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0. INTRODUCTION

The theory of modular forms is an important topic of research in number theory. The
modular forms are the centerpiece of several recent accomplishments such as the proof
of the Shimura-Taniyama-Weil conjecture due to Andrew Wiles and others, which led
to the resolution of the Fermat’s Last Theorem. Siegel modular forms are the higher
dimensional analogues of modular forms and are the subject of these lecture notes. Siegel
modular forms have seen tremendous success recently in both analytic and arithmetic
aspects, with results towards Langlands functoriality and Deligne’s conjectures.

These lecture notes are based on my workshop on Siegel modular forms at IISER,
Pune, India from August 8 to 18, 2017. The target audience for the workshop, and for
these notes, are graduate students and young researchers. These notes could also be
used by senior researchers as reference material.

The main objective of the workshop was to introduce classical and representation
theoretic techniques in modular forms and to explicate the interconnections via current
research and open problems. I believe that the classical and representation theoretic
methods are a two way street and it is absolutely essential for researchers to gain expertise
in going from one side to the other and back.

For this purpose, I decided to focus the workshop, and these lecture notes, on Siegel
modular forms. These are higher dimensional analogues of elliptic modular forms and
there is a long history of active research on this topic. The main advantage is that one
can approach Siegel modular forms from a purely classical point of view as holomorphic
functions on the Siegel upper half space. In addition, these can be studied in the context
of local and global representation theory of the symplectic group.

The subject of Siegel modular forms is vast and it is impossible to cover all of it in a
two week workshop. This is my disclaimer that these notes are not comprehensive. I have
tried to give a detailed description of the basics of the classical theory and representation
theory of Siegel modular forms. But beyond the basics, my emphasis is more on how to
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use the concepts to solve several interesting problems and to give an indication about
the current open questions in the subject. I have tried to provide references for anything
that is not proved in the lecture notes so that the reader can access details. I hope
that this will open certain locked doors for the readers, and get them excited enough to
pursue learning or researching on these and related topics.

Some of the topics that have been omitted are the Galois representations associated
to Siegel modular forms, the paramodular conjecture and vector-valued Siegel modular
forms. The first two omissions are by choice since I do not work on problems related to
them, while the last one is just to simplify things by restricting to scalar valued Siegel
modular forms. Each of these aspects of Siegel modular forms could be one or more
chapters by themselves. Instead, I am just going to provide some references to get the
interested readers started on them. For Galois representations look at [57] and [105], for
the paramodular conjecture see [16] and for vector-valued Siegel modular forms refer to
[71].

There are several good texts which explain details of the classical theory of Siegel
modular forms (see [4], [28], [46], [59]) and some research articles that provide details
of the representation theory of the symplectic group (|6], [81]). There is a gap in the
literature when it comes to a good text or reference article giving the necessary in depth
information on the two approaches to Siegel modular forms as well as the interconnections
between the two. I hope that these notes will fill that gap.

An important feature of the notes is that I have tried to provide several exercises.
These play a dual role. They allow me to introduce certain results without having to
go through their proofs. But more importantly, anyone wanting to really understand
the material can only do so if they get their hands dirty doing these exercises. For the
convenience of the reader, I have provided solutions (or hints) for all the exercises in an
appendix.

In an ideal situation, the reader will already be familiar with the GL(2) theory. This
will help in realizing how the theory and methods for Siegel modular forms are often a
generalization of the elliptic modular forms theory. Nevertheless, I have included three
appendices recalling the classical concepts and representation theory for GL(2) and basics
of p-adic numbers and the ring of adeles.

The notes are organized as follows. Lectures 1 - 3 introduce basic information on the
classical theory of Siegel modular forms. Lectures 4 and 5 introduce advanced topics,
open conjectures and recent results that use the techniques introduced in the preceding
lectures. Lecture 6 is the transition from the classical to the representation theoretic.
Lecture 7 provides much of the basic local representation theory. Lectures 8 - 10 present
current research and introduce the various techniques and concepts required to under-
stand them.

Acknowledgements: I would like to thank everyone at IISER, Pune, and especially
Baskar Balasubramanyam, for their hospitality and seamless organization. I am also
grateful to the participants of the workshop who spent close to 30 hours with me over
the period of 10 days, and countless many hours working on the exercises by themselves.
Their feedback was crucial in correcting mistakes and typos in earlier versions of the
notes. I would also like to mention that the workshop was part of the Global Initiative
of Academic Networks (GIAN) proposal of government of India.



I am thankful for all the help and guidance provided by Ralf Schmidt in making sure
that the lecture notes are accurate. I am also grateful to the referees whose comments
and suggestions were invaluable.

Finally, I want to thank my family — Swapna, Aayush and Samay — for the support
and encouragement that makes all of it possible. These lecture notes are dedicated to
them.



1. LECTURE 1: INTRODUCTION TO SIEGEL MODULAR FORMS

In this lecture, we will begin with a problem of representation of integers or matrices
by quadratic forms. This acts as a starting point to the introduction of Siegel modular
forms. We will then discuss the symplectic group and its action on the Siegel upper
half space. Finally, the definition and basic properties of Siegel modular forms will be
introduced. Good references for this material are books by Andrianov [4], Freitag [28],
Klingen [46] and Maass [59].

1.1. Motivation. Let m be a positive integer. Let A € M,,(Z) be such that

e A is even, i.e., all the diagonal entries of A are even,
e A is symmetric, i.e., A = "A, the transpose of A, and,
e A >0, i.e., positive definite.

Define,
1t S 1 2 m
Qx) == 5 rAx = Z aijT;T; + Z S @i %5 reR™,
1<i<j<m i=1
an integral, positive definite quadratic form in variables x1, x2, - , ;. For n € N, set

ro(n) =#{z € Z™ : Q(x) =n}
the number of representations of n by Q.

Exercise 1.1. Using that A is positive definite, show that rg(n) < oco.

Problem: Find an exact formula for rg(n), or at least asymptotics for rgo(n) as
n — oo.

Jacobi’s idea: Consider the theta series

Og(z) =1+ ZT‘Q(n)e%mz = Z e2miQ(@)z zeH; ={x+iyeC:y>0}.
n>1 TEL™
Let N be a positive integer such that NA™! is also an even, integral matrix. Suppose
that m is even. By Corollary 4.9.5 iii) of [62], it is known that ©g € M,, () = space
of modular forms of weight m/2 and level N. Essentially,
az +b
cz+d

ol

) =*(cz+ d)m/Q@Q(z), [z Z} € SLy(Z), Nlec.

Now, use the fact that M,,»(NV) is a finite dimensional C-vector space to get results for
rQ(n). This is illustrated in the following exercise.

Exercise 1.2. Let m = 4,Q(z) = 2} + 23 + 23 + 2. Then, we know that ©¢g € M(4).
The dimension of Ma(4) is 2, and has basis E1(z) = P(z) — 4P(4z), and Ey(z) =
P(z) — 2P(2z), where

P(z)=1- 242 o1(n)e*™ | with oy (n) = Z d.

n>1 dln

Use this information to find a formula for rg(n) and, as a corollary, obtain Lagrange’s
theorem that rg(n) > 1, whenever n > 1.
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More general problem: Study the number of representations of a n x n matrix T by
Q, i.e.
1
r(T) = #{G € Myn(Z) : 5 'GAG =T}. (1)

Observe that, for rg(T") > 0, we need T' = “T.T > 0 and T is half-integral, i.e., 2T is
even. Put ‘
o(z)= 3 D) D ZeH,.

T="T>0
T half integral

H., is the Siegel upper half space defined in (4). For m even, Satz A2.8 of [28] says that

98) is a Siegel modular form of weight m/2, level N and degree n. Here, N is again
defined as in the previous modular forms case. We will next describe the symplectic
group and define Siegel modular forms.

1.2. The symplectic group. Let n € N and R be a commutative ring with 1. The
symplectic group of similitudes is defined by

On 1n
GSpan()i= {0 € GLan(R) s gy = ) te) € 5.7 = | % ).

The function p : GSpy, (R) — R* is called the multiplier (homomorphism). We have
the subgroup

Span(R) := {g € GSpy,(R) : pu(g) = 1}.

AB

Exercise 1.3. Let g = [C’ D

] € GLan(R), with A, B,C,D € M,(R). Then the follow-
ing are equivalent.

i) g € GSpg, (R) with multiplier p(g) = .
i) 'g € GSpsy,, (R) with multiplier u(‘g) = p.

i) gyt = ‘D —'B
w) P9 = e tg |-
iv) The blocks A, B,C, D satisfy the conditions
'AC = 'CA,'BD = DB and "AD — 'CB = ul,. (2)
v) The blocks A, B,C, D satisfy the conditions
A'B=B'A,C'D=D"'C and A*D — B'C = ul,. (3)

Note that this immediately implies that GSpy(R) = GL2(R).
Ezamples of symplectic matrices: We have the following matrices in Sp,,, (R).

i) Ln iX], where X = 'X € M,(R).
ii) g tg_l} , where g € GL,(R).

iii)

_71,”

iv) K = {[_);)ﬂ X, Y € Mp(R), XY =YX, X'X+Y'Y =1,}.
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Exercise 1.4. The lwasawa decomposition states that we can write any g € Sp,y,,(R) as
g = [1”‘1)(} [g tg_l}k, X ="'X € M,(R),g € GL,(R), k € K,.
n
Use this to show that Sps, (R) C SLa,(R).
Over an arbitrary ring R, one can use induction to show that Sp,,, (R) is generated by

matrices of the form i), ii) and iii) above. This immediately gives Spy,, (R) C SLa,(R).
The induction is quite tedious to carry out and we omit it here.

1.3. Siegel upper half space. The Siegel upper half space of genus n is defined by
H, :={Z € M,(C): Z ="Z,Im(Z) > 0}. (4)

Let g = ég] € GSp,,(R)T := {g € GSp,,(R) : u(g) > 0}. For Z € H,,, we want to

define the action

9(Z) = (AZ 4+ B)(CZ + D)~ " (5)
AB n
Theorem 1.5. Let g = oDl € GSpa,(R)™ and let Z € H,.
i) Define J(g,Z) := CZ+ D. Then J(g,Z) is invertible and, for g1, ga € GSp,,, (R)T,
we have

J(9192, Z) = J(91,92(2))J (92, Z). (6)

it) The matriz g(Z) is symmetric and we have
Img(Z) = u(g) (CZ + D)~ (ImZ)(CZ + D). (7)

iii) The map Z — g{Z) is an action of GSps,(R)* on H,.
w) If Z =X +1Y € H,, and dZ = dXdY s the Fuclidean measure, then

dg(Z) = u(g)""V|det(CZ + D)2z, (®)
v) The element of volume on H,, given by
d*Z = det(Y)" "z,

where dZ = dXdY is the Euclidean element of volume, is invariant under all trans-

formations of the group GSps, (R)™:

d*g(Z) = d*Z, for all g € GSp,,(R)™.

Proof. If we know that J(g, Z) is invertible, then (6) follows by definition (5) of g(Z).
Let us show non-singularity first for Z = il,, and arbitrary g. If J(g, Z) is singular, then
considering J(g, Z)"J (g, Z), we get that C 'C 4+ D *D is also singular. But this matrix is
symmetric and positive semi-definite. Hence, there is a non-zero column vector 1" such
that ‘T'(C 'C + D 'D)T = 0. This implies that ‘T'(C ‘C)T = 0 and 'T(D *D)T = 0, which
gives us ‘T'C' = ‘T'D = 0. But this means that the rank of the matrix (C, D) is less than
n, which is impossible since g is non-singular. To get non-singularity for a general 7,
first realize Z = g(il,) for a suitable g and then use (6) for Z = i1,,. This completes
proof of part 7).
To get symmetry of g(Z), use (2) and (3) together with the relation

YCZ+ D)g(Z)(CZ + D)= Z'CAZ +"'DAZ + Z'CB + 'DB.
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A similar computation gives (7) as well, proving part ii) of the theorem. Combining
parts ¢) and i), we get part 7).

To get part iv), we compute the Jacobian of the change of variable Z — ¢(Z). Using
(7) and (8), we get part v) of the theorem. O
Exercise 1.6. Fill in the details of the proof of Theorem 1.5.

Exercise 1.7. Show that, for any Z € H,,, we have det(Z) # 0.
1.4. Siegel modular forms. Let I, := Sp,,,(Z).

Definition 1.8. A function F : H,, — C is called a Siegel modular form of weight k € N
and degree n, with respect to L'y, if

i) F is holomorphic,

it) F satisfies
F((AZ+ B)(CZ+ D) ") =det(CZ+ D)*F(Z), for all oDl € Iy,

iti) If n =1, then F is bounded in' Y >Yy, for any Yy > 0.

We denote by My(I',)) the C-vector space of Siegel modular forms of weight k£ and
degree n.

Exercise 1.9. Let My(T'),) be as above.
i) If kn is odd, then show that My(T'y,) = 0.
i1) Suppose F € My(Ty,). Show that, for all Z € H,,, F satisfies
(a) F(Z + X)=F(Z) for all X = 'X € M,(Z).
(b) F(gZ'g) = det(g)*F(Z) for all g € GL,(Z).
(c) F(—=Z7Y) = det(2)*F(2).

Any F € My(T'y,) has a Fourier expansion

F(Z)y= > AT, (9)

T="T>0
T half-integral

The translation invariance from part ii) a) of Exercise 1.9 and the holomorphy of F give
the Fourier expansion, excepting the fact that T > 0. For n = 1, we get T' > 0 from part
iii) of Definition 1.8. For n > 1, it follows from the Koecher principle, which is worked
out in the next exercise.

Exercise 1.10 (Koecher principle). Let F' € My(I'y,) be such that
F(Z) _ Z A(T)eZWiT&"(TZ) )
T="T half-integral

i) Let us denote by 8 := {T = ‘T half-integral}. Define an equivalence relation ~ on
S as follows. For Ty, Ty € 8, let Ty ~ Ty if there exists a g € SL,(Z) such that
Ty = ‘¢Tg. Denote by {T} the equivalence class of T under ~. Show that

F(Z) _ ZA(T) Z e271'iTr(T’Z)'

8/~ T'e{T}
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(Hint: Use part i)b) of Exercise 1.9). Conclude that, if A(T) # 0 then the series
e~ 2nT(T") converges absolutely.
T'e{T}
i1) Suppose T is not positive semi-definite. Show that there is a matriz g € SL,(Z) such
that the (1,1) entry of the matrix Y4Tq is negative. In particular, we can assume
without loss of generality, that the matriz entry T11 < 0.
i11) Let T be as in part i) above. For any positive integer m, consider the matriz

1 m
Gm = 1 € SL,(Z).
In—2
Use the subsequence {'gmTgm : m € N} in {T} to show that Y. e 27(T") gj-
T'e{T}
verges. Hence, conclude that A(T) = 0.
Definition 1.11. Define an operator ® on F € My (T',) by
(®F)(Z") = lim F( 2'0 ) with Z' € H,—1,t € R
t—00 0 dt|” e '

Theorem 1.12. The operator ® gives a well-defined linear map from My (Ty,) to the
space My(Tp—1) (with the convention that My(Ty) = C). If F has the Fourier expansion
(9), then

(®F)(2) = > A {Tl o] )2 ) yhere 2/ € H 1.
T1="T1>0
TVeMp—1(Z) half-integral

Proof. The Fourier expansion (9) implies that F' converges uniformly on sets in H,, with
Y > YY) for any Y > 0. Hence, we can interchange the limit and the summation of the

. . . o . T
Fourier expansion, showing that the limit exists. Let T = [ ! t* } . Note
nn
lim 62m‘Tr(T[Z 4D lim e~ 27ttnn @2miTH(T12") _ 0 / ?f tnn > 0;
oo o0 e2miTr(T1Z ) if £ty = 0.

