),(d,c,q/c) =1} —— {[c:d]:clg,d € (Z/(c,q/c))*}.
When c|q and d € (Z/(c,q/c))*, we henceforth write agq/. € C(I') for the corre-
sponding cusp. It corresponds to a/c € P1(Q) where a is an integer with (a,c) =1
and ad =1 (mod (¢, q/c)).

9We say that the residue class ¢ € (Z/q) divides q if its unique representative ¢’ € [1,q]
divides gq.
20Note that d + (d, c, g/c) is a well-defined function on Z/(g/c).
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Thinking of [c : d] as the “fraction” d/c, we define the denominator of the cusp
aq/c to be ¢, which is by assumption a positive divisor of q.

The width of a cusp a € C(F’his the index w, = [Stabr(a) : Stabr/(a)] of
its T’-stabilizer in its I-stabilizer?] Equivalently, if we take as a fundamental
domain for T"\H a union of translates of fundamental domains for T', then the
width of a is the number of such translates that touch a (regarded as a I"-orbit of
parabolic vertices); in other words, it is the cardinality of the fiber above a under
the projection I"\I' — C(I'"). Let us write 7 for the bottom horizontal arrow in the
above diagram. Then the width of ay/. is

(a/0)(c.a/)" o((e,q/c)) _ _afc q

# ) = T ) e @ - Wtk

We now write simply C = C(T") for the set of cusps of IV, which we enumerate
as C = {a;};. Write ¢; for the denominator of a;, and write w; = [¢/c3,1] for its
width. For each positive divisor ¢ of g, let

Cle):={a; €C:cj =c}
denote the set of cusps of denominator ¢. It follows from the above diagram that
#Clc] = ¢((c.q/c)).

Choose an element 7; € T' representing the double coset a; € I'\I'/T',. If
a; = ag/c, then we may take 7; = ( ;) for any integer d’ for which (d’,c) =1
and d’ = d (mod (¢,¢/c)). The 7; so obtained form a set of representatives for
I"\I'/T'«. Intrinsically, the width of a; is given by w; = [['sc : I'so N T]-*lI"Tj]. The
scaling matriz of a; is

(46) 0j =T {wj 1]

which has the property Bﬁaj_lf’aj =T with B={(* %)} < G. To put it another
way, for each 2z € H, let us write z; = x; + iy; for the change of variable z; := ijlz
and I'; = Stabr/(a;). Then each element v € I satisfying (v2); = z; + 1 generates
[, In other words, z — z; is a proper isometry of H under which z; — 2; + 1

corresponds to the action on z by a generator for F;-.

3.4.2. Fourier expansions. We now turn to explicating the Fourier expansion of
|f|? at the cusp a;, or equivalently that of |f|?(z) regarded as a function of the
variable z;. Recall the weight k slash operation: for a € GL3 (R), set f|pa(z) =
det(a)*/%j(ar, 2) 7% f(az), where j ([24],2) = cz +d. We then have |f|>(z)y* =
|f1?(025)Im(oj2;)F = |f|kc7j|2 (zj)yf, and we may write

) Fleoi(zs) =72 3 22 ety

neN \/ﬁ
for k(y) = y*/2e~%™ (y € RY) and some coefficients \;(n) € C. In the special
case, a; = 0o, we note that \;(n) = A(n). In general, the notation \;(n) is slightly
misleading because \;(n) depends not only on the cusp a;, but also on the choice of
scaling matrix 7;. However, if \;(n) denotes the coefficient obtained by a different
choice of 7/, then one has \}(n) = e(bn/w;)A;(n) for some integer b.

21For more general subgroups than I'g(g), one should replace “I’-stabilizer” with “I"” - {£1}-
stabilizer”.
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The coefficients A;(n) seem easiest to describe by working adelically. For some
background on adeles and adelization of automorphic forms, we refer the reader
o [10]. We recall the following notation from Section

o= ) =" ] w1 e =] )

Let Z = @Z/n =11Z,, Q=7Z®;,Q= IT Qp, and A = RxQ. To f one attaches a
function F : GL2(A) — C in the following standard way. By strong approximation,
every element of GL2(A) may be expressed in the form yg.. ko for some v € GL2(Q),
goo € GLo(R)T, and ko € Ko(q) = {[24] € GL2(Z) : q | ¢}. Then F(ygooko) =
flkgoo (7). Recall that o € GLa(Q)". Let ino : GL2(Q) < GL2(R) — GL3(A) and
ifin : GLa(Q) < GLg(Q) < GLy(A) be the natural inclusions. If g, € GLy(R)" is
chosen so that g,i = z, then f|y0;(2) = flr0;g:(1) = F(toc(0j)g:) = F(gzbﬁn(o';l))
by the left-G(Q)-invariance of F. For g € GL2(A), one has a Fourier expansion

F(g)= > W(a(n)g),
n€Qxo
where W is a global Whittaker newform corresponding to f; it is given explicitly
by W(g) = freA/Q F(n(x)g)y(—z)dx where the integral is taken with respect to

an invariant probability measure. It satisfies W(n(z)g) = ¥ ()W (g) for all z € A,
where 0 # 1 = [[¢, € Hom(A/Q,C") is the additive character for which 1. (z) =

e?™  The function W factors as [[ W, over the places of Q. We may pin down
this factorization uniquely by requiring that W (a(y)) = x(y) and W,(1) = 1 for
all primes p. Writing z = x + iy, we may and shall assume that g, = n(x)a(y).

Then
Y2 ko (2) = Fgatan(o; ) = Y wlny)e(nz) [[Wpla(n)o; ).
n€Qxo p

Here we identify o; with its image under the natural inclusion G(Q) — G(Q,).
If ptgq, then W, is unramified at p and o; € GLy(Z,), since o; differs from
7; € SLy(Z) by a diagonal matrix with integral entries dividing ¢ (and hence with

determinant coprime to p); thus Wp(a(n)or;l) = Wy(a(n)). If we also have p { n,

then a(n) € GLa(Z,), and so Wy(a(n)) = 1. Therefore the expansion (1) holds
with

8) N =vn [T Wilam)o; ) = va][Welam)o; ") T Wala(n)).

plln,q] plg P\W

Let us spell out [@8) a bit more precisely. Write 7; = [2 4], so that a = ag/. in
the notation introduced above. The Bruhat decomposition of Tfl reads

e B R I e e}

so that for y € Q;, we have
W (aly)o; ) = Wp(aly/lg/?, 1)n(~d/c)a(1/c*)wn(~a/c))
= Wy(n(~yd/lg/c,c))aly/la, *])wn(-a/c))

= _—dy a C2 wn\—a/c
=t () Waatu/lan om0/,
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Note also that

I s = T («(gm)) = (i)

pl(n 4) ‘(n

Recall here that A(m) is our notation for the coefficient A;(m) at the distinguished
cusp a; = co. From the above calculations, we deduce that

@) = vire ()M (G ) T Waata/fn un(-a/)

lq/c,c o

One can check that A; is not multiplicative in general; for example, it can happen
that A\;(1) # 1, or even that A\;j(mn)A;(1) # Aj(m)A;(n) for pairs of coprime
integers m, n. To circumvent thls lack of multlphcatlwty, we work with the root-
mean-square of \; taken over all cusps of a given denominator. For each positive
divisor ¢ of g, define

1/2

1
(50) A (n) =\ =7 A (n)[?
#Clc] agc:[c]

An explicit formula in terms of GL(2) Gauss sums for the RHS of ({J), and hence
for A\;(n), may be derived following the method of Section For our purposes,
it suffices (by Cauchy—Schwarz; see Section B.A]) to evaluate the simpler averages
Ar(n). Tt turns out that these averages are multiplicative in a certain nonconven-
tional sense:

Definition 3.6. Let us call an arithmetic function f : N — C factorizable if it can
be written as a product f = Hp fp over the primes, where the f, : N — C satisfy

(1) fp(n) = fp(ny) for all n € N and all pP3 and
(2) fp(1) =1 for all but finitely many p.

Remark 3.7. Every multiplicativd® function is factorizable (take fp(n) = f(np)),
and every factorizable function f satisfies

(51) f(mn)f(1) = f(m)f(n) whenever (m,n) =1,

but neither of these implications is reversible. A factorizable function f is multi-
plicative if and only if f(1) = 1. Many nonfactorizable functions f satisfy (&II),
but if f(1) # 0, then f is factorizable if and only if it satisfies (&I]), in which case
n— f(n)/f(1) is multiplicative.

Lemma 3.8. Let c be a positive divisor of q. The function n — Aj(n) is factor-

izable:
n) = H A[c],p(n)

for each n € N, where A, : N — Rxq is deﬁned by

[elp -

IA(np)| = Inly 2 Wyl (a(n), ot

1057 (fums Wl (0 () wn(1/6)) a<u) ™ p

22Recall that nyp denotes the largest divisor of n that is a power of p.
23Recall that an arithmetic function f is multiplicative if f(mn) = f(m)f(n) whenever
(m,n) =1.

(52)  Apep(n) =
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Proof. For each a; € C|c], let us write 7; = (% ). Recall that as a; traverses

Clc], the lower-right entry of 7; traverses (Z/(c,q/c))*, hence so does the upper-left
entry a;. The formula ([3J) and the definition (50) imply that
(53)

1/2

)\<( ”m))] a2 TTWelatn/la.2)un(-a;/2)

)\ _ 1/2
@) =n n,q
a;€C[c] plg

We treat the three factors on the RHS successively; in doing so, we shall repeatedly
invoke the right—a(ZX) invariance of W), for each prime p. The first factor may be

written n'/? =[], In|, /2. The second is ‘)\( nqw))’ [, Wpl(a(n)). For the

third, note that the average over C [ ] or equivalently, over a; € (Z/(c,q/c))*, lifts
to an Eulerian mtegral over [

plq p
Z 1T Wl*(a(n/lg, *)ywn(—a;/c))
GJEC[]p|q
—H (Wol?(a(n/[g, ]y wn(—u/c)) d*
pq/“

The identity wn(—u/c) = a(—1/u)wn(l/c) (mod Z(Q,)) and substitution u
—1/u allows us to rewrite the above as

H/u . (ﬁ) wn(1/c)) d*u.

plq
Collecting the identities obtained for each of the three factors in (G3]), we deduce

W, l(a(n)), rta
n) — nl—1/2 2
)\[c]( ) | |p | |p X (fueZX |Wp|2(a( 62]) wn(l/c))d* ) v . pla

This establishes the claimed formula Ajg(n) = [[, Ajgp(n). It is clear from the
definition that Ay ,(n) = Apgp(np) for all p and that Arg,p(1) = 1 for all p not
dividing q. O

Remark 3.9. It follows from the right-a(Z,)-invariance of W that Ay ,(n) =
A[Cp]vp( p)
Lemma 3.10. For each prime p, each c|q, and each n € N, we have Aep(n) =
Ala/clp(n)-

Proof. Let wy = [ % §]. Then w, acts as the Atkin—Lehner operator on the newvec-
tor W, and so W, (gwq) +W,(g) for all g € GL2(Q,). Since

(1o ) wmCa/epw, == (4) - (b ) un1/a/eal-1)

for each y € Q), the lemma follows from the left-Z(Q,)N(Q,)-equivariance and
right- A(Z,)-invariance of W, O

Remark 3.11. When ¢ is a prime power, the classical content of the proof of the
above lemma is that for ad = 1 (gq), the operator z — —1/(qz) takes a/c to

—a~Y/(ge™t) = —d/(qc™1) (mod Z).
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We are now in a position to compute A, exactly. We do this in Proposi-
tion The quantities R,, , that appear in the statement below are the coeffi-
cients “R,,” that were defined in ({@0) and later computed exactl for all repre-
sentations of PGL2(Q,) with conductor at least p?.

Proposition 3.12. Let ¢ be a positive divisor of q, p a prime divisor of q, and n
a natural number. Write n = up® with (u,p) =1 and k > 0.

(1) )‘[C])P(n) = )‘[c],p(pk)-
(2) If p* does not divide q, then \q ,(p*) = pk/2,
(3) If p* divides q and ¢} # qp, then Nap(®®) = 1 if k = 0 and vanishes

otherwise.
4) If p? divides q and c? = q,, then
59 P
Lip ') 3R if k>0
2 T—p 1 dp Lk p, )
M (") =9 70N /8 X ,
(£2) (65 Row — 551) . k=0,

By the formulas for R_j , from Section [2] we immediately deduce:

Corollary 3.13. For each prime p for which p* divides q, each positive divisor ¢
of q, and each nonnegative integer k, we have

)‘[c],p(pk) <p

with an absolute implied constant.

k/4

Remark 3.14. In general, one cannot hope to improve upon the above inequality in
the range 0 < k < n — N where the integer N is such that p"¥ = C,, the p-part of
the conductor of f x f. This is clear from the formulas for R,, from Section[2l In
particular, the “Deligne bound” |\;(p*)| < 7(p*) does not hold in general.

Proof of Proposition 312 Part (1) follows immediately from the definition of A .
Part (2) follows from standard formulas for the local Whittaker function attached
to a Steinberg representation (see [I5, Lemma 2.1]).