The shape of the Fourier expansion of @ F follows from this, together with the observation
that, if ¢,,, = 0 then the last row and column of 1" are zero.
To get the automorphy of ®F with respect to I';,_1 consider the following. Let g1 =

A By [z0
[01 Dl] €I'y,_1 and Z; € H,,_1. Then, for Z = [ 0 it}’
Al 0 Bl 0
0O 1 0 O Z1) 0
9= 10, 0 D, 0 ely, ¢g(Z)= [91(0 1) it}’ det(J (g, Z)) = det(J(g1, Z1)).
0O 0 0 1

O

Definition 1.13. A Siegel modular form F € My(T'y,) is called a Siegel cusp form if F
lies in the kernel of the ® operator. Denote the space of cusp forms by Sk(I'y,).



10

Corollary 1.14. Let F' € My(I'y,). Then F € Sp(I'y) if and only if A(T) = 0 unless
T >0.

This is proved in Section 5, Proposition 2 of [46]. For F' € Sk(T',,) and G € My(T),
define the Petersson inner product by

(F,G) = / F(Z)G(Z)det(Y)k(m. (10)

'y \Hy,



11

2. LECTURE 2: EXAMPLES

In this lecture, we will present several examples of Siegel modular forms. In addition
to theta series and Eisenstein series, we also introduce the Saito-Kurokawa lifts. These
are concrete examples of cuspidal Siegel modular forms constructed from elliptic cusp
forms. Finally, we consider Siegel modular forms with level N > 1 in the genus n = 2
case, corresponding to the standard congruence subgroups.

2.1. Examples.

2.1.1. Theta series. Recall notations from Section 1.1: let m,n € N;A € M,,(Z), A
even, A = "A;A > 0. For G € My, ,(Z), define the quadratic form Q(G) = %tGAG.
The theta series is defined by

@Q(Z) — Z eQm'Tr(Q(G)Z) _ Z TQ(T)QQﬂiTr(TZ), 7 € H,.

GeMm,n(Z) T:tTEO
T half-integral

Here, rq(t) is defined as in (1). One can show that if det A = 1, then ©¢g € M, 5(I').
This is quite complicated and uses the Poisson summation formula. By the way, one
can show that there exists A € M,(Z), A > 0,A = "A,det A = 1, A even < 8m. See
Theorem III 3.6 of [28] or Page 100 of [46] for details.

2.1.2. Fisenstein series. Let k be a positive integer. Define
EMZ) = Y det(CZ+D)F
[é g} GFO,n\Fn

AB

where I, := { 0 D} € I',}. The convergence of this series is shown in Theorem 1
of Section 5 in [46]. The next exercise shows that, if k is even and k > n + 1, then
0+ EM™ e M(T,).
Exercise 2.1. Show that E,gn) € Mi(T'y).

Let 0 < r < n and let f € Sg(I';), with k£ even. Any Z € H, can be written as
Z = [Zl Z/], with Z; € H, and Z, € H,,_,. Set Z* = Z; € H,. Define the series

A
Enri()(2) = > f(g(Z)*) det(CZ + D)7,
g:[é B]EP’I‘\F’H
Here,
A0 B *
x U x * A" B’
P :={ o0 D s ely,: [C’ D’] el,,U € GL,—.(Z2)}.

0o 0 o0 U

Note that, if 7 = 0, then Py = T and E,,x(f) = E".

Exercise 2.2. Show that E, ,x(f) is well-defined, i.c., f(g(Z)*)det(CZ + D)~* is in-
variant under P;.
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Theorem 2.3. Letn>1and 0 <r <n and k >n+r+1 be integers with k even. For
every cusp form f € Sp(I';) the series Ey . (f) converges to a classical Siegel modular
form of weight k in My(I'y) and " "E, . ,(f) = f.

See page 199-200 of [59] for a proof of the above theorem. This is also proved in
Theorem 1 and Proposition 5 of Section 5 in [46]. The E,, , x(f) are called the Klingen
Eisenstein series. We can use this to show that ® : My (I'y) — My(I',—1) is surjective
for even k > 2n (see corollary to Proposition 5 of Section 5 in [46]). There are no good
Eisenstein series when k is odd. For example, if k =n =1 (mod 2), then My (T",) = {0}.
On the other hand, for sufficiently large k, the space My (I',,—1) is non-trivial.

Let €x(T,,) be the subspace of My (T';,) generated by the Klingen Eisenstein series
{En k(f):0<r<n,feSI,)}. If n,k are even and k > 2n, then Proposition 7 of
Section 5 of [46] tells us that

Mi(Ty) = E4(T) @ Si(T').

Here, the orthogonal direct sum is with respect to the Petersson inner product defined
in (10).

One can show that there is a u,, > 0 (depending only on n) such that, whenever the
Fourier coefficients of F' € Si(I',) satisfy A(T") = 0 for all T" > 0 with Tr(T') < k/pn,
then we have F' = 0. See Pg 205 of [77| for this statement and its variants. Also see the
theorem on Pg 642 of [99]. This gives us

1
dim(Sy(Tp)) < #{ half integral T = T > 0: Te(T) < k/pn} = O(KN), N = ”(”;)
Exercise 2.4. Suppose n, k are even and k > 2n, show that dim(My(T',,)) < O(kN) with
N — n(n+1) )

2

Exercise 2.5 (Cusp forms of genus 2 and weight 10). Normalize the Eisenstein series

E,E:n) so that the constant term (coefficient corresponding to T = 0,) is 1, and denote the
)

normalized Fisenstein series by EN’,gn . For n =1, we know the structure of the graded
ring My(T'1) = @ My(T1). It is a polynomial ring generated by the Eisenstein series
er = EW and ec = EW
4 =FE; andeg = Eg .
i) Using dimMyo(I'1) = 1 conclude that e1p — eseg = 0.
i1) Use the Siegel ® operator to show that x19 = Eg) — Nf)EéQ) is a cusp form in
Mlo(rg).

On page 199 of [103], it is shown that yi¢ is non-zero. The main idea is to write
7 — T <
Z T2
ce?™Te2miT2 2 1 O(23) for ¢ # 0. Hence Y109 # 0. One can similarly construct non-zero

cusp forms x12 = E’g) — EéQ)Eé2) and y35 of weights 12 and 35, respectively.

and consider the Taylor series of x19 about z = 0. One gets x10(Z) =

Theorem 2.6 (Igusa |42, Pg 849]). We have
M, (T2) := @ M;(T'2) = C[Eiz), E((;Q), X105 X12: X35)/ (X35 = R),

where R is a polynomial in Ef),EéQ), X105 X12-
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2.1.3. Saito-Kurokawa lifts. Let f € Sorp_o(I'1) be a cusp form of genus one and weight
2k — 2, with k even. Kohnen [48, Theorem 1] gave a one-to-one correspondence between

the space Sa;_2(I'1) and the space S]:l/z(Fo(él)). The latter space is the space of cusp

forms of weight & — 1/2 with respect to T'g(4) = {[Z Z} € SLy(Z) : 4|c}, whose n'®

Fourier coefficient vanishes whenever (—1)*~'n = 2,3 (mod 4). Let g € S,j_l/2(f‘0(4))
correspond to f, and let g have Fourier coefficients {c¢(n)}. For a positive definite,

symmetric, half integral 2 x 2 matrix 7', define

AT) = > c(det(ZT))dH. (11)

d2
dlgcd(T)

Theorem 2.7. Define Fy : Hy — C by the Fourier expansion ST A(T) > (TZ) - yith,
T
A(T) given above. Then Fy € Si(I') and Fy # 0 of f # 0.

See [60], [61] or page 74 of [25] for the proof using Fourier Jacobi expansions. In [24],
Duke and Imamoglu gave another proof using a converse theorem of Imai [43].

Exercise 2.8. Write A(T') = A(n,r,m) for T = r72 TTZLQ . Show that, if Fy is the
Saito-Kurokawa lift of f, then the Fourier coefficients satisfy the recurrence relations
B b1 4 UM T
A(na r,m) - Z d A(Wvgal) (12)

d|ged(n,r,m)

These are called the Maass relations. It was shown in [60], [61] that these recurrence
relations between Fourier coefficients determine Saito- Kurokawa lifts.

2.2. Congruence subgroups. Let N be a positive integer. The principal congruence
subgroup of level N and genus n is defined by

I(N):={geTl,:9g=1, (mod N)}. (13)

A subgroup of the symplectic group Spy, (Q) is called a congruence subgroup if it contains
some principal congruence subgroup with finite index.

2.2.1. Congruence subgroups in genus 2. We have the following 4 congruence subgroups
of Sp,(Q).

i) Borel congruence subgroup

7Z NZ 7 Z
7 7 7 7
B(N) = Sp4(Z) N N7 N7 7 7
NZ NZ NZ Z_
ii) Siegel congruence subgroup
Z 7 7 7]
2 Z 7 7 7
1—‘(() )(N) = Sp4(Z) N N7 N7 7. 7
NZ NZ 7 Z_
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iii) Klingen congruence subgroup

Z NZ 7 Z

Z Z 7 7

Q(N) = Sp4(Z) N 7, N7 7, 7,
NZ NZ NZ Z

iv) Paramodular subgroup

Z NZ 7Z  Z

Z Z Z N7
K(N) = Sp4(Q) N 7, N7Z 7 7

NZ NZ NZ Z

Exercise 2.9. Find a matriv A = diag(1,1,t1,t2), with t1,t2 € Z and t1|ta, such that
K(N) = $py(Q) N AMy(Z)A~".

2.2.2. Siegel modular forms with level. Let k be a positive integer and I' one of the
congruence subgroups above. The space of Siegel modular forms of weight k with respect

to I' is denoted by My (I"). Let f € Sk(I'o(IV)) be a newform, where I'g(N) = {[Z Z] €
SLa(Z) : N|c}. For Z € Hy, define
E\(Z) = > F(9(2)") det(J (g, 2)",

9€(@Q@NI (ML (N)

and
Ey(Z) = > F((Lng){(2)") det(J(Lng, Z)) ",
gED(N)\K (N?)
where
1 N
Ly = 1 ) , and Dy = L'Q(Q)Ly N K(N?).
-N 1

Theorem 2.10 (Schmidt-Shukla [94]). With Ey, By defined above, Ey € My (TS (N))
and Fy € My(K(N?)).

Brown and Agarwal [1] constructed Saito-Kurokawa liftings starting from elliptic cusp
forms f € Sop_o(I'o(INV)), where k is even, and N is odd, square-free, to obtain Fy €
Sk(I‘((JZ)(N)). If fe S2(To(N1)) and g € Sor(T'o(N2)) satisfying certain hypothesis, then
one can construct a cusp form F € Sk+1(F82) (N)), where N = lem(Ny, Na). This is

called the Yoshida lift of f and g, and we will discuss this in more details in Section 4.3
below. One thing to note is that Yoshida lifts do not exist for full level.
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3. LECTURE 3: HECKE THEORY AND L-FUNCTIONS

In this lecture, we introduce the symplectic Hecke algebra and discuss its action on
the Siegel modular forms. This allows us to consider a basis of M (T',,) consisting of
simultaneous eigenforms of the Hecke algebra. We explicate the relation between the
Hecke eigenvalues and the Fourier coefficients of the modular forms. For genus greater
than 1, this relation is very complicated. Finally, we introduce the two L-functions
associated with Hecke eigenforms — the spin L-function and the standard L-function.

3.1. The Hecke algebra. Let G, := GSp,,,(Q)" N My, (Z). Denote by L(T,,G,) the
free Z-module consisting of all formal finite linear combinations, with coefficients in Z,
of the right cosets I',,g, g € T',\Gy. Gy, acts on L(T',, G;,) by multiplication on the right,
and let 3, = L(T'y,, Gn)rn be the space of I'j,-invariants. Hence, H,, is the submodule
of L(T',,, Gy,) consisting of elements satisfying

Zaif‘ngig = Zaifngi, for all g € T'y,.
i i

Exercise 3.1. For any g € G,,, we have the following finite coset decomposition

Lpgl'y = |_|ani~

1

Denote Y, I'yg; € L(I'y,, Gy,) also by T'ngl'y,. Show that T'pgT'y, € 3.

We can define a product on H,, as follows. If
T, = Z agrnga T = Z ag’rng/ € H,
gEFn\Gn glEF’n\GTL
then set
T - T := Z agangngg'.
9,9'€ln\Gn
Exercise 3.2. Show that the above product is well-defined.
The space H,,, together with the above multiplication, is called the Hecke algebra.
We enumerate certain facts about the structure of 3(,,. (See Chapter 3 of [4] for details).

i) H, is generated by the double cosets I',,gI'y, g € Gy,.
ii) Suppose I'ngT'y, = | |, T'ng; and ' g'T,, = ||, T'ng;, for some g,¢' € Gy,. Then

L Y S > c(g.9'; ) TnhT s,
I'nhln Clnglng' Ty

where c(g,¢'; k) = #{(i,5) : gig; € Tnh}.
iii) (symplectic divisors) Given g € G, there is a unique representative in I',,gI",, of the
form

Sd(g) = diag(dl’ U adna €1, en)7

where

di,e; € Nyde; = p(g) for i =1,--- ;n and dy|da] - - |dp—1|dn|enlen—1] - - |e1.
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See Theorem 3.28 of [4] for the above result. It is shown in Theorem 3.31 of [4] that,
if ged(er/dy, €} /d}) =1, then

n lag 1,° " ,Un, y " Bn)ln n /17 €1, € n
(Ipdiag(d dn,e1,- - en)Ty) (Trdiag(d d e )Tn)

Y 'no n

= (Dpdiag(didy, -+, dnd),, e1€], - - enel,)Ty).

iv) For a prime number p, let G, = {9 € G, : p(g) is a power of p}. Define H,,
in the same way as 3, with G, , instead of G,. Then, using iii) above (also see
Theorem 3.37 of [4]), we can see that

Hpn = @pHnp.

Any element in the restricted tensor product above has the identity of 3, , as a
component for all but finitely many primes p. The algebra J(, ; is called the local
Hecke algebra at the prime p.

v) The local Hecke algebra at the prime p is generated by the n + 1 elements

1;
n (2
plp—i

The elements T'(p) and T;(p?)’s are algebraically independent. Please refer to The-
orem 3.40 of [4].

vi) 3, is a commutative algebra with identity (Theorem 3.30 of [4]).

vii) For every positive integer m, define

T(m):= Y  Tngln.
(g)=m

Then, for a prime p, T(p) is the same as the one above. On the other hand, T'(p?)
is sum of all the T;(p?),0 < i < n — 1 together with T},(p?). (This is defined by the
same formula as that of T;(p?) above allowing i = n).

Exercise 3.3. Consider the formal Dirichlet series
oo
D(s) := Z T(m)m™%.
m=1

Show that D(s) has a (formal) expansion as an Euler product of the form

D(s) = H Dy(s), where Dp(s) = ZT(pr)p*”’.
r=0

p prime

3.2. Action of the Hecke algebra on Siegel modular forms. For g € G,, let
T(g) :==Tpgl'y, = UiT'hgi € Hy,. The Hecke algebra H,, acts on My(I',) (or on Sk(T'y))
as follows. Let F' € My(T",,). Then

T(OF =Y Flig. (14)
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where the slash |, action is given by

(Fleg)(2) := u(g)™~ B

det(CZ + D) *F(g(2)), for g = {éD] € GSpy, (R)F.
(15)

n(n+1)

Exercise 3.4. Let the Hecke algebra action be given as in (14).
i) Show that this action maps My(I'y,) to Mi(I'y). (In fact, it also maps Sk(I'y) to

Sie(Tn)).

it) For F,G € My(Ty,), at least one of which is a cusp form, show that
(T(9)F,G) = (F,T(g9)G), for all g.

Theorem 3.5 (Andrianov [4, Theorem 4.7]). The space My(T'y,) has a basis of simulta-
neous eigenfunctions of the Hecke algebra H,,. Furthermore, Si(I'y) has such a basis of
ergenforms which is orthogonal with respect to the Petersson inner product.