We now turn to (3) and (4). To simplify notation, we restrict ourselves henceforth
to the case that q and ¢ are powers of p; the general case then follows by the
observation of Remark B9 The proofs of (3) and (4) will each make use of the
following consequence of the support condition on W, established in Lemma
and the GL2(Qp)-invariance of the Whittaker inner product: for each v € Z and
r € Q, with |z|? < ¢, we have

. x < )L v=0,
GO [ WP e () au =5, = {07 e

ya

For part (3), suppose that p?|¢ and ¢ # ¢q. By the “functional equation”
AN (PF) = Ag/e,p(P¥) of Lemma BI0, we may assume without loss of general-
ity that ¢® (properly) divides ¢. Then [q,c*] = ¢, so

A (P*)?
BEE [ (el awn(1/) a*
p uEZ;<
Since |(1/C)|12’ =c?< q, the identity (M) implies )\[c] D (pk)Q = pk(;k = 0y, as desired.

24We wrote down exact formulas only for Tjy,, but similar ones for Ry, can be easily worked
out using Table [Tl
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It remains to consider part (4), in which ¢? = ¢. By definition (see @0)), R_j
is the coefficient of p=*% in J,(s) (see B0)). By writing the p-adic integral in (B0)
as a sum and invoking the right invariance of W), we obtain

G () 1 X
(2) /ze@p /ye@p [y Wyl (a(y)wn(z)) de d”y

lyl/ max(1,|x[)2=p~F

= thpk_%/ W2 (a(p* 2 )wn(up™™)) d*u,
=0

u€ZyY

where vy = vol(Zy,dz) = 1 and v, = vol(p™'Z),dx) = p'(1 — p~') for t > 1; the
measures here are normalized as in Section 2l Set ¢ = p™. By the right-a(Z,)*-
invariance of Wp, the inner integral may be written as

(55) /€Z>< |W |2( ( k— 2t+n/q) (p—t)) dxu.

We consider several cases separately:
o If t < n/2, then [p~*]2 < g and k — 2t +n > 0, so (54) implies that (55)
vanishes.
e If t > n, then the identity wn(z) = n(—z 1a(z=?)n_(z7!) (mod Z(Qy)),
where n_(z~1) = (11 | ), shows that

Wy (a(up® " [qyun(p™)) = Wy (n(—z up™™ /q)a(up™™ /q)n_(p"))
= Wy(a(up™*"/q)) = 6.

Thus the integral (B8 is dk.
e For n/2 <t < n, the definition (E2) specializes to

Moo =0 [ I (alap = yunip~)
ue

This shows that (B5) equals p*k)\[ptLp (p*)2. If the lower inequality is strict,
i.e., if t > n/2, then the proof given above of part (3) of the present propo-
sition shows moreover that Ape ,(p")? = 6.

e Combining the previous two cases, we see for ¢t > n/2 that (B3) equals d.

Collecting the above calculations together, we deduce that

Gl )R kp = Unj2P " Apn/2) p( )2+ Sk Z vip~ 2.
Gr(2) ton’2

Rearranging, recalling that vy = ) (1 (for t > 1), and summing some geometric
series, we arrive at

" 1
A 2 (pk)2 — p CP( ) Z vep —2t
[p"/2],p v (2 )
n/2 5p t>n/2
g2 Gp(1)? n -
- ”%Rw-%p SN
P t>n/2
1_|_p 1 pfl
n/2 R _45
1_ —k,p k 1— p_l 5
which is equivalent to the claimed forrnula. O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



RANKIN-SELBERG INTEGRALS AND QUANTUM UNIQUE ERGODICITY 181

Remark 3.15. Tt is instructive to apply Proposition B.121 when f is associated to an
elliptic curve E/q of conductor ¢. In that case, we have k = 2 and A(n)y/n € Z.
Since Aut(C) acts transitively on the set of cusps of given denominator, Propo-
sition provides a characterization of the cusps at which the differential form
f(#)dz vanishes, complementing some recent work of Brunault [2]. With further
work, one may derive from Proposition an exact formula for the ramification
index at a given cusp of the modular parametrization Xo(q) — E. The resulting
formula turns out to depend only on the reduction modulo certain powers of 2 and
3 of the coefficients of the minimal Weierstrass equation for FE.

Remark 3.16. One may extend A(g, to a function on Q via the formula in its

original definition (50) and then extend A : N — Rxq to a function Ay : Q* —
R>o via (yp)p = [ A.p(¥p). Then by directly evaluating J,(s) in the Iwasawa
decomposition, one obtains

= HJP(S)

rlg

T W Sl Uetlare g 4

p\q Q7 clq

Suppose now that ¢ = p?™ is a prime power with even exponent. Then the support
condition (by Proposition BI2]) that )\[C]Vp(pk) = 0 unless k = 0 or ¢ = p™ implies

@)  pm! ml—=1/p m]p
Z 2ts+1+1/p 1+1/pz

0<t<m-—1 p k>0

p2m(s— 1)

1+1/p

Jy(s) =

Thus the “local Lindeléf bound” in the form J;(s) < mp~™ (Re(s) = 1/2) is
“equivalent” to the estimate ;< Apm).»(p¥)?/p*/? < m for the sum of the mean
squares of the Fourier coefficients of f at the cusps of T'o(p?™) with denominator
p™. When the representation = of PGL2(Q,) generated by f is supercuspidal, we
note that the identity (22]) implies the cute formula

ZC(p)Q:C(ﬂ-) (C(rp)/C(m))> Z )\[pm] p
2oc(upr=c(m) 1 =

for the “moments” of {u : C(u)? = C(m)} > u — C(mwp) (see Section for
notation).

3.5. Proof of Theorem [1.2, modulo technicalities. In this section we follow
Holowinsky [I7] in bounding Dy (¢) in terms of shifted convolution sums, to which
we apply an extension (Proposition BI7) of a refinement [33, Thm. 3.10] of his
bounds for such sums [I7, Thm. 2]. By combining with the bounds obtained in
Section [3.3] and Section 3.4, we deduce Theorem [I.2.

Let Y > 1 be a parameter (to be chosen later), and let h € C"X’(RX) be an every-
where nonnegative test function with Mellin transform h”(s) = [J° h(y)y=*"'dy
such that A"(1) = u(1). The proof of [33] Lem. 3.4] shows Wlthout modlﬁcation
that

(50 1
Vire) =3 [ nvusmy) [ otwis)lRe

ajec ’¥i=0 w5 =0 J

dz; dy;
F T 0p (Y2 (1)),
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Let

_ > d
Is(l,n,x) = (mn) 1/2/ h(xy)n¢(ly)/€f(my)ﬁf(ny)y—‘g, m:=n-+1,
y=0

where r4 and ¢ are as in Section Bl Write w, := [¢/c?, 1] for all c|q. By inserting
Fourier expansions and applying some trivial bounds as in [33, Lem. 3.8], we obtain

(57)
Dy(8) = 2O S A )y n, Vi)
Y’uf(l) 1€Z+0 |l| J neN
\l|<Y1+E m:=n+w;lEN

+ O¢,6(Y_1/2)a

T2 foc» wel,n, Ywe) Y 3 A(m)x(n)

l€Z 10 clq neN a;€C|c]
‘l|<Y1+a m:=n+w.lEN 7

+ Od,)E(Y_l/Q).