Let F' € My(T',) be a Hecke eigenform, and let T'(g)F = A(g)F, where A(g) are the
Hecke eigenvalues. For any prime number p, it is known that there are n 4+ 1 complex
numbers g p, @1 p, -+ , 0 p, depending on F', with the following property. If g satisfies

u(g) = p", then
9) =0, > [[(asp™)™, (16)
i j=1

where I'y,gT'y, = | |, I'ngs, with
d.

A B p t1 *
e and D; =
gi |: 0 Dz:| n i . ]
The agp, 1 p, -+ , o p are called the classical Satake p-parameters of the eigenform F'.

Formula (16) follows from the Satake map for the p-adic Hecke algebra introduced in
Section 6.3. For a more classical approach to (16), we refer to Formula (1.3.13) of [2].
Let T'(m)F = A(m)F. From Exercise 3.3, it follows that

s) = i A(m)m™° = H Dy, r(s), where Dy, p(s) Z/\ ).
m=1

p prime

Theorem 3.6 (Andrianov [2, Theorem 1.3.2|). For any prime p, we have Dy p(s) =
P(p=)Q(p~*)~", where

Q(X) = (1 - aopX H H (1 = aopiy p - - g pX)

0=11<i1<--<i5<n
s a polynomial of degree 2™ and
22

=Y dilong, o anp)ag, X’
i=0

is a polynomial of degree 2" —2 and ¢; are some symmetric polynomials in oy p,- - , 0 p,

. _(nfl)" n—1__
with (bl =1 and ¢2"—2(a1,p7 T 7an,p) =p 2 (al,p7 e 7an,p)2 1-
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Exercise 3.7 (Action of the Hecke operators on Fourier coefficients). Let n = 2 and
consider the Hecke operator T'(p). We have the following coset decomposition

1 a
15 p12 p
Tp) =T I's =I" I
() 2[ p12] 2 2{ } |_| 2 D
a€Z/pZ 1
P 1 a b
—a 1 d 1 b d
] |_| I's @ 1 o L I_l I's p
a,d€L/pZ P a,b,d€Z/pZ D

Suppose F € Si(T'y) with Fourier coefficients {A(T)}. Applying the definition (14) of
the action of T(p) on F, show that the T™ Fourier coefficient of T(p)F is given by

o 1 A VA M A

a€Z/pZ

Here, we assume that A(S) =0, if S is not half-integral.

3.3. Relation between Fourier coefficients and Hecke eigenvalues for genus
2. Let F' € Mj(T'2) be a Hecke eigenform. Let us now state a relation between the
Fourier coefficients {A(T)} of F', and the Hecke eigenvalues, for Siegel modular forms
of genus 2. Suppose T is such that —det(27) = —D is a fundamental discriminant.
Recall that d is a fundamental discriminant if either d =1 (mod 4) and square-free, or
d =4m,m = 2,3 (mod 4) and m is square-free. Suppose Q(v/—D) has class number
h(D), and let {11, T3, - ,Ty(py} be a set of SLy(Z)-representatives of primitive, positive
definite, integral, binary quadratic forms of discriminant D. For any character yx of the

ideal class group of Q(v/—D), Theorem 2.4.1 of [2] shows that

h(D) ‘ h(D) .
B~k +2,0 Y (A = (3 xmam) s -2k + 4 Y A0,
i=1 n>1 i=1 m>1

For the L-function L(s—k+2, x), refer to Pg 84 of [2]. In the special case when Q(v/—D)
has class number one, the above formula reduces to

ZW:A(T)Z)\TEZ).

n>1 m>1

From the above two formulas, it is not clear if two Hecke eigenforms with the same
Hecke eigenvalues are equal or even related to each other. Using the work of Arthur [5],
Ralf Schmidt was recently able to classify Siegel modular forms of genus 2 in 6 different
categories. Specializing to the full level case, he is able to prove the following remarkable
result.

Theorem 3.8 (Schmidt [93, Theorem 2.6|)). Let ki, ks be two positive integers and let
F; € Sy, (T'2) be Hecke eigenforms with Hecke eigenvalues {\i(m) : m > 1} fori =1,2.
Suppose, for almost all prime numbers p, we have p3/2=F)7 x (p7) = pB/2=k2)7 Ny (p) for
all > 1. Then k1 = ko, and Iy is a scalar multiple of F».
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Exercise 3.9. For n = 2, one knows that
Q(X) = 1= AP)X + (A(p)2 = A(p) — p?~4) X2 — A2 4 pHh=x%

Use this to show that the Satake p-parameters of F satisfy

2k— 3
aOpaLPOQ:p p

For a general n, we have the formula
2 k 7n(n+1)
App Qnp=p " 2 . (17)

3.4. L-functions. Let F' € Si(I';,) be a Hecke eigenfunction. Let agp, a1 p, -+, o p be
the Satake p-parameters of F for any prime p. The degree 2" spin L-function of F' is
defined by
L(s, F,spin) := H Ly(s, F,spin),
p prime

where

Ly(s, F,spin)~ i (1 —aopp™ H H (1 — o p@iy p- - Qigpp™ %)

0=11<i1<-<i5<n

The spin L-function converges in some right half plane. We can also technically define
the L-function for F' € My (T',,). In [104], Zarkovskaya has shown that the Siegel operator
® is Hecke equivariant (maps Hecke eigenforms to Hecke eigenforms), and we have the
relation L(s, F,spin) = L(s, ®F,spin)L(s—k-+n, ®F,spin). This tells us that it is enough
to consider the spin L-functions for cusp forms.

Exercise 3.10. Let F' € S(I'2) be a Hecke eigenform with Hecke eigenvalues {\(m) :
m > 1}. Show that

Z A(m) = ((2s — 2k + 4) "' L(s, F,spin).

s
m>1

Theorem 3.11 (Andrianov [4, Page 167]). Let n = 2, and let F € S(T'2) be a Hecke
ergenform.

i) For every prime p,
Ly(s, Fyspin) ™" = 1=A(p)p~*+(A(p)> = A(p*) —p™* " )p~ > = Ap)p™**p~ % +-p* Op*.
ii) The function A(s, F) := (21)"2T(s)['(s — k + 2)L(s, F,spin) has a meromorphic
continuation to all of C, and satisfies the functional equation
A2k —2— s, F) = (—1)FA(s, F).

iti) A(s, F') has at most two simple poles at s = k — 2, k. If k is odd, then A(s, F) is
entire.

Exercise 3.12. Set o, = p3/2k

Ap) =32 (ap + oyt + By + B ),
AP =p* P ((ap+ 0, ") + (g + B+ B, ) + (Bp + B, 1) — 2= 1/p).

ag,p and By = apan p. Show that
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For n = 3, Asgari and Schmidt |6, Theorem 5| proved that the spin L-function has a
meromorphic continuation. In [76], Pollack proved the functional equation and finiteness
of poles. For general n, the meromorphic continuation and functional equation are open
conjectures.

Once again, let F' € Si(I'y) be a Hecke eigenfunction. Let agp, a1 p, -+, o p be the
Satake p-parameters of F' for any prime p. The degree 2n + 1 standard L-function of F
is defined by

L(s,Fystd) = [] Lp(s, Fostd), (18)
p prime

where
n

Ly(s, Fystd) ™ i= (1= p~*) JJ(1 = cipp™*) (1 = a; yp 7).
i=1
For all n, it is known that L(s, F,std) has a meromorphic continuation to C with finitely
many poles and has a functional equation under s — 1 — s (see [9]). Once again we
can define the standard L-function for non-cusp forms. We have the following relation
between the standard L-functions of F' and ®F.

L(s, F,std) = L(s, ®F,std)((s — k +n){(s + k — n). (19)

3.4.1. L-function for Saito-Kurokawa lifts. Let k be even and let f € Sor_o(I'1) be a
Hecke eigenform with Fourier coefficients {a(n)} normalized by setting a(1) = 1. Let
F; € Sp(I'2) be the Saito-Kurokawa lift introduced in Section 2.1.3. Then F¥ is also a
Hecke eigenform. One can explicitly compute the Hecke eigenvalues of F'y in terms of the
Hecke eigenvalues of f using the definition (11), and the action of the Hecke operators
on Fourier coefficients. This computation leads to the following relation.
o
L(s,Fy,spin) = ((s —k +1)((s — k +2)L(s, f), where L(s, f) = Z a(n)
n=1
For further details on this, we refer the reader to Theorem 6.3 and Corollary 1 on Pg
77, 80 of [25]. Note that, L(s, Fy,spin) has a pole at s = k. In fact, it was shown by
Evdokimov |26, Theorem 1| and Oda [65, Pg 324| that F' € Si(I'2) is a Saito-Kurokawa
lift if and only if L(s, Fy,spin) has a pole at s = k.

(20)

ns

Exercise 3.13. We know that £(s) := n=%/?T'(s/2)((s) satisfies the functional equation
£(s) = &(1 —s). Also, if g € Sp(T'1), then A(s,g) := (2m) °T'(s)L(s,g) satisfies the
functional equation A(k' — s,g) = (=1)¥/2A(s,g). Use these functional equations to
derive the functional equation for A(s, Fy), where Fy is the Saito Kurokawa lift of f €
Sop—a(I'1).

Exercise 3.14. Show that
L(s,Fy,std) =C(s)L(s+k—1,f)L(s+k—2,f).



21

4. LECTURE 4: NON-VANISHING OF FOURIER COEFFICIENTS AND APPLICATIONS

In this lecture, we start by stating the Generalized Ramanujan conjecture (GRC) for
Siegel modular forms. We will discuss progress towards GRC, and its application. Next,
we will consider the question of non-vanishing of Fourier coefficients. In the previous
lectures, we have seen that if the first few Fourier coefficients of a Siegel modular form
F are zero then F' is identically zero. For certain applications, it is useful to know
that a nonzero F' has nonzero Fourier coefficients corresponding to some special kind
of symmetric half integral matrices. In this lecture, we will explore results regarding
non-vanishing of Fourier coefficients A(T) for primitive T and fundamental T. We will
end with an amazing application to simultaneous non-vanishing of pairs of L-functions
and Bocherer’s conjecture.

4.1. Generalized Ramanujan conjecture. Let F' € Si(T',,) be a Hecke eigenform
with Satake p-parameters agp, 1 p, -+, Q.

Conjecture 4.1 (Generalized Ramanujan Conjecture (GRC)). For all prime numbers
p, the Satake p-parameters satisfy

=1, foralli=1,2,--- ,n.

|vip

The article by Sarnak [91] gives a very good account of GRC. Using (17), the GRC
will imply that |ag,| = pkn/2=n(n+1)/4  For p = 1, the GRC is a theorem for f €
Se(To(N), x") due to Deligne [22]. For n = 2, we have counterexamples — namely, the
Saito-Kurokawa lifts. Let k be even and let f € So;_o(I'1) be a Hecke eigenform with
Satake p-parameters [y p, 51, We know that |5p | = pk=3/2 and |f1,p| = 1. From (20),
we can conclude that the Satake p-parameters of the Saito-Kurokawa lift Fy € Si(I'2)
satisfy

k-1 k-2
{@0,p, 0,p1,p, 0, pQ2,p, 0 p1p2pt =P, "7, Bops BopBip}-

Hence, a1 p, a2, have absolute values pi/2,p~Y2 violating the GRC.

Theorem 4.2 (Weissauer [106]). Let F € Si(I'y) be a Hecke eigenform, which is not a
Saito-Kurokawa lift. Then F satisfies the generalized Ramanujan conjecture.

For a general n, it was shown in [67] that a Hecke eigenform F' € Sy (T',,) satisfies GRC
if and only if for every € > 0, there is a constant C > 0, depending only on €, n, p, such
that

nk n(n+1)

AP < Cpr2 =77 ), forall r > 0.
For n = 2, the validity of GRC has the following application.

Theorem 4.3 (Farmer, Pitale, Ryan, Schmidt [27, Theorem 1.3|). Let k; be positive
integers for j = 1,2. Suppose Fj € Sk;(I'2) are Siegel Hecke eigenforms with Hecke
eigenvalues \j(n),n > 1. If p3/2= k1 x (p) = p3/2~*2 Mo (p) for all but finitely many p, then
k1 = ky and Fy, Fy have the same eigenvalues for the Hecke operator T'(n) for all n.

The above theorem follows from a strong multiplicity one theorem for Dirichlet series.
Using analytic number theoretic techniques, one can show that if two Dirichlet series
Li(s) = > ai(n)n™% and La(s) = > aa(n)n~*, satisfying certain suitable hypotheses,
have the property that a;(p) = a2(p) for almost all p, then L;i(s) = La(s).
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The remarkable fact here is that the Hecke operator T'(p) alone does not generate
the local Hecke algebra at p. This Hecke algebra is generated by T'(p) and T'(p?). The
fact that the coincidence of the eigenvalues for T'(p) is enough is of course a global
phenomenon using GRC.

Exercise 4.4. Suppose Fj € Sy, (I'2) are Siegel Hecke eigenforms that satisfy, for all but
finitely many p, p3/>~¥1 11 (p) = p3/2*2Xo(p). Show that ky = ko and F; € CF,.

4.2. Non-vanishing of Fourier coefficients. Let us denote by 8,, the set of all n x n
symmetric, half integral, positive definite matrices.

Problem: What subsets of S,, have the property that, if the Fourier coefficient of a
Siegel modular form vanishes for all elements in the subset, then the Siegel modular form
has to be zero?

For T € 8, the content of T is defined by
¢(T) := max{a € N: a'T is half integral }.
We say that T is primitive if ¢(T) = 1.

Theorem 4.5 (Zagier [109, Pg 387]). Let F' € M(I'2) have Fourier coefficients A(T).
If A(T) =0 for all primitive matrices T, then F = 0.

The main steps of the proof of the above theorem are listed in the following exercise.

Exercise 4.6. Let n = 2. Write Z € Hy as Z = [Zf,], with 7,7 € Hy,z € C, and
I nor/2] ,
T>0asT = [r/Q m ] with n,m,r € Z. Write F € Si(I'2) as
F(T, 2, 7_/) _ Z A(TL, 7 m)627rin7-627rim7’ 627rz"rz.
n,m,rez
n>0,4mn—r2>0
a b 1
i) Let ab € I'y and s € Z. Using 1 and |° 1 and the
cd ’ c d 1 —s|’
1 1
automorphy of F', show that
ar+b 2 cz?
<c7'+d’c7'—|—d’T CT—i-d) (er +d)F (. 2,7),
F(r,z+ s7,7 + 252 + s°1) = F(1,2,7).
it) For m > 0, define the functions ¢, (7,2) on Hy x C by
oo
F(r,z,7) = Z G (T, 2)e2TT (21)
m=1
Show that the ¢y, satisfy the following relations.
aT —|— b z N k 27Timcz2 a b
QZ)m(m,m)—(CT"_d) e +d ¢m(T,Z), |:Cd:| Erl,
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Om(Ty 2+ sT) = 672”7”(25”327)(]5,”(7, z), s € 7.
Holomorphic functions on Hy x C satisfying the above two properties are called Jacobi
forms of weight k and index m and (21) is called the Fourier-Jacobi expansion of F.
iti) Take any ¢m as above and consider its Taylor expansion about z =0 given by

o 1 al/
(T, 2) = VZOAV(T, 2), (T, 2) = E(Q‘MT’ 2))[a=02”.

Find a formula for \,(7,z) in terms of the Fourier coefficients A(n,r,m).

iv) Let vy be the smallest v such that A\, (T,z) is not identically zero. Using ii), show
that, for any z, we have A\, (T, 2) € My, (T'1).

v) Let £ be a positive integer and let f € My (I'y) with Fourier coefficients {a(t) : t > 0}.
It is known that if a(t) = 0 for all t coprime to ¢, then f is the zero function. Use
this fact, and the above steps to complete the proof of Zagier’s theorem.

Zagier’s result was extended by Yamana to higher genus and included higher level.
For a positive integer N, the Siegel congruence subgroup of level N is given by

7 (N) = {g = [ég] €T,:C=0 (mod N)}.

Theorem 4.7 (Yamana [107, Theorem 2|). Let F' € My(I'y(N)) with Fourier coefficients
A(T). Suppose that A(T) =0 for all T such that ¢(T) divides N. Then F = 0.

If we want to remove the condition on the content, then we have to consider the
subspace of new forms. Let S (I'f(N)) be the linear subspace of Sy.(I'§ (N)) spanned by
the set

{F(dZ):F e Sp(I'y(M)),dM|N,M # N}.

Theorem 4.8 (Ibukiyama, Katsurada [39]). Let F' € Si(I'(N)) with Fourier coeffi-
cients A(T). Assume that F belongs to the orthogonal complement of SO (I%(N)). If
A(T) =0 for all primitive matrices T', then F' = 0.

In genus 2, from the point of view of representation theory, a smaller subset of fun-
damental matrices T' plays an important role. The discriminant of T' € 85 is defined by
disc(T') = —det(27"). The matrix 7" in 89 is called fundamental, if D = disc(T) is a fun-
damental discriminant i.e. either D =1 (mod 4) and square-free, or D = 4m, m = 2,3
(mod 4) and m is square-free. Observe that if T is fundamental, then it is automatically
primitive. Observe also that if D is odd, then T is fundamental if and only if D is
squarefree.

Theorem 4.9 (Saha [87, Theorem 3.4]). Let k > 2 and N be a square-free positive inte-
ger. If N > 1, then assume that k is even. Let 0 # F € Sp(I'3(N)) lie in the orthogonal

complement of S’I?(F(Q)(N)). Then there are infinitely many fundamental matrices T such
that the Fourier coefficients A(T) # 0.

Sketch of proof: By Theorem 4.8, there is a primitive matrix 7" such that A(T") # 0.
, | a b/2

Let T" = [b /2 ¢
bzy + cy? represents infinitely many primes. So, let x¢, yo be such that ax3 + bxoyo + cys
is an odd prime p not dividing N. Since ged(xg,yo) = 1, we can find integers x1,y;

]. It is a classical result that the primitive quadratic form ax? +
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such that A = [‘7;1 io] € SLy(Z). Then T = "AT’A has the property that A(T) # 0,
140

ap bo/2

and T is of the form [b0/2

} For all integers n,r with 4np > r2, denote by

c(n,r) = A( [;}2 TZ/)Q] ). Now let
h(t) = c(m)e*™ ™ 1 € Hy, c(m) := Z c((m + p?)/(4p), w).
m=1 0<pu<2p—1

p?=—m (mod 4p)
It turns out that h € Sj_;/2(4pN). The modular form A is non-zero. To see that, let

. ag by/2 ag+p—>byp—0by/2
do = 4app — b2. Then c(dp) is equal to A([b0?2 Op/ })—I—A([ Op ; /20 pO/ ])

2A( [ba?Q b0;2] ) # 0. (Conjugate the second matrix by _1 ). Now, using techniques
0

from analytic number theory, Saha has proved that such half integral weight modular

forms h have infinitely many Fourier coefficients ¢(d) # 0, where d is a fundamental

d-HJ M/Q
u/2 p ])#

0. (]

discriminant. For any such d, there exists a p such that c(dzg Ju) = A(

Exercise 4.10. There is an open conjecture that any F' € Si(I'2) has a non-zero Fourier
coefficient A(T) with T of the form [b;LQ b{z]. Show that this is true if F' is a Saito-
Kurokawa lift.

4.3. Application of the non-vanishing result. One of the main applications of The-
orem 4.9 is towards the existence of non-trivial global Bessel models for the automorphic
representations corresponding to Siegel cusp forms of genus 2. We will discuss that in
detail in a future lecture (see Theorem 8.6). Let us now present an application towards
simultaneous non-vanishing of GL(2) x GL(2) L-functions. Let us fix two elliptic cusp
forms f and g. Let K be an imaginary quadratic field of discriminant —d < 0, let O
be its ring of integers, and let A be a character of the ideal class group Clg of K. Define

the function
Z A QMN , z€Hj.

Here, a runs through integral 1deals in Og. Then 6y € My1(Ty(d), (_Td)), and it is cusp
form if and only if A% # 1 (see Pg 215 of [30]).

Problem: Fiz elliptic cusp forms f and g. Find K, A so that

L3S % 00)L(500 % 02) 70,

For general f and g this is a very hard and open problem. Let us now consider a
special case. Let Nj, No be square-free positive integers that are not coprime, and
let N = lem(Ny, Na). Let f € Sa(T'o(N1)) and g € Sor(I'p(N2)) be newforms. For
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every prime p dividing ged(Ny, N2), assume that f and g have the same Atkin-Lehner
eigenvalues at p. Then, there exists a non-zero F € Sy, 1(T'3(N)) with the following
properties.

i) F is orthogonal to SO, (T3(N)).

ii) F' is an eigenfunction for the local Hecke algebra at all primes.
iii) We have
L(s,F x 0p) = L(s, f x Op)L(s,g x 0p).

This was first studied by Yoshida and hence, is called the Yoshida lift of f and g. See
[13], [8], [108] for details on the Yoshida lift. The L-functions on the right-hand side
above are Rankin-Selberg L-functions of two elliptic modular forms (see Section 1.6 of
[17]). The L-function on the left-hand side is the degree 8 Rankin-Selberg L-function of
F and 6, (see [30]).

Note that I satisfies all the hypotheses of Theorem 4.9, and so we can conclude that
there are infinitely many fundamental 7" such that A(T') # 0. In fact, Saha and Schmidt
[89] can prove that there are infinitely many pairs (K, A), where K is an imaginary
quadratic field and A is an ideal class character, such that

R(F,K,A):= > A ' (c)A(c) #0. (22)
ceClg
It is well-known that the SL(2,Z)-equivalence classes of binary quadratic forms of dis-
criminant —d are in natural bijective correspondence with the elements of Clg. Since
A(‘gTg) = A(T) for all g € SL(2,7), it follows that the notation A(c) makes sense for
¢ € Clg. Prasad and Takloo-Bighash [78] proved that, for a Yoshida lift F'

R(F,K,A) #0= L(1/2,F x 0) # 0.
For a general F', the above implication is still a conjecture, although Furusawa and Mo-
rimoto have solved the problem for a large class in [32]. Now, part (iii) of the properties
of Yoshida lifts immediately tells us that there are infinitely many pairs (K, A) such that

L(%,f y GA)L(%,g X 04) 0.

4.4. Bocherer’s conjecture. Let F' € Si(T'2) with Fourier coefficients {A(T) : T > 0}.
We define

R(F,K):= Y Ao, (23)
ceClg
For odd k, it is easy to see that R(F, K) equals 0. If k is even, Bocherer [10] made a
remarkable conjecture that relates the quantity R(F, K) to the central value of a certain
L-function.

Conjecture 4.11 (Bocherer [10]). Let k be even and F € Si(I's) be a non-zero Hecke
eigenform. Then there exists a constant cp, depending only on F, such that for any
imaginary quadratic field K = Q(\/&), with d < 0 a fundamental discriminant, we have

|R(F,K))? = cp-w(K)? - |d* 1 L(1/2, F & xq)-

Above, xq = (d) is the Kronecker symbol (i.e., the quadratic Hecke character asso-

ciated via class field theory to the field Q(v/d)), w(K) denotes the number of distinct
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roots of unity inside K, and L(s, F ® xq) denotes the spin L-function of F twisted by
the character xgq.

In [23], we computed a conjectural value of the constant cp as
9dk—4 | ;2k+1 ' L(l/?, F)

(2k — 2)! L(1,F,Ad)
Here, L(s, F,Ad) is the adjoint L-function of F. Recently, in a remarkable paper [33],
Furusawa and Morimoto have proved a version of Conjecture 4.11 under some hypotheses.

In particular, their work implies that Conjecture 4.11 is now a theorem for k > 2, with
the precise value of cp given by (24).
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5. LECTURE 5: APPLICATIONS OF PROPERTIES OF L-FUNCTIONS

In this lecture, we present two applications of properties of L-functions of Siegel mod-
ular forms. The first one is to determine whether a given modular form is a cusp form
based on the size of its Fourier coefficients. The main tool is the domain of convergence
of the standard L-function associated to the modular form. The second application is
the infinitely many sign changes of Hecke eigenvalues of Siegel Hecke eigenforms using
the properties of the spin L-function.

5.1. Determining cusp forms by size of Fourier coefficients. Let F' € My(T';,)
have Fourier coefficients A(T). Then it is known that

|A(T)| < det(T)".

(See Pg 143 of [46])
The implied constant depends only on F'. In addition, if F' is a cusp form in Si(T),),
then we have the "Hecke bound" (see Pg 170 of [11])

|A(T)| < det(T)*/2, (25)

Problem: Suppose that F € My(T',) is such that all its Fourier coefficients A(T),
for T >0, satisfy (25). Is F automatically a cusp form?

This was first addressed by Kohnen for elliptic modular forms of weight 2 and level
N (see [50]). Degree 2, level 1 case was also addressed by Kohnen and Martin [51]. Both
of these use explicit information on the Fourier coefficients of Eisenstein series that are
only available for low genus. In the higher genus case, Bécherer and Das came up with
a completely different method to solve the problem.

Theorem 5.1 (Bocherer, Das [11, Theorem 4.1]). Let k > 2n and let F € M(T},) be
such that all its Fourier coefficients A(T), for T > 0, satisfy (25). Then F € S(I'y).

They prove this theorem in much more generality to include level N, and allow less
restrictions on k. We are looking at the simplest case here. Their proof involves the
standard L-function and for that we need a Hecke eigenform. That is achieved in the
following exercise.

Exercise 5.2. Let F' € My(T'y,) be such that all its Fourier coefficients A(T'), for T > 0,
satisfy (25). Then there is a Hecke eigenform G € My (T'y,) such that all its Fourier
coefficients A(T), for T > 0, satisfy (25). In addition, if F' is non-cuspidal, then we can
choose G to be non-cuspidal.

Let us now assume that F is a Hecke eigenform. We have already defined in (18)
the standard L-function L(s, F,std) =[], L,(s, F}std) for F. Andrianov has a Dirichlet
series formula relating the Fourier coefficients to the standard L-function. Let Ty > 0 be
such that A(Tp) # 0 (this is guaranteed by the condition k& > 2n) and put M = det(27p).
On page 147 of [3], it is shown that

D A(XToX) det(X)*7F = A(To)AM (s) LY (s, F, std), (26)
X
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where

m—1
LM(s+m,xr,)" ! T ¢M(2s —2i)~  if n=2m;
AM(s) =1 i=0
IT¢M (25 +20)7 ! ifn=2m+1.
i=0
Here X runs over all nonsingular integral matrices of size n with (det X, M) = 1, modulo
the action of GL,(Z) from the right. L(s, xt,) is the Dirichlet L-series attached to the
quadratic character (M). The superscript M on the L-functions means that
we are taking the product over all primes p { M.

Condition (25) implies that the left hand side of (26) converges absolutely in the region
Re(s) > n + 1. Hence, the standard L-function is a non-zero holomorphic function on
Re(s) > n+ 1. We will get a contradiction to this holomorphy if F' is not cuspidal.

So, let us assume that F' is not cuspidal. Hence ®F # 0, where ® is the Siegel operator
from Definition 1.11. Recall the relation (19) between the standard L-functions of F' and
DF.

L(s, F,std) = L(s, ®F,std)((s — k+n){(s + k — n).
Exercise 5.3. Show that we cannot have ®"F # 0.

Thus, we can assume that there is a r satisfying 1 < r <n — 1 such that ®"~"F is a

non-zero cusp form. This satisfies
n—r—1
L(s, F,std) = L(s,®" " F,std) [[ ¢(s =k +n—i)¢(s+k—n+i).
1=0

Since ®"""F' is a cusp form, a result of Shimura [96, Theorem A| says that the L-
function L(s, " "F,std) is a non-zero holomorphic function for Re(s) > r/2 4+ 1. The
rightmost pole of the product of zeta functions is at s = k — r. This is not cancelled
by L(s,®" " F,std) since it is non-zero at this point. Hence, s = k — r is a pole for
L(s, F,std), which again contradicts the holomorphy of the L-function for Re(s) > n +
1. O

5.2. Sign changes of Hecke eigenvalues. Let us now discuss the sign changes of
Hecke eigenvalues of Siegel Hecke eigenforms. For that, we first need to know that the
Hecke eigenvalues are real.

Exercise 5.4. Show that the Hecke eigenvalues of a Hecke eigenform F € Sk(T'),) are
real.

Let F € Si(I'y) be a Hecke eigenform with eigenvalues A\(m) for m > 1. We want to
explore the question of sign changes in the sequence {\(m)}.

Theorem 5.5 (Bruelmann [14]). Let F' € Si(I'y) be a Hecke eigenform with eigenvalues
A(m) form > 1. Then F is a Saito-Kurokawa lift if and only if A(m) > 0 for all m.

It was shown by Evdokimov [26] and Oda [65] that F is a Saito-Kurokawa lift if and
only if L(s, F,spin) has a pole at s = k. Suppose all the Fourier coefficients are positive,
then, using this criteria, and Landau’s theorem [55, Pg 536], and the relation between
L(s, F,spin) and > A\(m)m ™%, one can conclude that F' has to be a Saito-kurokawa lift.
On the other hand, if F' is a Saito-Kurokawa lift, then we use the relation (20), partial
fractions and geometric series to show that A(m) > 0 for all m.
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Exercise 5.6. Show that if F' € Si(I'2) is a Saito-Kurokawa lift, then A\(m) > 0 for all
m.

Theorem 5.7 (Kohnen [49]). Let F' € Sk(I'2) be in the orthogonal complement of the
space of Saito-Kurokawa lifts. Suppose F' is a Hecke eigenform with eigenvalues A\(m)
form > 1. Then there are infinitely many sign changes in the sequence {\(m) : m € N}.

Proof. By Exercise 3.10, we have

Z )\gz) = ((2s — 2k +4) "' L(s, F,spin), (27)

m>1

in the region where these converge. Suppose A(m) is positive for all m > mg for some
mo € N. Landau’s theorem [55, Pg 536] states that either Y A(m)m™° converges for all
s € C, or has a pole at the real point of its line of convergence.

We will first show that the former is true. Recall that we know from Theorem 3.11,
for a non-Saito-Kurokawa lift F', the completed spin L-function

A(s, F) = (2n)"%T(s)['(s — k + 2)L(s, F, spin)

is entire. The gamma function I'(s) has no zeros and has poles only at non-positive
integers. Hence, we can conclude that L(s, F,spin) is entire and has zeros at s = k —
2,k —3,---. Since ((s) has no zeros on the real line except at negative even integers
(and these zeros are simple), the right hand side of (27) has no poles on the real line.
By Landau, this implies that Y A(m)m ™% converges for all s € C.