Yuf

By Cauchy—Schwarz, we deduce that
(58)

|Ds(o)] <

Lo Y Pl S et Y Namng(n)

Y \/
y 1E€Z 1o ‘l| clq neN
li|]<ytte mi:=n+w.lEN

+ 04 (Y2,

The weight Iy(w.l,n,Yw.) essentially restricts the sum to max(m,n) < Ykw,:
indeed, [33, Lemma 3.12] asserts (in slightly different notation) that

(k-1 -
) < TECD) e (1,200

for every A > 0.
In Section 3.7, we prove the following:

Proposition 3.17. For | € Zyo, x € R>1, € € (0,1), and each positive divisor ¢
of q, we have

)@ Hp<a (142124 (0)[/P)
log(ex)?—¢ :

> Nagm)Ag(n)] <e g5 loglog(eq)®
neN
m:=n-+leN
max(m,n)<z
Inserting this bound into (B8]), summing dyadically (or by parts) as in [33, Proof
of Cor. 3.14], applying the Rankin-Selberg bound for Ay (!) as in [33, Lem. 3.17],
invoking the Rankin—Selberg formula

up(1) = qk%umﬁ )
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for pus(1), and pulling it all together as in [33 Section 3.3], we obtain

(59)
1/2+4¢ c e
Dy(9) <pe Y241 kzlg(qk) @
Z 1) 2
1026 ([g/c,1 lz}g)/;)z [ <1+w>_
<lg/c?,1]kY

To control the sum over ¢ in (B9), we apply the following lemma, whose (technical)
proof we defer to Section BT

Lemma 3.18. Letx > 2, ¢ € (0,1), and ¢ € N. Then

[a/*,1] ¢((c,q/c) _ qloglog(eq)®)
2 gl epe € loglasP

with absolute implied constants.
Applying this lemma to ([B9) gives
Y1/2+€ e 2\
“ 17 (1+ Al
log(qk)?~¢ p

p<qkY

(60) Ds(¢) g YV 4

The partial product over gk < p < ¢kY contributes negligibly, so choosing Y
suitably as in [I7] yields

(61) Dy(¢) <g.c log(qk)®q5 My (qk)*/?,

where

[1,<.(1+2[As(p)|/pP)
log(ex)?L(adf,1)

Feeding (@3] and (61 into the recipe of [33] Section 5] gives the following result.

My(x) =

Theorem 3.19. Fixz a Maass cusp form or incomplete Eisenstein series ¢ on Yy(1).
Then for a holomorphic newform f of weight k € 2N on T'g(q), g € N, we have

(q/\/a)71+20+s
log(kC)0 L(adf,1)

Dy (¢) <. log(gk)® min { , a5 log(qk)/*2L(ad f, 1)"/ 4} -

Here € > 0 is arbitrary, adf is the adjoint lift of f, C is the (finite) conductor of
adf, 6 € [0,7/64] is a bound towards the Ramanujan conjecture for ¢ at primes
dividing q (take 8 = 0 if ¢ is incomplete Eisenstein), and 6 = 1/2 or 1 according
as ¢ is cuspidal or incomplete Fisenstein.

When g is squarefree, one has ¢/v/C = 1, and Theorem [B.I9 recovers a statement
appearing on the final page of [33] from which the main result of that paper, the
squarefree case of Theorem [[.1] is deduced in a straightforward manner. In general,
Proposition 2.5 implies that C is a square integer satisfying C' < ¢qo, where qq is the
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largest squarefree divisor of ¢g. From this, one deduces Theorem by considering
separately the cases that L(adf,1) is large and small, as in [I8, Section 3].

3.6. Proof that Theorem implies Theorem [I.I1 We explain briefly how
Theorem [[T] follows from Theorem [[2] 1t’s known that the class C.(Yy(1)) of com-
pactly supported continuous functions on Yy(1) is contained in the uniform span
of the Maass eigencuspforms and incomplete Eisenstein series (see [22]). Fix a
bounded continuous function ¢ on Yy(1). Let € > 0 be arbitrary. Choose T' = T'(¢)
large enough that the ball By := {z € H: —1/2 < Re(z) < 1/2, Im(z) > T} has
normalized volume pu(Br)/u(1) < e. Write ¢ = ¢1 + ¢a, where ¢1 € C.(Yp(1)) and
¢ is supported on Br. Because ¢, can be uniformly approximated by Maass eigen-
cuspforms and incomplete Eisenstein series and because the collection of maps D (-)
is equicontinuous for the uniform topology, Theorem [[.2] implies that |Ds(¢1)] <
eventually Choose a smooth [0, 1]-valued function h supported on the comple-
ment of By in Y;(1) that satisfies p(h)/u(1) > 1—2e. Theorem[[2limplies that the
positive real number 15 (h) /(1) eventually exceeds 1—3e. By the nonnegativity of
wr, we deduce that pr(Br)/pur(1) < 3¢ eventually. Let R be the supremum of |4|.
Then |pf(¢2)/pr(1)| < Ruy(Br)/ps(1) < 3Re eventually and [u(¢2)/p(1)] < Re,
so that |Df(¢2)| < 4Re eventually. Thus |Ds(¢)| < (14 4R)e eventually. Letting
€ — 0, we obtain Theorem [I1]

3.7. Technical arguments.

Proof of Proposition BI17 The proof extends that of [33] Theorem 3.10], which in
turn refines [I7, Theorem 2].