Now choose sg € C such that Re(2sg — 2k +4) = 1/2 and ((2s9 — 2k +4) = 0. Hence
L(s, F,spin) has a zero at s = sg. This implies A(sg, F') = 0 as well. Once again, since
F' is not a Saito-Kurokawa lift, we know that F' satisfies the generalized Ramanujan
conjecture. Hence the Satake p-parameters satisfy oy p| = |agp| = 1. Together with
ag 0 po2y = p*~3 we can conclude that the Euler product defining L(s, F,spin)
converges absolutely for Re(s) > k& — 1/2. This means that L(s, F,spin) is non-zero in
the region Re(s) > k — 1/2. Hence, A(s, F') is non-zero in the region Re(s) > k — 1/2.
The functional equation (Theorem 3.11) implies A(2k — 2 — s0) = (—1)*A(sq, F) = 0.
But Re(2k — 2 — s9) = k — 1/4, which leads to a contradiction. O

Let us state some refinements of Kohnen’s result.

i) In 2007, Kohnen and Sengupta [52] showed that there exists n € N satisfying
n < k*log? k

such that A(n) < 0. In 2010, Jim Brown [15] obtained a similar result for Siegel
cusp forms with level N > 1.

ii) In 2008, Pitale and Schmidt [73] showed that there are infinitely many prime num-
bers p such that the sequence of Hecke eigenvalues {\(p") : r > 0} has infinitely
many sign changes. This used representation theoretic techniques, and a weaker
result than GRC.

iii) Recently, in 2016, Royer, Sengupta and Wu [84] showed that half of the non-zero
coefficients in the Dirichlet series for the spin L-function of F' are positive and half
are negative.
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For higher genus n > 3, we do not know about the meromorphic continuation and
location of poles of the spin L-function. Also, GRC is still open for n > 2. Hence, we do
not have any results on sign changes of Hecke eigenvalues in higher genus.

5.3. Sign changes of Fourier coefficients. Let F' € Si(I',,) with Fourier coefficients
{A(T) : T > 0}. The Koecher-Maass series of F' is given by

A(T)
D(s) :=
() Z e(T) det(T)s’
where the sum is over all half-integral, symmetric, positive definite 7' modulo the action

of GL,(Z). Here ¢(T) = #{U € GL,(Z) : 'UTU = T}. The above series converges for
Re(s) > (k+n+1)/2.

Theorem 5.8 (Maass [59, Pg 217]). Let k > 2n and k be even. Let F' € Si(I',) with
Fourier coefficients {A(T) : T > 0}. Let

n

Er(s):=22m)™ "¢ Hﬂ'

i=1

i1 1—1
T —
P (3 5

)D(s).

Then &r(s) has a meromorphic continuation to all of C and satisfies the functional
equation Ep(k — s) = (—=1)"/2¢p(s).

The key step in the proof of the above theorem is to realize £r(s) as a Mellin transform
of F'. Let us consider the n = 2 case. Let P, denote the space of all positive definite,
symmetric 2 x 2 real matrices. Let Ry be the Minkowski’s reduced domain defined as

the elements Y = {yll Y12

] € P, such that the following conditions are satisfied.
Y21 Y22

(1) 'gY g > yoy for all integral column matrices g,
(2) 'gYg > w11 for all integral column matrices g = [gl] with (g1, 92) =1,
2

(3) y12 > 0.
See Pg 12 of [46] for further details. We have the following relation between Ry and P;:

Py = U'gRyg
where the union is over all g € GL2(Z).

Exercise 5.9. Let Ry and Py be as above.

(1) Substitute the Fourier expansion of F', and use the relation between Py and Ra,
to show that

/ F(iY)det Y324y = >~ f“((jif;) / det Y5—3/2=27T(TY) gy
€

Ro {T}>O Py

. ‘ o t ‘
(2) We can assume that T is a diagonal matriz given by [ ! ; ] . Write
2

=Ll
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Show that
/det Y873/2€727TTF(TY)dY
Py
— / yf_l/2e*27fy1t1y§_3/26*2ﬂ'y2t2e*ZWygyltzdylddeyS'
y1>0,y2>0,y3
(3) Use
o0 o0 2
s—1 “Ydy =T / —y2d -
0/ y* e Ydy =T'(s), ey =
—00

to conclude that

Ep(s) = / F(iY) det Y*73/2qY.
Ry

The Koecher-Maass series was used by Jesgarz [44] to show the following: Suppose
F € S;(T'),) have real Fourier coefficients. Then there are infinitely many 7' > 0 (modulo
the action of GL,(Z)) with A(T) > 0, and similarly such that A(T) < 0.

Theorem 5.10 (Choie, Gun, Kohnen [18]). Let k be even and let F' € S(T'y,), F # 0.
Suppose that the Fourier coefficients {A(T) : T > 0} are real. Then, there exist T} >
0,75 > 0 with

Tr(Ty), Tr(Tz) < (k- cn)?log? 6(k - ¢,),
such that A(Th) > 0 and A(T>) < 0. Here

Cp 1= 02" (4/3)" (D)2,

The main idea is to look at the Fourier-Jacobi expansion of F' where the coeflicients
are Jacobi forms. Using Taylor expansions of these coefficients the authors reduce the
question to the case of elliptic modular forms, and then apply the results of Choie and
Kohnen in [19].
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6. LECTURE 6: CUSPIDAL AUTOMORPHIC REPRESENTATIONS CORRESPONDING TO
SIEGEL MODULAR FORMS

In this lecture, we start with a cuspidal Hecke eigenform F' € Si(T',,) and construct an
irreducible cuspidal automorphic representation of GSps,, (A) corresponding to it. There
are several steps for achieving this — construct a function ® on GSps,, (A) corresponding
to F', understand the properties it inherits from F, and study the local components of
the representation generated by ® . The main reference for this chapter is the article [6]
by Asgari and Schmidt. We suggest the reader to go over Appendix B and C to refresh
the details about adeles and local representation theory of GLs.

6.1. Classical to adelic. For convenience, let us now denote by G the group GSp,,,.
Let F' € S(I'y,). We will define a function ®r on G(A), where A is the ring of adeles of
Q. We will use the decomposition of G(A) given in the following exercise.

Exercise 6.1. Use strong approximation of Spy, (see [47]) to get
G(A) =GQGR)T [] G(Z,).
p<oo
Let us denote G = G(R). Write an element g € G(A) as
9 = 9ageoko, where gg € G(Q), 9o € Gl ko € Ko,

where Ko =[] K,, with K, = G(Z,). Then define

p<oo
Pr(g) = (Fllrgoo) (1), (28)
where I =i1,,. The action || is defined by
(Fllkg)(2) = (o)™ det T(g, 2) *F(9(Z)), g € GRY* Z € H,  (29)

Note that this slash action is different from the one we defined in (15) for the classical
setting. The relation between the two slash actions is given by

Flig = u(g)"™ /> "D F|g. (30)

The reason for the two slash actions is that, the classical |, works very well to give a nice
formula for the Dirichlet series, while || defined above ensures that ® is trivial under
the center of G (see below).

Exercise 6.2. In this exercise, we will show that ®p is well-defined.
i) Consider an element g = goo Qp<oo 1 € G(A), with g € GL,. Suppose g = ¢’ :=
9o9soky is another expression for g. Show that geo = gpgs, and gg € I'n.
i1) Use the automorphy of F to show that ®p is well-defined.

The map F — ®p gives an injection from Si(I',) to a space of functions ® : G(A) — C

satisfying the following properties.

i) ®(vg) = @(g) for v € G(Q),

ii) ®(gko) = ®(g) for ko € Ko,
iii) ®(gkoo) = det J(koo, ) F®(g) for koo € Koo,

iv) ®(gz) = ®(g) for z € Z(A).
Here Z = GL; is the center of G, and K., ~ U, is the standard maximal compact
subgroup of Sp,,,(R). We can see that K is the stabilizer of I.
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Lemma 6.3. Let F € Si(I'y,). Then @ is cuspidal, i.e., for every unipotent radical N
of every proper parabolic subgroup of G, we have

/ Op(ng)dn =0, for all g € G(A).

N(@\N(4)

Note that we are using n for the genus, as well as elements of the unipotent subgroup
N. Hopefully, the context makes the choice clear, and there is no confusion.

Remark 6.4. For n =2, there are 3 standard proper parabolic subgroups of G.

* %%
(1) The Borel parabolic subgroup B = { ' : : € G} with unipotent radical
*
I *
* 1 % %
{ 1« € B}.
i 1
AB

(2) The Siegel parabolic subgroup P = {[
{ 1)1( :X € My,'X = X}.

C D] € G : C = 0} with unipotent radical

* x ok
(8) The Klingen parabolic subgroup @ = { I * I I € G} with unipotent radical
*
*
x* 1 % %
' ean
1

Sketch of proof of Lemma 6.3: 1t is enough to verify the cusp condition for the standard
maximal parabolics. Let P = MN be one of those. By the Iwasawa decomposition
G = PK, with K = KK, we can reduce to g € P(A). Since M normalizes N, we
can reduce to g € M(A). Using strong approximation for M (A), we can further assume
that g € M := M(R) N GL. It will be enough if we can show that the integral over
V(Q)\V(A) is zero, where V is the intersection of all the unipotent radicals of all the
maximal parabolic subgroups. (This is because, we can first integrate over the smaller
space, and if the inner integral is zero, then the whole integral is zero.) Now, observe
In

In
n X n matrices with non-zero entries only in the last row and column. (Check this for
the n = 2 case). With Z = ¢g(I), we now get

that V' consists of matrices of the form [ ] with X in V', the set of symmetric

be(gldn= [ elng)in=p(@™? [ Flauglt)I(ng. 1) dn
V(Q\V(A) V(Z)\V (R) V(Z)\V(R)
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= u(g)"/? / F(Z+ X)J(g,I)"*dX.
VI(Z)\V'(R)
We have the Fourier expansion of F' given by
Z A(T 2T (TZ)
T>0
We are only summing over T' > 0 because F' is a cusp form. Using this we get

[ ertngyin = ptgyt? S amE™ Ay g [ gy,
V(Q\V(4) >0 Vi@\V(®)
Since T' is non-degenerate, the map

X — 627riTr(TX)

is a non-trivial character on V/(Z)\V’(R). Hence, the integral is zero. O
The next exercise shows how one can take Fourier coefficients of the adelic function
®r, and its relation to the Fourier coefficients of F'.

Exercise 6.5. Let n = 2. Let U be the unipotent radical of the Siegel parabolic subgroup
of G. Let 1 : Q\A — C* be the character such that (z) = €™ if x € R, and 1 (x) =
for x € Z,. Given S € Symy(Q), one obtains a character 0g of U(Q)\U(A) by
1X
os(| ) = wimis)

Note that every character of U(Q)\U(A) is obtained in this way. For S € Symy(Q) we
define the following adelic Fourier coefficient of ®p,

DY (g) := / @F(ng)ﬁgl(n) dn for g € G(A).
U(Q\U(A)
Show that, if S € Symy(Q) is positive definite and half-integral, then
B(1) = A(S)e 27 Tr(9),

We have I',\H,, ~ Z(A)G(Q)\G(A)/K. The Haar measure on G(A) induces a mea-
sure on the right hand side, and the corresponding measure on the left is a scalar mul-
tiple of the invariant volume element d*Z on H,. In other words, if a I',-invariant
function f on H,, and a G(Q)-invariant function ® on Z(A)\G(A)/K are related by
F(goo{I)) = ®(goo), for all goo € GL, then

/ foez= [ ewa= [ g
I'n\Hn Z(M)G(Q\G(A)/K Z(A)G(Q\G(A)
Exercise 6.6. Show that, if F1,Fy € Si(T},), then
(F1, Fy) = (Pp,, Pp,).

Here, on the left hand side we have the Petersson inner product (10) of classical Siegel
modular forms, and on the right hand side we have the ordinary L?-scalar product given

by fZ A)G(Q\G(A) P (g )(I)Fz( )dg.
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6.2. Hecke equivariance. Let G, = G(Q,) and K), = G(Z,). Let H(Gy, K},) be the
Hecke algebra of G, consisting of compactly supported functions f : G, — C, which are
left and right Kp-invariant. The product in H(G,, K},) is given by convolution

(f % g)(x) = / fay)g(yV)dy.
Gp

Exercise 6.7. H(G,, K;) is spanned by the characteristic functions of the sets K,gK,
for g € G,.

Recall that 3, is the p-component of the classical Hecke algebra defined in Section
3.1. We know that 7, ,, is generated by double cosets I';, MT',, for M € G (Z[p~1])*. Here,
Z[p~!] is the ring of rational numbers with only powers of p in the denominator. There
is a bijection D \G(Zlp1])* /T, = GZ)\G(EZIp )" /G(Z) = K\Gp/K, induced by
the inclusions of the groups. This gives us an isomorphism

Hnp = H(Gp, Kp).

We will henceforth identify these two Hecke algebras. The definition (14) gives us the
action of H,, , on Si(I';,). We can also define an action of H(G,, K) on adelic functions
as follows.

TO)g) = [ TMBlgh)dh, T & H(Gy Ky g € Gl)
Gp
If T is the characteristic function of K, M K, = L; M; K, and ® is right K, invariant then

(T®)(g) = Z D(gM;).

Here, we are assuming that the Haar measure on G, is normalized so that the volume
of Kpis 1. If T =T, MT,, = L;I";, M/, then we can define

FllsT = F|lxM;].
7

From (30), it is clear that F||,T = p(M)"+t1=R/2TF where TF is the action of the
Hecke operator on F' using the | action.

Lemma 6.8. Identify the Hecke algebras 3, , and H(Gp, K},). Let F' € Si(I'y,) and ®p
be the corresponding function on G(A). For every T € H(G,, K}), we have

T@F == (I)FHkT

This is Lemma 9 of [6]. We can now summarize the results of this section in the
following theorem.

Theorem 6.9. The mapping F — ®p given in (28) maps the space Sk(T'y,) of classical
Siegel cusp forms of weight k and degree n isometrically and in o Hecke-equivariant way
into a subspace of LE(Z(A)G(Q)\G(A)) consisting of continuous functions ® on G(A)
with the following properties:

i) ©(vg) = @(g) for v € G(Q)

it) ®(gko) = ®(g) for ko € Ko
i11) ®(gkoo) = J(koo, 1) TF®(g) for keo € Koo ~ U,
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iv) ®(gz) = ®(g) for z € Z(A)
v) ® is a smooth function on G(R)" (fized finite components), and is annihilated by
Pe:
vi) ® is cuspidal.
We have added part v) in the above theorem, which provides information on the
archimedean component. See Lemma 7 of [6] for details.

6.3. Satake isomorphism. Let us briefly discuss the Satake isomorphism for Hecke
algebras. The standard maximal torus of G is given by
T := {diag(uj, ug, -+ ,un, ufluo, u;luo, cooutug) tug € GLy for i =0,1,--- ,n}.

Let T° := T(Zy,) C T(Qp). Consider the Hecke algebra J{(T",T°) of compactly supported
functions on 7' that are right and left T°-invariant. Consider the n + 1 elements of
H(T,T°) given by

XO = Cha‘r(diag(Z;7 e 7Z;7PZ;7 T 7pZ;))7

Xy = char(diag(pZ) , Z), -+ , L5 ,p ' LY, LY -+ L)),

._ - -1

<o+ Xy = char(diag(Z, -, Zy .02y, Ly, s Ly, p L))

Exercise 6.10. Show that
H(T,T°) = C[X;, XF, - XEY.

For an element f € H(G), K,), define the Satake transform by

(SH)(t) = s (1)} / f(tn)dn = 55(t)| / f(nt)dn,
N N

where
—n(n+1)/2 2 4 2 . -1 -1 —1
dp(t) = u, ujuy - --uyt, for t = diag(ug, ug, -+, Up, Uy U, Uy Ug, -, Uy Up).

Here, N is the unipotent radical of the Borel subgroup B. It consists of matrices of

the form [A tAl] [1 )1(}, where A € GL,(Q,) is lower triangular with 1’s on the

diagonal, and X is a symmetric matrix in M,(Q,). The Weyl group W of G acts on
the torus T by permuting uy, - -- ,u, and replacing u;’s by uou;l. It can be shown that
Sf € H(T, T°)V, the space of W-invariant elements. In fact, the Satake map gives an
isomorphism (see Section 3.1 of [6])

H(Gyp, K,p) =~ H(T, T°)V.
Let us see the image of this map on the characteristic function of a double coset K, M K,,.
Suppose K, M K, = L;M;K,,, where
di1
p 0
i

pdiO tq

* pdzn

Here d;p does not depend on i, it equals the valuation of u(M).
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Let t = diag(p*, -, phn, pFo=k ... pko=kn) We have

/ 1MiKp (tn)dn =

N

1 ifkj=d;foral j=0,1,---,n,
0 otherwise.

Here 1x is the characteristic function of the set X. We can conclude that

(75 = / 1k, (tn)dn) — xdoxdin ... xdin,
N

This leads to the following formula for the Satake transform.

Lemma 6.11. Let f = char(I', MT,,), with M as above. Let § be the valuation of u(M).
Then

DS | (T2

i j=1

This is Lemma 1 of [6]. We will compare this with the classical formula (16) in Exercise
6.13.

6.4. Spherical representations. An irreducible, admissible representation of G, is
called spherical if it contains a non-zero vector fixed by K. All the spherical represen-
tations of G, are obtained as follows. Let xo, X1, , Xn be unramified characters of Q;
(i.e. homomorphisms from Q; — C* that are trivial on Z). They define an unramified
character, call it x, of the Borel subgroup B = T'N which is trivial on N and, on T, is
given by

t = diag(u1,ua, -+, un, uy ‘ug, uy Mg, o uy tug) = xo (o)X () - X (Un).-

The representation Indgp (x) of G obtained by normalized induction from x consists of
locally constant functions on G, satisfying

f(tng) = 65| ?x(t) f(g), forallt € T,n € N and g € G,,.

Exercise 6.12. Show that the central character of the above induced representation is
2

The representation Indgp (x) has a unique sub-representation or a sub-quotient which
is a spherical representation. It is called the spherical constituent and let us denote it

by
™= W(XOaXla to 7Xn)

The isomorphism class of this representation depends only on the unramified charac-
ters modulo the action of the Weyl group. It is further known that every spherical
representation of G, is obtained in this way. Thus, there is a bijection between un-
ramified characters of 7" modulo the action of the Weyl group, and isomorphism classes
of spherical representations of (). Each unramified character of Q; is determined by
its value on p. This value may be any non-zero complex number. Hence, any vector
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(bo, b1, ,by) € (C*)"F1/W gives a character x, up to action by the Weyl group. We
have the following diagram.

{ spherical representations } —— Homy,s(H(Gyp, Kp),C)

| l

{ unramified characters }/W ()t /w

All the maps above are bijections. The left arrow is induction and then taking the
spherical constituent, the top arrow is the action of H (G, K) on the spherical vector, the
map on the right comes from the identification 3(Gp, K,) ~ C[Xi', X, -+, X W,
and the bottom arrow assigns to the vector (b, b1,--- ,by,) the characters x;(p) = b;.
Finally, we have the following local standard and spin L-functions of the representation

s

n

L(s,m,std)™! := (1 —p~9) H(l —bip *) (1 —b;'p )
i=1

L(s,m,spin)~! := H H (1 —bobs, -~ bip?)

k=01<i1<--<ix<n

See Section 3.2 of [6] for further details on spherical representations of Gy.

6.5. The representation associated to a Siegel cusp form. Let F' € Si(T';,) be a
Hecke eigenform and let @ be the corresponding cusp form on G(A). For any g € G(A),
the translate of @ by ¢ is the function G(A) > h — ®r(hg). Let V¢ be the subspace
of L3(Z(A)G(Q)\G(A)) spanned by the translates of ®r. The group G(A) acts on
Vp by right translation giving us a represenattion mp of G(A). A result of Narita,
Pitale, Schmidt [64, Theorem 3.1| guarantees that 7w is irreducible. 7p is a cuspidal
automorphic representation of G(A), which is trivial on Z(A). We may thus consider 7p
as an automorphic representation of PGSp,,, (A).

Let mp = ®,mp, be the restricted tensor product. Here, m, is an irreducible ad-
missible representation of G,. For a finite prime p, Theorem 6.9 tells us that ®p is
right Kj-invariant. Hence, for every finite prime p, the representation m, is a spherical
representation of G,. Hence, 7, is of the form 7(xo,Xx1, - ,Xxn) for some unramified
characters x; of Q.

Exercise 6.13. Set b; = xi(p) as before. Recall agp, 1, 0 p, the classical Satake
p-parameters of F' defined in (16).

i) Show that

bo = pn(n+1)/4fnk/2a07p and bZ = Qip for 7 = ]_’ S m.

ii) Show that m, has trivial central character.

ii) Let L(s,mp,spin) = [], L(s,mp,spin). Find the relation between L(s, F,spin) and
L(s,mp,spin). Further, for n = 2, find out what kind of functional equation does
the completion of L(s,mp,spin) satisfy.

At the archimedean place, 7 is a representation of G(R) containing a vector vy such
that prvee = 0 and, Too (koo ) Voo = J (koo I) Fvs for every koo € Koo. A representation
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of G(R) has such a vector if and only if it is a lowest weight representation m of G(R).
It is in the holomorphic discrete series if £ > n, and is in the limit of a holomorphic
discrete series if k = n.

Theorem 6.14. Let F' € Si(I',) be a Hecke eigenform and let mp be the cuspidal auto-
morphic representation of PGSp,,, (A) associated by F. Let mp = ®,m,.

i) For a finite prime p, the local representation m, is a spherical representation of
PGSp,,,(Qp) with unramified characters xo, X1, -, Xn given by xi(p) = a;, for
alli=1,---,n and xo(p) = p”(”+1)/4_”k/2ao,p, where the agp, - ,any are the
classical Satake p-parameters of F.

ii) At the archimedean place, T is the lowest weight representation m, of G(R).
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7. LECTURE 7: LOCAL REPRESENTATION THEORY OF GSp,(Q))

In this lecture, we will discuss the representation theory of GSp,(Q)). The genus 2 case
provides a very good introduction to the study of local representations of the symplectic
groups. The genus 2 case also has the advantage of detailed tables of data compiled by
Roberts and Schmidt. We will present some of these tables and data corresponding to
the classification of the local representations, the Iwahori fixed vectors in the Iwahori
spherical representations and the paramodular theory.

7.1. Local non-archimedean representations for GSp,. In the previous lecture, we
have seen that the local non-archimedean component m, of the automorphic representa-
tion mp associated to a Hecke eigenform F' € Si(T',,) is a spherical representation. This
is obtained from a representation of GSps,(Qp) induced from an unramified character
of the Borel subgroup. We will try to understand how a general irreducible admissible
representation of GSpy,, (Q)) looks like. We will restrict ourselves to genus 2. As before,
let us denote G' = GSpy. Let m = ®,m, be an irreducible cuspidal automorphic represen-
tation of G(A). For a finite prime p, each m, is an irreducible admissible representation of
Gp = G(Qp). There are two possibilities for 7, — it is either supercuspidal or not. In the
latter case, we know that it is obtained as a constituent of an induced representation.
In the previous section, we have already seen representations induced from the Borel
subgroup. As we saw in Remark 6.4, GSp, has two more proper parabolic subgroups.
Let us set up notation for the representations induced from these parabolic subgroups
now.

i) Borel subgroup B: Let X1, x2,0 be characters of Q. As before, we get a character
of the Borel subgroup B(Q)) given by

a * *
* b * *

-l | 7 xa(0)xa(a)a(c).
cb™1

The representation of G, obtained by normalized parabolic induction of this charac-
ter of B(Q,) is denoted by x1 X x2 % 0. The standard model of this representation
consists of all locally constant functions f : G;, — C that satisfy

a * *
0L T o= 1l b)) £ (o)
cb™!

The group acts on this space by right translation and the central character of y; x
X2 X 0 is o x1X2.

ii) Siegel parabolic subgroup P: Let (m, V') be an irreducible admissible representation of
GL2(Qp) and let o be a character of Q. Then we denote by 7x o the representation
of G, obtained by normalized parabolic induction from the representation of the
Siegel parabolic subgroup P(Q,) on V' given by

{A ct21] s o(e)m(A).
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The standard model of this representation consists of all locally constant functions
f: Gp =V that satisfy

17 i) = taettne P Romca o)
If w, is the central character of 7, then the central character of 7 X ¢ is wyro2.

iii) Klingen parabolic subgroup Q: Let x be a character of Q, and let (m,V) be an
irreducible admissible representation of GL2(Qp). Then we denote by x x 7 the
representation of G, obtained by normalized parabolic induction from the represen-
tation of the Klingen parabolic Q(Q)) on V given by

a b *

* t x * ab

. 4 Hx(t)ﬂ([cd]), A = ad — be.
At~1

The standard model of this representation consists of all locally constant functions
f 1 Gp — V that satisfy

a b *
N P R e O R )
At

If w; is the central character of 7, then the central character of x X 7 is xwy.

Exercise 7.1. Let m = x1 X x2 X 0 be the Borel induced representation of Gp. There
are 8 elements in the Weyl group W of Gp. Given an element w € W, we can define
an action on the torus as in Section 6.3, and get a new character from x1,x2,0, which
gives another Borel induced representation 7 of G,. It is known that the constituents
of both w and ™ are the same. In particular, if they are irreducible, then w ~ «*. List
all the possible T for w € W.

Using the results of Sally and Tadic [90], we describe a useful listing of the non-
supercuspidal, irreducible, admissible representations of G,,. The basis for this list is the
fact that every non-supercuspidal, irreducible, admissible representation of G, is a con-
stituent (irreducible subquotient) of a parabolically induced representation with proper
supercuspidal inducing data. Given this, one might try to classify the non-supercuspidal,
irreducible, admissible representations of G, by doing the following: First, write down
all the supercuspidal inducing data for the Borel, Klingen and Siegel parabolic subgroups
of G). Second, determine the Langlands classification data of all the constituents of all
the resulting parabolically induced representations. Third, find all the possible ways in
which a fixed non-supercuspidal, irreducible, admissible representation of G, arises as
a constituent in the second step; the results of this step may show that some of the
supercuspidal inducing data from the first step is redundant from the point of view of
listing all representations.

In fact, the paper of Sally and Tadic [90] has carried out the difficult aspects of this
procedure. It turns out that eleven groups of supercuspidal inducing data are required.
Groups I to VI contain representations supported in B, i.e., these representations are
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TABLE 1. These are the non-supercuspidal representations of G,.

constituent of representation tempered | L>
I X1 X X2 X o (irreducible) Xi, o unit.
o |2 V2 x v 2 x o XStare) X o X, 0 unit.
b | (x? # v, x # vE3/2) XlgLe) % o
I a Y Xvxv 2 X X 0Stasp(2) m, 0 unit.
b (x & {1,v°}) X ¥ olgsp(2)
a oStasp(4) o unit. .
v b V2 xvx v 32q L2, V_laStGSp(Q))
c L(I/3/2StGL(2), v=3/20)
d 7 1Gsp(4)
a 5([€,ve], v120) o unit. | e
v [P vExEx v 1% | L' %¢Str ), v %0)
c| (€=1¢6#1) | L EStare), v %0)
d L(v€, € xv1/%0)
a (S, v~ %0) o unit.
VI b VX 1o 5120 (T, v=120) o unit.
c L(l/l/zstGL(Q), v=12q)
d L(v,1px x v 1/2g)
VII x X 7 (irreducible) X, 7 unit.
VI | Lo st 7(S, ) 7 unit.
b (T, ) 7 unit.
x |2 véE x v Y2g S(v€, v127) 7 unit. | e
b (E#1, &m=m) L(vé,v=127)
X m X o (irreducible) 7,0 unit.
<1 V2 120 S/ 2m v1%0) 7,0 unit. | e
b (wr =1) L ?m,v1%0)
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constituents of induced representations of the form x1 X x2 X o. The induced representa-
tion 1 X x2 X o is irreducible if and only if y; # v*!, xo # vl and y; # VﬂXQil. Here,
v is the unramified character of Q) defined by v(a) = |a|. Groups VII, VIIT and IX
contain representations supported in @, i.e., they are constituents of induced representa-
tions of the form y x 7, where 7 is a supercuspidal representation of GL2(Q,). Finally,
groups X and XI contain representations supported in P, i.e., they are constituents of
induced representations of the form m x o, where 7 is a supercuspidal representation
of GL2(Qp). All of this data (and more) is included in Table 1 above of irreducible,
non-supercuspidal representations of GG,. In Table 2 below, we have the conditions for
unitarity.

Exercise 7.2. Let (m,V) = n~! x n be an induced representation of GL2(Qy). Let

7 =|det |~'/2x. Show that T x /% ~ v=1 2y x v 121 5 /2,

7.2. Generic representations. Fix a non-trivial additive character ¢ of Q,. Every
other such character is given by z +— 1(cz) for ¢ € Q). Let c1, ¢z be two elements of Q.
We obtain a character of the unipotent radical N of the Borel subgroup B as follows.

1 T
r 1 x %
¢Cl,02( 1 —z ) = ¢(C196 + CQZ/)'

1

An irreducible admissible representation m of G, is called generic if there is a non-zero
linear functional £ on V; satisfying

1 *
rz 1

E(W(

*

e~

. ) = (er1z + coy)l(v), for all v € V,
1
i.e. Homp(q,)(m, %e;,e,) # 0. Such a non-zero functional is called a Whittaker functional.

Exercise 7.3. Let 7 be generic and let 0 # £ € Homy (g, (7, Ve ;). For every v € Vg,
define a C-valued function W, on G, by

Wa(g) := L(m(g)v).
Show that W, satisfies

1 Yy ok
rx 1 *x %

Wo( 1 — g) = Y(c1x + c2y) Wi (9g), for all g € Gp. (31)
1

The above exercise tells us that a generic representation has a Whittaker model, i.e., it
is isomorphic to a space of C-valued functions on G}, which satisfy (31). We will denote
the Whittaker model by W(m, ¢, ¢, ).

Exercise 7.4. Suppose 7 is giwen by its Whittaker model W(7, ¢, ¢,). Give a formula
for a Whittaker functional on 7.

It has been shown in [83] that, if 7 has a Whittaker model then it is unique. The
independence of existence on c1, ¢o is shown in the next exercise.
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TABLE 2. Conditions for unitarity

‘ ‘ representation conditions for unitarity
e(x1) =e(x2) =e(0) =0
X1 = V/BX7 X2 = VﬁXfly e(g) = _67
e(x) =0, x> #1,0< B <1/2
I X1 X x2 X o (irreducible) x1 =17, e(x2) =0, e(o) = —3/2,
x2#1,0<8<1
x1=v71x, x2a = v?x, e(o) = (=61 — B2)/2,
X2:170§ﬁ2§ﬁ170<51<17B1+52<1
a XStGL(Q) X o 6(0) = G(X) =0
11 ngyﬁ’6(0):_5752:170<5<1/2
N e(0) = c(x) = 0
ngyﬁa6(0—):_5752:170<6<1/2
|2 X X 0Stasp(2) e(c)=e(x)=0
b X X 01lGgsp(2) e(o) =e(x) =0
a oStasp(a) e(o)=0
v |b L(v?, v 1oStasp(2) never unitary
c L(V3/2StGSp(2), v=3/2q) never unitary
d o1asp) e(o) =
a 3([¢, v€),v"%0) e(0) =0
v b L(V1/2§StGL(2), v1/20) e(c) =0
c| L*StaLe), v %) e(0) =0
d L(vé, € xv=1/%0) e(c) =0
a (S, v~ 1/20) e(c) =0
vi | P (T, v=1%0) e(c) =0
c L(Vl/QStGL(Q), v=120) e(c) =0
d L(v,1px x v~1/2q) e(c) =0
e(x) =e(m) =0
VII x X7 (irreducible) x=vP¢, n=v"P2p 0< B <1,
£=1,86#1,ep)=0,&p=p
VIII a T(S, 7T) e(ﬂ-) - 0
b (T, ) e(mr) =0
X |2 S(ve, v12n) e(m) =0
b L(ve,v=127) e(mr) =0
X m X o (irreducible) e(0) =e(m) =0
m=108p, e(0) =—B,0< B <1/2, wp =1
X] |2 S\ 2m,v=1%0) e(o)=e(m)=0
b LY, v~ 20) e(c)=e(m)=0
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Exercise 7.5. Suppose that Homp(q,)(m,%11) # 0. Then show that, for any ci,c €

X

> we have Homy (q,) (7, Yey cp) 7 0.