We may assume 1 <[ < z. Fix a € (0,1/2) and set y = 2%, s = aloglog(x),
2=z Itz >, 1, then 10 < z < y < x, as we henceforth assume. Define finite
sets of primes

P={p<zptqd, P ={p<ztu{plat

For each set S of primes, define the S-part of a positive integer n, denoted ng, to
be its greatest positive divisor composed entirely of primes in S. We henceforth use
the symbol m to denote n 4 [. By the Cauchy—-Schwarz inequality, we may bound
the contribution to the main sum coming from those terms for which the P’-part
of m or of nis > y by

1/2
2\ /2 2
> Ag(m)Ag(n) <2z [ > _}A[c];mﬂ > |>\[C]7(1n)}

max(m,n)<z m<zx n<z
max(meps,npr)>y npr >y

By Proposition B.I2] and Corollary 313, we have

3 Pralml ) o (30 A 52 BOWE g

m<x plg k=0 m<x

25Here and in what follows, “eventually” means “provided that gk is large enough”.
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and
2 2
At ()] o A (PF)? A(n)]
el < P~ | sup
I R IS P
n<z plg k=0 n<z/d
(62) npr>y np>y/d
A\ 2
< g5 sup Z A(n)] .
dlg= n<z/d "
np>y/d

To bound the RHS of (62)), we consider the ranges d > y'/? and d < y'/? separately.
2
Ifd > y1/2, then > n<a/d % < z'72/* thanks to, say, the Deligne bound

np>y/d
IA(n)| < 7(n). If d < y'/2, we apply Cauchy-Schwarz, the Deligne bound, and
the estimate >, n<z 1 <4qn m for every A > 0 which follows from a
n7>>y1/2

theorem of Krause [29] (see the discussion in [34], Proof of Lem. 6.3]) to deduce that
2
> n<az/d Mo o 2 (for a different value of A). Combining these estimates,

n og(z)A
o log(x)
we obtain
4T
Yo AumAg(n) < > A (M)A (n) + O (- ——7 | -
max(m,n)<z max(m,n)<z 10g($)

max(mpr,nps )<y

To treat the remaining sum, we follow [I7] in partitioning it according to the values
mps and np. Specifically, for a,b,d € N with (a,b) = 1 and d|l, let N34 denote the
set of all n € N for which ad = mp, and bd = np/. Then N = | |Nypq. For n € Ny,

we have A (m) A (n) = (Hpep, A[Cm(ad)) (HpEP’ )\[C]7p(bd)) A(m/ad)\(n/bd) be-
cause each prime divisor of ¢ is contained in P’. Recall the notation Q(n) =
Zpauna for the number of prime factors of n counted with multiplicity. Since
|A(n)| < 7(n) for all n € N,

my _ Q(m/ad) log (%)
()= Il e+n<2 and Q(m/ad) < =245 <5,

~—

p|| 2

we have |A(m/ad)| < 2°. Similarly, |A\(n/bd)| < 2°. Thus
> [ Ay (m) A ()]

max(m,n)<z
max(mps,nps )<y

(63) <42 330 T Mawlad) JT Mepd) - #(Nasa N R)

d|¢  a€NbEN  peP’ peEP’
(a,b)=1
max(ad,bd)<y
plabd = peP’

with R := [1,z] N [1,2 — £]. The factor 4° is negligible if « is chosen sufficiently
small, precisely 4° <. log(z)® for a <. 1. Set r = abd~'l. As in [33] and [I7], the
large sieve implies

x/abd + 22
#Napa NR) € 1,
N Yo )
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where h(t) is supported on squarefree integers ¢, multiplicative, and given by

h(p)—{l’ pin

2, otherwise

on the primes. Note that for all p < z, we have

1, rand p < z,
h(p)={ 7| cr ={

2, otherwise

1) p | rp,
2, otherwise.

It is standard [I4, pp. 55-59] that

Zh 10g( )2,

Since z + abdz? < x, log(z) > log(z)/loglog(z) > log(x)*~¢, and

e(rp)
TP

> log log(x) ™" loglog(e“q) ™,

we obtain
T

abd log(x)2~

To complete the proof of the proposition, it now suffices to show that

#(Ngpa NR) < loglog(e®q) —

e A (0d) [T epr At p(b0)
Z ZZ P [ P ]

abd
d|e a€N beN

(a,b)=1
(64) max(ad,bd)<y
plabd = peP’

< ¢ log(x)® H <1 + w> .

p<z

Note first that

Z Z HpeP/ Ale]p(ad) HpEP’ Alel,p(bd)
aeN beN ab
(a,b)=1

max(ad,bd)<y

plabd = peP’

2

+vp( )) k+v,,( ))

S| IX 2| (I e

p?z k>0 plg k>0
p1q

)\ k+v)

If p ¢, then the arguments of [33, Proof of Thm. 3.10] show that Zk>0 <
3u+3ifv>1and Ysy 28 < (1+%> (1+f,—2). If plg but ¢ # gy, we

)‘[c],P(pk+1)) <
pF =

have uniformly >, >0 1 L. Finally, if p?|¢ and (312) = ¢p, then

k+v)

Corollary B.13] shows that Zk>0 % < pi where the implied constant is
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absolute. Putting all this together and arguing exactly as in [33] Proof of Thm.
3.10], we see that the LHS of (G4]) is bounded by an absolute constant multiple of

log(2)* [ [ ( QW > [Tow.

p<z plgo
Since [],,, O(1) < g5, this completes the proof. O
Proof of Lemma [BI8. This lemma generalizes the bound
d qloglog(e®q)
65
(65) 2 Tog@aP= < Tog(ar)

proved in [33] Lem. 3.5], which holds for all squarefree ¢ and all > 2, ¢ € (0,1),
with an absolute implied constant. The proof of (G5 applies a convexity argument
to reduce to the case that ¢ is the product of the first r primes, partitions the sum
according to the number of divisors of d, and then invokes a weak form of the prime
number theorem. Our strategy here is to reduce the general case to that in which
q is squarefree and then apply the known bound (GH]).

First, note that

[g/¢*,1] o((c, Q/C [d°/q,1]
Czq: log([q/c?, 1 dzlqz@ ((d,a/d) 10g([d2/q, 1]k)?==

Since
o((d, q/d)d?/q,1] < (d, q/d)[d*/q,1] = d,
we see that it suffices to show that

Z d < qloglog(eeq)o(l)
o log([d?/q, 1]k)?~* log(gk)?==
q

From here on, the argument is unfortunately a bit technical. Let ¢; < --- < ¢,
be the distinct prime factors of g. Define maps B; : {d e N:d | ¢} — {0,1} by

Bu(d) = {o, (4,7°) | go,

1, otherwise.