The last column in Table 1 states exactly which non-supercuspidal representation is
generic. Note that each group has exactly one which is generic.

7.3. Iwahori spherical representations. In the previous lecture, we have seen that
if x1, x2,0 are unramified, then y; X x2 % ¢ has a unique spherical constituent. This
means that, out of all the representations of Types II to VI, there is only one in the
group that is spherical. It turns out that all the other representations do have vectors
invariant under some special compact subgroups called the parahoric subgroups. Define
the Iwahori subgroup I of G, by

2 2
I=K,n|? b L 32
P\ pLly Py Ly Zy (32)
PLy DLy PLp Zy
Recall that K, = GSp,(Z,). The Atkin-Lehner element
-1
- 1
m D
—-Pp
normalizes I. There are 4 other parahoric subgroups of G,,. They are given by
[ %p %p %p %p %p pZZp %p %p
_ P p  Lp Lp _ P i p  Lp
B A=1H0 ply pLy Lp Ly’ B=tn Ly ply Ly ZLp|’
\PZy pLy Ly Zyp pLy ply DLy Ly
Ly DLy Ly Zip
Z / Z, p 7
Pyo=4{keG,nN P P P Pl det(k) € Z*}.
) { D Zp pr Zp Zp ( ) p}
| pLyp PLy pLp Ly

P is the Siegel congruence subgroup, P» is the Klingen congruence subgroup, and Fy 2
is the paramodular group, which is a maximal compact subgroup of G}, which is not
conjugate to K.

Exercise 7.6. Let
1 1 1

S0 S2 =

I
—
V)
iy
I
—_

-1

P 1 1
For a subset S of {so, 51,52}, define Ps := Usc(syIsl. Show that Ps, s, = Kp, Psy s, =
Poo, Py, = Py, Ps, = P>. Here, (S) is the group generated by the elements of S.

An irreducible admissible representation m of G, is called Jwahori spherical if m con-
tains a vector that is invariant under I. It is known that any Iwahori spherical represen-
tation is obtained as a subquotient of y1 X x2 X ¢ for unramified characters x1, x2,0.
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Schmidt [92] has obtained the dimensions of vectors invariant under the various para-
horic subgroups, and these are given in Table 3 below. Since 7; normalizes I, it acts
on the I-invariant vectors in w. This is a finite dimensional vector space, and you can
diagonalize 71 on this space. Note that, since n = 71, the eigenvalues are +1.

TABLE 3. The Iwahori-spherical representations of G, and the dimen-
sions of their spaces of fixed vectors under the parahoric subgroups.

s K, P2 P, Py I

I X1 X x2 X o (irreducible) 1 2 4 4 8
- M

11 a XStGL(Q) X o 0 1 2 1 4
— — +777

b X]-GL(Q) X o 1 1 2 3 4
+ ++- +4++—

IIT a X X UStGSp(Q) 0 0 1 2 4
+- ++——

b X X JlGSp(?) 1 2 3 2 4
+- +- ++--

IV a UStGSp(4) 0 0 0 0 1
b L(v?, v 1oStasp(2) 0 0 1 +2_ +§_

¢ L(**Stgree). v %0) 0 1 2 1 3

- - +__

1 1 1 1 1 1

d g GSP(4) + + +

V a 5([€,ve],v1%0) 0 0 1 0 2
+_

b L(w'/2€Star ), v 1?0) 0 1 1 1 2

+ + ++

¢ L('Y%¢Star), &v~1%0) 0 1 1 1 2

d L(ve, € xv1/%0) 1 0 1 2 2

+- +-

VI a (S, v~ 1/20) 0 0 1 1 3
— +77

b (T, v=1%0) 0 0 0 1 1

+ +

¢ L('?Stgre), v %) 0 1 1 0 1

d L(v,1px x v~1/2q) 1 1 2 2 3
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Schmidt used the local theory of Iwahori spherical representations of G\, to formulate
a new-forms theory for Siegel cusp forms with square-free level. Let N > 1 be a square-
free integer. The space of old forms of weight k and level N, denoted by Si(B(N))?¢,
is sum of the spaces

Sk(B(N1) N nn, Q(N2)nyt) + Sk(B(N1) N P(N2)) + Sk(B(N1) N Q(Na)),

where Ni, Ny runs through all positive integers such that NyNo = N, Ny > 1. The
orthogonal complement of Si(B(N)) in Sy(B(N)) is defined to be the space of new-
forms Si(B(N))™ev.

If F e Sp(B(N))"" is a Hecke eigenform for all p{ N, one can construct ®r on G(A)
which generates a representation mp. Let mp = ®m,. Then it can be shown that, for
primes p|N, 7, is a Type IVa representation — the Steinberg representation for Gy,.

7.4. Paramodular theory. The local analogue of the paramodular congruence sub-
group is given by

Ly DLy Ly Ly
Ly Ly Ly p "Ly

p DLy Ly Ly

Py P "Ly P Ly Ly

Note that K (0) = K. Also, we do not have K(n+1) C K(n).

Exercise 7.7. The Atkin-Lehner element is defined by
-1

K(n):={keGyn s det(k) € Z, }, n>0. (33)

Show that K(n) is normalized by n,. Hence, show that if there is a vector v in a repre-
sentation m of G, that is invariant under K(n), then so is 7(ny)v.

Given an irreducible admissible representation (7, V') of G}, define
V(n):={veV:n(k)v=uwv, foral ke K(n)}.

If there is an > 0 such that V(n) # 0, then we say that 7 is a paramodular representation.
If m is paramodular, then define the paramodular level of 7 to be the smallest non-
negative integer N, such that V(N;) # 0. For example, if 7 is spherical then clearly 7
is paramodular and has paramodular level 0.

An important tool to understand the paramodular theory is the paramodular Hecke
algebra H (G, K(n)) of compactly supported functions on Gy, that are left and right
K (n)-invariant.

Exercise 7.8. Show that, if v € V(n) then Tv € V(n) for all T € H(G,, K(n)).
In particular, there are two Hecke operators that play a significant role

p p

Toq = char(K(n) | P L | E(). Tig= char(K(n) P K(n)).
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For n = 0 we have the following single coset decompositions (see [81, Pg 187-188]).
p 1

r y| P
D 1y =z D
KP 1 KP = |_| 1 1 KP
1 ©,Y,2€ZLyp [plp 1 1
1 T p 1
1 1 1
U ) L | Eat b | K
XELyp [/ PLy 1 D »
1 1 1
x 1 1 z P
U |—| 1 —x 1 D Ky
x,2€ZLyp /DLy 1 1 1
P 1 1 yi|e
P . z 1 1 y =z p
Kp 1 Kp = |—/|2 1 —=z 1 P Kp
EZL Z
p ;,ye%pp/pzl; 1 1 1
1 c] [p? p
L Loe P Kul 1 K
|_| 1 1 p p P
d€Zy/p?Z 2
CEZI;/ZZ: 1 p p
1 1
z 1 P
U |—| 1 —=z p? Kp
TELp [ PLyp 1 D
1 d/p p
1 P
U ) b | K
d€(Zp /pZp)* 1 P
(1 Nu/p Mu/p]| [p
L Jdu/p  wufp P
U . b | K
E(Zp/pLp)*™
u)‘eip/ppzpp - 1 P

Exercise 7.9. Let x1,x2,0 be unramified characters with x1x202 = 1 and let 7 =

X1 X X2 X o be given by its induced model. Let fy be the essentially unique nonzero
vector in Vi which is invariant under K,. Let A\, be the Hecke eigenvalues defined by
Tofo = Afo and Ty o fo = pufo. Use the coset decomposition above to show that

A=p*?o(p)(1+x1(p) (1 + x2(p)),
p=p"0a) +xi' 0 +xe) +xz ' () +1-p 7).
The following new forms theory has been obtained by Roberts and Schmidt in [81].
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Theorem 7.10 (Roberts, Schmidt [81]). Let (w,V') be an irreducible admissible repre-
sentation of Gy, with trivial central character.

i) If m is paramodular, and Ny is the paramodular level, then dim(V (N;)) = 1.

ii) Assume that m is generic and given by the Whittaker model W(m, ¢, ¢, ), with c1,ca €
Ly, and conductor of ¢ equal to Zy,. Then w is paramodular. For any W €
W(m, e, o), define the zeta integral

a
Z(s,W):= //W( - “ 1 )|a]sfgda:dxa.
@ Qv 1

Then, there is a W € V(Ny) such that Z(s,Wyr) = L(s, ). Here, the local L-factors

L(s,m) are defined in [34] or [102].
iii) Assume that 7 is generic, and let A\x and p be the Hecke eigenvalues of Ty 1 and

T1,0 acting on a non-zero element W of V(Ny).

(a) Let Ny =0, so that 7 is unramified. Then

L(s,m) ™ = 1= p 2 Aep™ 4 (0 e + 1+ p )p 2 = p 2 Aep ™ 4,
(b) Let Ny =1 and let 7(m)W = e, W, where e € {1,—1} is the Atkin-Lehner
eigenvalue of W. Then
L(s,m) ™ = 1= p 2 Ovn o pi)p ™" + (0 2ptn + )™ + exp2p7 ™
(¢) If Ny > 2, then

L(s,m) =1 =p 2 \ep ™ + (p 2 + D)p 2.

Exercise 7.11. Use Tuble 4 of Hecke eigenvalues for the generic representations, and
evaluate the L-function with the formula given in the theorem for as many representations
as possible. Check that you do indeed get the L-factor given Table 5. See Section A.9 of
[81] for the values of (A), (B), (C) in the last column of Table 4.

TABLE 4. Hecke eigenvalues (Table A.14 of [81])

inducing data N p o
1 o . . ¢Po(p)(1+ x1(p) )
+x2(p) + x1(P)x2(p))
I|ounr., x1,x2 ram. | a(x1)+ a(x2) P2 (o(p) +a(p)™h) 0
0 Tam., oy; unr. 2a(0) P2 ((x10)(p) + (x20)(p)) | O

o ram., ox; ram. | 2a(x10) + 2a(0) 0 —p?
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inducing data N, py o
p**(a(p) +o(p)™) P**(x(p)
0, X unr. 1
+(p+1)(ox)(p) +x(p)7")
IIa | o,x ram., xo unr. 2a(0) + 1 p(xo)(p) —p?
0 unr., Yo ram. 2a(x) P2 (o(p) +a(p)™h) 0
o ram., xo ram. | 2a(o) + 2a(xo) 0 —p?
3/2 n -1
0, X unr. 0 polp) +olp)™) (B)
- +p(p + 1)(ox)(p)
0, X ram., Yo unr. 2a(0) p(p+1)(ox)(p) 0
XO ram. — — —
o unr. 2 p(o(p) +o(p)™) —p(p—1)
IITa
o ram. 4a(o) 0 —p?
p— o unr. 0 p(p+1)a(p)(1+ x(p)) (©)
o ram. — — —
Va o unr. 3 a(p) —p°
o ram. 4a(o) 0 —p?
Vb o unr. 2 a(p)(1 +p?) -p(p—1)
o Tam. — — —
o unr. 1 a(p)(p® +p+2) p+1
Ve
o ram. — — —
Vd o unr. 0 op)P®*+p*+p+1) | p(*+p*+p+1)
o ram. — — -
&, o unr. 2 0 —p* —p
v o unr., £ ram. 2a(&) +1 a(p)p —p?
a
o ram.,c& unr. 2a(o) + 1 —o(p)p —p?
o,0& ram. 2a(&0) + 2a(o) 0 —p?
¢, 0 unr. 1 a(p)(p* —1) —p* —p
Vi o unr., £ ram. 2a(€) a(p)p(p +1) 0

o ram.,c§ unr.

o,0& ram.
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inducing data N, A o
£, 0 unr. 1 —a(p)(p® —1) —p® —p
o unr., ¢ ram. — — —
Ve
o ram., o€ unr. 2a(0) —o(p)p(p+1) 0
0,0 ram. — — —
,0 unr. 0 0 —P*+p*+p+1
vd 3 (P’ +p*+p+1)
& or o ram. — — —
o unr. 2 2po — -1
VIa po(p) p(p—1)
o ram. 4a(o) 0 —p?
o unr. — — —
VIb
o ram. — — —
o unr. 1 a(p)(p+1)° p(p+1)
Vic
o ram. — — —
VId o unr. 0 2p(p+ 1)o(p) (p+1)(p*+2p—1)
o ram. — — —
VII 2a(T) 0 —p?
VIIIa 2a(m) 0 —p?
VIIIb — — —
[Xa 2a(m) +1 0 —p?
IXb — — —
< o unr. a(om) p*2(o(p) +o(p)") 0
o ram. a(om) + 2a(o) 0 —p?
o unr. a(om) + 1 po(p) —p?
Xla
o ram. a(om) + 2a(o) 0 —p?
<Ih o unr. a(om) p(p+ 1)o(p) 0
o ram. — - -
super- generic >2 0 —p?

cuspidal

non-generic




52

TABLE 5. The following table gives the degree 4 L-factors of all the non-
supercuspidal representations of G, (Table A.8 of [81])

representation L(s,m)
I X1 X X2 X o (irreducible) L(s,x1x20)L(s,0)L(s,x10)L(s, x20)
o 12 XStgLz) ¥ o L(s,x%0)L(s,0)L(s,v"/?x0)
b xlaie % 0 L(s,x%0)L(s,0) L(s,/*x0) L(s5,~/x0)
m 2 X X 0Stasp(2) L(s,v'/?x0)L(s,v'/?0)
b X X olasp(2) L(s,v"?x0)L(s,v"/?0)L(s,v=?x0)L(s,v=?0)
a oStasp(a) L(s,v%/%0)
v [P L0 v oStasye) L(s,v*?a)L(s,v™"/%0)
c L(VS/QStGL(Q), v=3/20) L(s,v%/%0)L(s,v"/?0) L(s,v=3/%0)
d olasp(a) L(s,v%/%0)L(s,v"/?0)L(s, v~ 20)L(s,v~3/%0)
a 8([,ve],v/%0) L(s,v"20) L(s,v"/%¢0)
v b | L('/2¢Stare), v '/%0) L(s,v20) L(s,vY2¢0) L(s, v/ 20)
¢ | L('?¢Star ), Ev1%0) L(s,v"?0)L(s,v"/?¢0) L(s,v=/%¢0)
d L(v€, € xv~120) L(s, vY/20)L(s, v'/2¢0) L(s,v=/20) L(s, v~ "/%¢ )
(S, v %0) L(s, v'/20)?2
VI b (T, v=%0) L(s,v'/20)2
¢ L(Vl/QStGL(z), v1/20) L(s,vY%0)%L(s,v='20)
d L(v,1px x v1/2q) L(s,v"20)2L(s, v=1/20)?
VII X X T 1
v L2 7(S, ) 1
b 7(T, ) 1
Ix a S(v€, v=127) 1
b L(ve,v=12%7) 1
X TXOo L(s,0)L(s,wr0)
. (W', v=1/%0) L(s,v'/?0)
b L' 2r,v=120) L(s,vY%0)L(s,v='20)
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8. LECTURE &: BESSEL MODELS AND APPLICATIONS

Holomorphic Siegel modular forms £’ correspond to cuspidal automorphic represen-
tations mp of GSp,(A) that are not globally generic, i.e., they do not have a global
Whittaker model. Hence, a substantial amount of literature and results regarding prop-
erties of, say, cuspidal automorphic representations of GL,(A), are just not applicable
to mp. On the other hand, it is known that every irreducible cuspidal automorphic rep-
resentation of GSp,(A) always has some Bessel model. In this lecture, we will study
the Bessel models for local and global representations of GSp,. We will also consider
an important application of Bessel models towards obtaining an integral representation
of the degree 8 L-function of wp twisted by an irreducible cuspidal representation of
GL2(A).