Thus B;(d) =1 or 0 according to whether the valuation of d at ¢; does or does not
exceed half that of ¢. Let B=][B; : {d € N:d| ¢} — {0,1}" be the product map
that sends d to the r-tuple (B1(d), ..., B,(d)). For each positive divisor d = [] ¢;*
of ¢ and each n = (m1,...,n,) € {0,1}", write d, = [[¢"*". Our reason for
introducing this notation is that for all d € B~*(n), we have [d?/q,1] = (d*/q),
and we may write d = ¢o(q/¢o)y [ ] qi_‘si where d; > 0 for all 7. Thus

d _ (2/q0)n  log(k(a/q0)n)*"° Y71 s
() g 117~ Toglh(a/ )= gk 7 L1

Let us now write ¢ = [| qf " and ¢, = [[ ¢;"; the definition of ¢, implies v; = | 5;/2].
Then

log(k(4/d0)n) _ log(k) + > ni(Bi — i) log(gi)
log(k(d?/q)y)  log(k) + >_mi(B; — 26:)log(g;)

< max : ;
Tl =20 s 1 20:/Bi
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(In the above, define an empty maximum or an empty product to be 1.) By
comparing the sum to an integral, one shows easily that

—6,
i 1/logg;
Z qz—g,sS1+M§1+0(1/Qi)§(1+1/qi)0(1)
0<6i=p; 2 (1= 20i/Bi) i

with absolute implied constants. Since [[,(14+1/¢;) < loglog(e®q), we deduce from

[©8) that

d (4/90)n o
2 a7 < Cioglk(gfan) e BB

deB~1(n)

To complete the proof of the lemma, it suffices now to establish that

(4/40)n a/4o o Tog(c®
O 2 Toalhaaon = Taaja =

As in [33] Proof of Lem. 3.5], define B(x) = xz/log(e‘zk)?*~¢. Then B(x) =<
x/log(wk)?~¢ for all x € R>1, so the desired bound (67) is equivalent to

B((q
Z (q/qo) << loglog(e®q).

ne{0,1}"

Since f is increasing on R>; and the map R>¢ 3 z — log 5(e”) is convex, we have
(compare with [33, Proof of Lem. 3.5])

B((q/q0)n) /B(q;h(ﬁl_')’l) . q;%(,@r—%)) B(g™ n2(B2—"72) nT(BT_’YT))

1 92 “ o qr

= < _
B(a/qs) 5((]51_71 ...qﬁ'r—%) B(qlqﬁz Y2 qTB'r' )
5(qmqnz qns(ﬁs v3) . qgr(ﬁrw))
Blarg2qs® ™ - qim ")

B -gr) _ Bdla")
= Blaar) B(Ila)

But [] ¢/ is squarefree, so (65) implies
Z il (qu Z /8 ) < loglog(e qu < loglog(e®q),
n€{0,1}r Ala)

as desired. 0

ACKNOWLEDGEMENTS

The authors thank Ralf Schmidt for helping them with the representation theory
of PGL2(Q,) and Philippe Michel for pointing them to the crucial lemma [31]
Lemma 3.4.2]. The authors thank Nahid Walji and Matthew Young for helpful
comments on an earlier draft of this paper. Finally, the authors would like to
thank the referee for many helpful comments which have improved the correctness,
clarity, and exposition of this paper.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



RANKIN-SELBERG INTEGRALS AND QUANTUM UNIQUE ERGODICITY 189

REFERENCES

[1] A. O. L. Atkin and J. Lehner, Hecke operators on I'g(m), Math. Ann. 185 (1970), 134-160.
MR0268123|/(42 #3022)

[2] Frangois Brunault. On the ramification of modular parametrizations at the cusps. Preprint.

[3] Daniel Bump, Automorphic forms and representations, Cambridge Studies in Advanced
Mathematics, vol. 55, Cambridge University Press, Cambridge, 1997. MR 1431508 (97k:11080)

[4] Colin J. Bushnell, Guy M. Henniart, and Philip C. Kutzko, Local Rankin-Selberg convolutions
for GLy,: explicit conductor formula, J. Amer. Math. Soc. 11 (1998), no. 3, 703-730, DOI
10.1090/50894-0347-98-00270-7. MR1606410(99h:22022)

[5] Pierre Deligne. Formes modulaires et représentations ¢-adiques. Séminaire Bourbaki, Vol.
1968/1969, Exzp. 347-363, 179:139-172, 1971.

[6] Pierre Deligne, La conjecture de Weil. I, Inst. Hautes Etudes Sci. Publ. Math. 43 (1974),
273-307 (French). MR0340258/(49 #5013)

[7] W. Duke, Hyperbolic distribution problems and half-integral weight Maass forms, Invent.
Math. 92 (1988), no. 1, 73-90, DOI 10.1007/BF01393993. MR931205 (89d:11033)

[8] Manfred Einsiedler, Elon Lindenstrauss, Philippe Michel, and Akshay Venkatesh, Distribution
of periodic torus orbits and Duke’s theorem for cubic fields, Ann. of Math. (2) 173 (2011),
no. 2, 815-885, DOI 10.4007/annals.2011.173.2.5. MR2776363(2012h:37006)

[9] Paul B. Garrett, Decomposition of Eisenstein series: Rankin triple products, Ann. of Math.
(2) 125 (1987), no. 2, 209-235, DOI 10.2307/1971310. MR881269)/(88m:11033)

[10] Stephen S. Gelbart, Automorphic forms on adéle groups, Princeton University Press, Prince-
ton, N.J., 1975. Annals of Mathematics Studies, No. 83. MR0379375 /(52 #280)

[11] Stephen Gelbart and Hervé Jacquet, A relation between automorphic representations of
GL(2) and GL(3), Ann. Sci. Ecole Norm. Sup. (4) 11 (1978), no. 4, 471-542. MR533066
(81e:10025)

[12] Stephen Gelbart and Hervé Jacquet, Forms of GL(2) from the analytic point of view, Au-
tomorphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State
Univ., Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math., XXXIII, Amer. Math. Soc.,
Providence, R.I., 1979, pp. 213-251. MR546600 (81e:10024)

[13] Dorian Goldfeld, Joseph Hundley, and Min Lee. Fourier expansions of GL(2) newforms at
various cusps. arXiv e-prints, 2010. http://arxiv.org/abs/1009.0028.

[14] George Greaves, Sieves in number theory, Ergebnisse der Mathematik und ihrer Grenzgebiete
(3) [Results in Mathematics and Related Areas (3)], vol. 43, Springer-Verlag, Berlin, 2001.
MR1836967(2002i:11092)

[15] Benedict H. Gross and Stephen S. Kudla, Heights and the central critical values of triple
product L-functions, Compositio Math. 81 (1992), no. 2, 143-209. MR1145805|/(93g:11047)

[16] Michael Harris and Stephen S. Kudla, The central critical value of a triple product L-function,
Ann. of Math. (2) 133 (1991), no. 3, 605672, DOI 10.2307/2944321. MR1109355|(93a:11043)

[17] Roman Holowinsky, Sieving for mass equidistribution, Ann. of Math. (2) 172 (2010), no. 2,
1499-1516. MR2680498 (2011i:11060)

[18] Roman Holowinsky and Kannan Soundararajan, Mass equidistribution for Hecke eigenforms,
Ann. of Math. (2) 172 (2010), no. 2, 1517-1528. MR2680499 (2011i:11061)

[19] Atsushi Ichino, Trilinear forms and the central values of triple product L-functions,
Duke Math. J. 145 (2008), no. 2, 281-307, DOI 10.1215/00127094-2008-052. MR2449948
(2009i:11066)

[20] Atsushi Ichino and Tamutsu Ikeda, On the periods of automorphic forms on special orthogonal
groups and the Gross-Prasad conjecture, Geom. Funct. Anal. 19 (2010), no. 5, 1378-1425,
DOI 10.1007/s00039-009-0040-4. MR2585578|/(2011a:11100)

[21] Henryk Iwaniec, Topics in classical automorphic forms, Graduate Studies in Mathematics,
vol. 17, American Mathematical Society, Providence, RI, 1997. MR1474964/ (98e:11051)

[22] Henryk Iwaniec, Spectral methods of automorphic forms, 2nd ed., Graduate Studies in
Mathematics, vol. 53, American Mathematical Society, Providence, RI, 2002. MR1942691
(2003k:11085)

[23] Henryk Iwaniec and Emmanuel Kowalski, Analytic number theory, American Mathematical
Society Colloquium Publications, vol. 53, American Mathematical Society, Providence, RI,
2004. MR2061214//(2005h:11005)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/mathscinet-getitem?mr=0268123
http://www.ams.org/mathscinet-getitem?mr=0268123
http://www.ams.org/mathscinet-getitem?mr=1431508
http://www.ams.org/mathscinet-getitem?mr=1431508
http://www.ams.org/mathscinet-getitem?mr=1606410
http://www.ams.org/mathscinet-getitem?mr=1606410
http://www.ams.org/mathscinet-getitem?mr=0340258
http://www.ams.org/mathscinet-getitem?mr=0340258
http://www.ams.org/mathscinet-getitem?mr=931205
http://www.ams.org/mathscinet-getitem?mr=931205
http://www.ams.org/mathscinet-getitem?mr=2776363
http://www.ams.org/mathscinet-getitem?mr=2776363
http://www.ams.org/mathscinet-getitem?mr=881269
http://www.ams.org/mathscinet-getitem?mr=881269
http://www.ams.org/mathscinet-getitem?mr=0379375
http://www.ams.org/mathscinet-getitem?mr=0379375
http://www.ams.org/mathscinet-getitem?mr=533066
http://www.ams.org/mathscinet-getitem?mr=533066
http://www.ams.org/mathscinet-getitem?mr=546600
http://www.ams.org/mathscinet-getitem?mr=546600
http://arxiv.org/abs/1009.0028
http://www.ams.org/mathscinet-getitem?mr=1836967
http://www.ams.org/mathscinet-getitem?mr=1836967
http://www.ams.org/mathscinet-getitem?mr=1145805
http://www.ams.org/mathscinet-getitem?mr=1145805
http://www.ams.org/mathscinet-getitem?mr=1109355
http://www.ams.org/mathscinet-getitem?mr=1109355
http://www.ams.org/mathscinet-getitem?mr=2680498
http://www.ams.org/mathscinet-getitem?mr=2680498
http://www.ams.org/mathscinet-getitem?mr=2680499
http://www.ams.org/mathscinet-getitem?mr=2680499
http://www.ams.org/mathscinet-getitem?mr=2449948
http://www.ams.org/mathscinet-getitem?mr=2449948
http://www.ams.org/mathscinet-getitem?mr=2585578
http://www.ams.org/mathscinet-getitem?mr=2585578
http://www.ams.org/mathscinet-getitem?mr=1474964
http://www.ams.org/mathscinet-getitem?mr=1474964
http://www.ams.org/mathscinet-getitem?mr=1942691
http://www.ams.org/mathscinet-getitem?mr=1942691
http://www.ams.org/mathscinet-getitem?mr=2061214
http://www.ams.org/mathscinet-getitem?mr=2061214

190 PAUL D. NELSON, AMEYA PITALE, AND ABHISHEK SAHA

[24] H. Iwaniec and P. Sarnak, Perspectives on the analytic theory of L-functions, Geom. Funct.
Anal. Special Volume (2000), 705-741, DOI 10.1007/978-3-0346-0425-3.6. GAFA 2000 (Tel
Aviv, 1999). MR1826269|/(2002b:11117)

[25] Hervé Jacquet, Automorphic forms on GL(2). Part II, Lecture Notes in Mathematics, Vol.
278, Springer-Verlag, Berlin, 1972. MR0562503|/(58 #27778)

[26] H. Jacquet and R. P. Langlands, Automorphic forms on GL(2), Lecture Notes in Mathemat-
ics, Vol. 114, Springer-Verlag, Berlin, 1970. MR0401654//(53 #5481)

[27] Henry H. Kim, Functoriality for the exterior square of GLy4 and the symmetric fourth of GLa,
J. Amer. Math. Soc. 16 (2003), no. 1, 139-183, DOI 10.1090/S0894-0347-02-00410-1. With
appendix 1 by Dinakar Ramakrishnan and appendix 2 by Kim and Peter Sarnak. MR1937203
(2003k:11083)

[28] E. Kowalski, P. Michel, and J. VanderKam, Rankin-Selberg L-functions in the level aspect,
Duke Math. J. 114 (2002), no. 1, 123-191, DOI 10.1215/S0012-7094-02-11416-1. MR1915038
(2004¢:11070)

[29] Uwe Krause, Abschdtzungen fir die Funktion Vg (x,y) in algebraischen Zahlkorpern,
Manuscripta Math. 69 (1990), no. 3, 319-331, DOI 10.1007/BF02567930 (German).
MR1078363|/(91i:11165)

[30] Wenzhi Luo and Peter Sarnak, Mass equidistribution for Hecke eigenforms, Dedicated to

the memory of Jirgen K. Moser, Comm. Pure Appl. Math. 56 (2003), no. 7, 874-891, DOI

10.1002/cpa.10078. MR1990480, (2004¢:11038)

Philippe Michel and Akshay Venkatesh, The subconvexity problem for GLga, Publ. Math.

Inst. Hautes Etudes Sci. 111 (2010), 171-271, DOI 10.1007/s10240-010-0025-8. MR2653249

(2012¢:11111)

[32] Paul Nelson, Mass distribution of automorphic forms on quaternion algebras. In preparation.

[33] Paul D. Nelson, Equidistribution of cusp forms in the level aspect, Duke Math. J. 160 (2011),
no. 3, 467-501, DOI 10.1215/00127094-144287. MR2852367

[34] Paul D. Nelson, Mass equidistribution of Hilbert modular eigenforms, Ramanujan J. 27
(2012), no. 2, 235-284, DOI 10.1007/s11139-011-9319-9. MR2886501

[35] I. Piatetski-Shapiro and Stephen Rallis, Rankin triple L functions, Compositio Math. 64
(1987), no. 1, 31-115. MR911357(89k:11037)

[36] Dipendra Prasad and Dinakar Ramakrishnan, On the global root numbers of GL(n) x GL(m),
Automorphic forms, automorphic representations, and arithmetic (Fort Worth, TX, 1996),
Proc. Sympos. Pure Math., vol. 66, Amer. Math. Soc., Providence, RI, 1999, pp. 311-330.
MR1703765//(2000£:11060)

[37] Zeév Rudnick and Peter Sarnak, The behaviour of eigenstates of arithmetic hyperbolic man-
ifolds, Comm. Math. Phys. 161 (1994), no. 1, 195-213. MR1266075/(95m:11052)

[38] Peter Sarnak, Arithmetic quantum chaos, The Schur lectures (1992) (Tel Aviv), Israel Math.
Conf. Proc., vol. 8, Bar-Ilan Univ., Ramat Gan, 1995, pp. 183-236. MR1321639 (96d:11059)

[39] Peter Sarnak, Recent Progress on QUE, http://www.math.princeton.edu/sarnak/
SarnakQUE.pdf, 2009.

[40] Ralf Schmidt, Some remarks on local newforms for GL(2), J. Ramanujan Math. Soc. 17
(2002), no. 2, 115-147. MR1913897/(2003g:11056)

[41] J.-P. Serre, A course in arithmetic, Springer-Verlag, New York, 1973. Translated from the
French; Graduate Texts in Mathematics, No. 7. MR0344216//(49 #8956)

[42] Hideo Shimizu, Some ezamples of new forms, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 24
(1977), no. 1, 97-113. MR0447121 (56 #5436)

[43] Goro Shimura, Introduction to the arithmetic theory of automorphic functions, Publications
of the Mathematical Society of Japan, No. 11. Iwanami Shoten, Publishers, Tokyo, 1971.
Kan6é Memorial Lectures, No. 1. MR0314766| (47 #3318)

[44] Kannan Soundararajan, Weak subconvezity for central values of L-functions, Ann. of Math.
(2) 172 (2010), no. 2, 1469-1498. MR2680497//(2011i:11077)

[45] K. Soundararajan and Matthew P. Young, The prime geodesic theorem, J. Reine Angew.
Math. 676 (2013), 105-120. MR3028757

[46] Thomas Crawford Watson, Rankin triple products and quantum chaos, ProQuest LLC, Ann
Arbor, MI, 2002. Thesis (Ph.D.)-Princeton University. MR2703041

31

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/mathscinet-getitem?mr=1826269
http://www.ams.org/mathscinet-getitem?mr=1826269
http://www.ams.org/mathscinet-getitem?mr=0562503
http://www.ams.org/mathscinet-getitem?mr=0562503
http://www.ams.org/mathscinet-getitem?mr=0401654
http://www.ams.org/mathscinet-getitem?mr=0401654
http://www.ams.org/mathscinet-getitem?mr=1937203
http://www.ams.org/mathscinet-getitem?mr=1937203
http://www.ams.org/mathscinet-getitem?mr=1915038
http://www.ams.org/mathscinet-getitem?mr=1915038
http://www.ams.org/mathscinet-getitem?mr=1078363
http://www.ams.org/mathscinet-getitem?mr=1078363
http://www.ams.org/mathscinet-getitem?mr=1990480
http://www.ams.org/mathscinet-getitem?mr=1990480
http://www.ams.org/mathscinet-getitem?mr=2653249
http://www.ams.org/mathscinet-getitem?mr=2653249
http://www.ams.org/mathscinet-getitem?mr=2852367
http://www.ams.org/mathscinet-getitem?mr=2886501
http://www.ams.org/mathscinet-getitem?mr=911357
http://www.ams.org/mathscinet-getitem?mr=911357
http://www.ams.org/mathscinet-getitem?mr=1703765
http://www.ams.org/mathscinet-getitem?mr=1703765
http://www.ams.org/mathscinet-getitem?mr=1266075
http://www.ams.org/mathscinet-getitem?mr=1266075
http://www.ams.org/mathscinet-getitem?mr=1321639
http://www.ams.org/mathscinet-getitem?mr=1321639
http://www.math.princeton.edu/sarnak/SarnakQUE.pdf
http://www.math.princeton.edu/sarnak/SarnakQUE.pdf
http://www.ams.org/mathscinet-getitem?mr=1913897
http://www.ams.org/mathscinet-getitem?mr=1913897
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0344216
http://www.ams.org/mathscinet-getitem?mr=0447121
http://www.ams.org/mathscinet-getitem?mr=0447121
http://www.ams.org/mathscinet-getitem?mr=0314766
http://www.ams.org/mathscinet-getitem?mr=0314766
http://www.ams.org/mathscinet-getitem?mr=2680497
http://www.ams.org/mathscinet-getitem?mr=2680497
http://www.ams.org/mathscinet-getitem?mr=3028757
http://www.ams.org/mathscinet-getitem?mr=2703041

RANKIN-SELBERG INTEGRALS AND QUANTUM UNIQUE ERGODICITY 191

EcoLE POLYTECHNIQUE FEDERALE DE LAUSANNE, MATHGEOM-TAN sTATION 8, CH-1015 LAU-
SANNE, SWITZERLAND

E-mail address: paul.nelson@epfl.ch

E-mail address: nelson.paul.david@gmail.com

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OKLAHOMA, NORMAN, OKLAHOMA 73019
E-mail address: apitale@math.ou.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRISTOL, BrisTOL BS81TW, UNITED KING-
DOM
E-mail address: abhishek.saha@gmail.com

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



	1. Introduction
	1.1. Main result
	1.2. Equidistribution vs. subconvexity
	1.3. Local Rankin–Selberg integrals
	1.4. Local convexity and subconvexity
	1.5. QUE versus local and global subconvexity
	1.6. Local Lindelöf hypothesis
	1.7. Local Riemann hypothesis
	1.8. A sketch of the proof
	1.9. Fourier expansions at arbitrary cusps
	1.10. Further remarks

	2. Local calculations
	2.1. Notation and preliminaries
	2.2. Statement of results
	2.3. An identity of local integrals
	2.4. The local functional equation
	2.5. Properties of Whittaker functions
	2.6. The proofs

	3. Proof of Theorem 1.2
	3.1. Background and notation
	3.2. An extension of Watson’s formula
	3.3. Bound for 𝐷_{𝑓}(𝜑) in terms of 𝐿-functions
	3.4. Cusps of Γ₀(𝑞) and Fourier expansions
	3.5. Proof of Theorem 1.2 , modulo technicalities
	3.6. Proof that Theorem 1.2 implies Theorem 1.1
	3.7. Technical arguments

	Acknowledgements
	References