8.1. The L-function L(s,7mr x 7). To motivate Bessel models let us consider the fol-
lowing problem. Let F' € Si(I'2) be a Hecke eigenform, and let g be the corresponding
irreducible cuspidal automorphic representation of G(A). Recall that G = GSp,. Let 7
be any irreducible cuspidal automorphic representation of GLg(A). We want to study the
degree 8 L-function L(s,7p x 7). This is defined as an Euler product over all primes. At
a prime p, where 7, is unramified, it is straightforward to write down the local L-factor.
Suppose T, = x1 X x2 X 0 where x1,x2 and o are unramified characters of Q. Let
Tp = p1 X po with unramified characters g1, 1o. We have (see Section 3.7 of [30])

Lyp(s,mp x 1) = [ L(s,00)L(s, 0x10) (s, oXapi) L(s, oX1 X2 14:)
i=1,2

There are two aspects of interest of L(s,7p X 7) (in fact, for any L-function) — analytic
properties and arithmetic properties.

i) Analytic properties: The L-function L(s,mp X 7) is defined as an Euler product that
converges in some right half plane. We are interested in knowing

e if the L-function has a meromorphic continuation to C,

e the nature of the poles if they exist, and

e a functional equation relating the values of the L-function at s and 1 — s.
Answers to these questions form the key ingredients of the converse theorem ap-
proach to the problem of Langlands transfer of 7 to GL4(A). Langlands conjectures
predict such a transfer exists, and, once established, one can use known properties
of GL4 automorphic representations to obtain new results for .

Out of the local components m, of 7p, it is quite straightforward to find appropri-
ate local representations II, of GL4(Q)). One can use these to form a representation
IT = ®II, of GL4(A). We want to know if II is a cuspidal, automorphic repre-
sentation of GL4(A). A converse theorem due to Cogdell and Piatetski-Shapiro [20]
states that indeed II is a cuspidal automorphic representation if every element in
the family of L-functions {L(s,II x 7) : 7 automorphic representation of GLg(A)}
is mice, i.e., has analytic continuation to all of C, is bounded on vertical strips, and
satisfies a functional equation with respect to s — 1 — s.

The way II is constructed out of mp leads to the conclusion that L(s,II x 7) =
L(s,mp x 1) for all 7. When 7 is not cuspidal, the nice properties of L(s,mp X T)
are obtained by Krieg and Raum [54]. In the non-cuspidal case, the L-function
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L(s,mp x 7) is essentially the product of two copies of the spin L-function of F'
twisted by characters.

Hence, we are reduced to studying the analytic properties of L(s,mp x 7) for
cuspidal representations 7 of GLa(A).

ii) Arithmetic properties: Let T correspond to a holomorphic modular form. Deligne’s
conjecture [21] predicts that L(s, 7 X 7) evaluated at certain critical points (a finite
set of integers or half integers depending on the weights of the modular forms) are
algebraic numbers up to certain prescribed transcendental periods. An example of
such a special value result is the fact that

¢(2k)

2k

€ Q, forall k € N.

Shimura proved the following special values theorem for elliptic modular forms.

Theorem 8.1 (Shimura [95]). Let f be a primitive holomorphic cusp form of weight
k > 2 and level N. Then there exist non-zero complex numbers u(e, f) for e € {0,1}
such that, for any Hecke character x, and any integer m satisfying 0 < m < k, we

have I
: f(m7 f7 X) c Q;
(2mi)m7(x)ule, f)
where € is given by x(—1)(—=1)™ = (=1)%; 7(x) is the Gauss sum attached to x, and
Ly (s, f,x) is the finite part of the L-function of f twisted by x.

There has been tremendous progress in recent years towards proving arithmeticity
of special values of L-functions in various settings. At the same time, this is a very
active area of current research with wide open problems yet to be solved. We would
like to discuss this problem in details in the setting of special values of L(s, mp X 7).

One approach to studying L(s,mr X 7) is to obtain an integral representation for it.
This was done by Furusawa in [30]. The essential idea is to construct an Eisenstein
series E(g, s; f) on a bigger group GU(2,2) D GSp, using the representation 7. This is a
function on GU(2,2)(A) depending on a section f in an induced representation obtained
from 7 and s, a complex number. Let ¢ be any cusp form in mg. Define the integral

Zsgo)= [ Besneod (34)
G(QZa(M\G(A)
Theorem 8.2 (Basic Identity). We have

Z(87f7 ¢) = / Wf(UQaS)BMQ)dg,

R(A\G(A)
where
1
Wi(g,s) = /f( ! L 9len)da
Q\A 1
and
B = [ eoaeom

Za(A)R(Q)\R(A)
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This is Theorem 2.4 of [30]. By is the element in the global Bessel model for mp
corresponding to ¢. We will discuss Bessel models next. As mentioned above, Siegel
modular forms F' of degree 2 correspond to cuspidal automorphic representations mp
of GSp4(A) that are not globally generic. This means that 7r does not have a global
Whittaker model. Recall that a Whittaker model provides a model for a representation
in terms of C-valued functions which transform according to a character when translated
by the unipotent radical of the Borel subgroup. An alternate model is the Bessel model.
In principal, it is quite similar to the Whittaker model — Bessel model provides a model
for the representation in terms of C-valued functions which transforms according to a
character of the Bessel subgroup. Let us describe this now.
572 bé 2] € My(Q) and let the
discriminant of S be defined by d = d(S) = —det(2S) = b?> — 4ac. Assume that S is

anisotropic, hence d is not a square in Q.

8.2. Definition of global Bessel model. Let § = [

Exercise 8.3. Let S be as above.

i) Define § = &g = [b_/j _5/2} . Show that F(§) :={x 4+ y§ : z,y € Q} is a quadratic

extension of Q in M2(Q).
ii) Let L = Q(\/d) be the quadratic subfield of C. Show that

d
F(§)9m+y£Hx+y\geL, z,y €Q

s an isomorphism.
i11) Let T = Tg be the subgroup of GLy defined by
T(Q) := {g € GLo(Q) : '¢Sg = det(9)S}. (35)
Show that
T(Q) ~ F(&)”,
hence, T(Q) ~ L*.

We can embed 7" in GSp, as follows.

Tagv—>[ € GSpy.

g
det(g) ‘g
Let U denote the unipotent radical of the Siegel parabolic subgroup, i.e.,

U={uX)= [IQi] X ="'X}.

Finally, we define the Bessel subgroup of GSp, by R =TU.

Let 1 be a non-trivial additive character of Q\A. Define a character § = g of U(A)
by 6(u(X)) = ¢(Tr(SX)). Let A be any character of L*\A} thought of as a character
of T(Q)\T'(A). Then we get a character A ® 6 of R(A) defined by

(A ®0)(tu) := A(t)0(u), for t € T(A),u € U(A).
Exercise 8.4. Fort € T(A),u € U(A), show that
(A®0)(tu) = (A ® 0)(ut).
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Let 7 be an irreducible cuspidal automorphic representation of GSp,(A) and assume
that A[yx = wy, the central character of m. For any ¢ € 7 define the function By on
GSpy(A) by

By(h) = / (A® 8)(r) " $(rh)dr. (36)
Z(A)R(Q)\R(A)
Exercise 8.5. Show that the By satisfy the transformation property
By (rh) = (A @ 0)(r)By(h)
for allr € R(A) and h € GSpy(A).

The C-vector space spanned by {By : ¢ € 7} is called a global Bessel model of type
(S, A, ) for m. It is known by the work of Li [58] that every = either has a Whittaker
model or a Bessel model for some (S, A, ).

Let F' € Si(T'2) be a Hecke eigenform with Fourier coefficients {A(T') : T > 0}. Let
7 be the corresponding cuspidal automorphic representation of GSp4(A). In order to
compute the zeta integral Z(s, f, ¢) defined in (34) we are going to need a (S, A, 1))-Bessel
model with S and A satisfying certain special properties. We call the triple (S, A, ) of

fundamental type if S and A satisfy the following two properties.
i) §= [b?Z b{ﬂ with a,b € Z and d = b? — 4a < 0 is a fundamental discriminant.

ii) The Hecke character A is unramified at all the finite places of L = Q(v/d) and is
trivial at infinity, i.e., it is a character of the ideal class group of L.

Recall from (22)
R(F,L,A)= Y A(c)A(c)".
CECIL

Saha [88] has proved that mp has a global Bessel model of fundamental type (S, A, ) if
and only if R(F, L, A) # 0. Hence, we have the following important result.

Theorem 8.6 (Saha [88, Remark 1.1]). Let F' € Si(I'2) be a Hecke eigenform, and let
g be the corresponding cuspidal automorphic representation of GSpy(A). Then wp has
a global Bessel model of fundamental type.

8.3. Local Bessel model. Let p < oo be a finite prime. Consider the exact situation
as above excepting that we take all the elements in Q, instead of Q. We have two

possibilities. Either d is not a square in Q,, in which case L, = Qp(\/&). Or, d is a
square in Q), and then L, = Q, ® Q,. In the latter case, the map from Q,(¢) to L, is
given by = + y& — (z + yvd/2,z — yv/d/2).

We define the Legendre symbol as

I -1 if L,/Q, is an unramified field extension,
(—p> =<0 if L,/Q, is a ramified field extension, (37)
1 if L, =Q, ®Q,.
These three cases are referred to as the inert case, ramified case, and split case, respec-

tively. If L, is a field, then let or, be its ring of integers and pr,, be the maximal ideal of
or, If L, =Q,®Q,, thenlet o, = Z, ®Z,. Let @y, be a uniformizer in oy, if Ly, is a
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field, and set @y, = (p,1) if L, is not a field. In the field case let vy, be the normalized
valuation on L.

Let T(Qp) be the torus of GL2(Q)) defined as in (35) and let U(Q),) be the unipotent
radical of the Siegel parabolic subgroup of GSp,(Qp). Let R(Q,) = T'(Q,)U(Q,) be the
Bessel subgroup of GSp,(Qy). Let v, have conductor Z,, and let 6, be the character
of U(Qp) given by 0,(u(X)) = 9p(Tr(SX)). Let A, be a character of T(Q,) ~ L.
We have a character, denoted by A, ® 6,, on R(Q,) given by tu — A,(t)0,(u). Let
8(Ap,0,) be the space of all locally constant functions B : GSp,(Q,) — C with the
Bessel transformation property

B(rg) = (Ap ®6,)(r)B(g) for all r € R(Q)) and g € GSp4(Q)). (38)

If an irreducible, admissible representation (mp, V') of GSp,(Qp) is isomorphic to a sub-
representation of 8(A,, 6,), then this realization of 7, is called a (A, 8p)-Bessel model.

Exercise 8.7. Let (m,, V) be an irreducible admissible representation of GSpy(Qp). A
linear functional £ on V is called a (Ap,0,)-Bessel functional if it satisfies

U(mp(tu)v) = Ap(t)8p(u)l(v), for allt € T(Qp),u € U(Qy),v e V.
i) Gwen a (Ay,0p)-Bessel functional £, show that the map
Vove— By, By(g) = L(m(g)v)

gives a (Ap, p)-Bessel model for m,.
ii) Suppose m, has a (Ap,0)y)-Bessel model then show that the linear functional defined

by

is a (Ap,0p)-Bessel functional.

This exercise shows that m, has a (Ap, 0,)-Bessel model if and only if it has a (A, 8)p)-
Bessel functional.

Prasad and Takloo-Bighash [78] figured out which non-supercuspidal representations
of GSp,(Q,) have Bessel models for which A,. This was reproved and some gaps were
filled in by Roberts and Schmidt [82]. In Table 6 we have the information compiled for
all the representations that are induced from the Borel subgroup.

In addition to the criteria of existence, another very important result is that the Bessel
model, when it exists, is unique.

For the archimedean case, suppose T is the lowest weight representation of GSp,(R)
corresponding to a scalar valued weight k Siegel modular form. There are two options
for Lo, — either Lo, = C (the non-split case) or Lo, = R @ R (the split case). In [74]
Pitale and Schmidt worked out the criteria for existence and uniqueness of Bessel models
in this situation. We have the following answer.

i) In the split case, mo, never has a Bessel model for any character Ao.
ii) In the non-split case, any character A, of C* is given by the pair (s,m) € C x Z
by the formula

AOO(*yeQ”‘;) = %™ where 7,0 € R,y > 0.

Then 7o has a (Aso, 0o )-Bessel model if and only if m = 0. When a Bessel model
exists, it is unique.
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TABLE 6. The Bessel models of the irreducible, admissible representa-
tions of GSp,(Qp) that can be obtained via induction from the Borel
subgroup. The symbol N stands for the norm map from L* = T(Q,) to

Q-
representation (A, 0)-Bessel functional exists exactly for ...
L=0Q,®Q, L/Qy a field extension

I X1 X X2 % o (irreducible) all A all A

II a XStaLe) X o all A A # (xo)o N
b Xlare) X o A= (xo)oN A= (xo)oN

I a X X oStasp(2) all A all A
b X X 01lgsp(2) A(diag(a,b,b,a)) = —

x(a)o(ab) or x(b)o(ab)

IV a oStasp(4) all A A#coN
b L(v?, v~ oStasp@) A=ocoN A=ocoN
c L(VS/QStGL(Q), v=3/20) A(diag(a,b,b,a)) = —

v(ab=Y)o(ab) or v(a=1b)o(ab)
d olasp) - -

V a 5([€,ve],v1%0) all A A#coN, A# (éo)o N
b L(v'/%¢Str ), v?0) A=ocoN A=coN, A# (éo)o N
¢ L('2€Star ), v %0) A= (o)oN A#coN, A= (¢o)oN
d L(ve, & xv1/%0) — A=coN,A=(é0)oN

VI a 7(S,v%0) all A A#coN
b (T, v='/%0) — A=ocoN
c L(VI/ZStGL(Q), v=120) A=ocoN —

d L(v,1px x v~1/20) A=ocoN —

8.4. Explicit formulas for distinguished vectors in local Bessel models. Let us
for the moment go back to the global Bessel model. Given ¢ € 7, we have the global

Bessel function By given by (36).

Exercise 8.8. Show that, if we evaluate By at h = (1,---

chp, -+ 1,---), then it is a

function on GSp,(Qp) satisfying (38).

The above exercise states that if a global (S, A, 1)-Bessel model exists for 7, then a
local (S, Ap,1p)-Bessel model exists for m,. In fact, there is a canonical isomorphism
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between the global (S, A, ¢)-Bessel model and the restricted tensor product of the local
(S, Ap, 1p)-Bessel models. If (By), is a collection of local Bessel functions B, such that
B, K, = 1 for almost all p, then this isomorphism is such that @, B, corresponds to the
global function

B((hp)p) = H By(hy).

Let m = mp be the representation corresponding to a Hecke eigenform F' € Sy(I'2). Then,
for every p < oo, the representation 7, is a unramified.

Exercise 8.9. Take ¢ = Pp. Let By, = Hp B,. Then show that, for p < oo, the vector
By, is the spherical vector in mp, i.e., By is right invariant under K.

Recall that we had the global integral

Zs.0.6)= [ Wilahos)By(n)an.
R(A\G(A)

Now we can conclude that Z(s, f, ¢) is Eulerian.

Z(S’fa ¢) = H ZP(S)>

p<oo
where
Zs)= [ Walnhs)By(wdh.
R(Qp)\G(Qp)

Here, we have also used the uniqueness of Whittaker models for GLg to write Wy as a
product of local functions W),. Also, in the archimedean case, we replace Q, by R above.

Since we got an Euler product for the integral, we now hope that each of the local
integrals computes to a local factor of a L-function. The only way to find that out is
to do an explicit computation. To do these computations, we need explicit formulas for
the W, and B,. We can obtain the formulas for W), from the formulas for vectors in the
Whittaker models for GLo. Let us discuss the case for B,

Let B, be the spherical vector in the (A, 6,)-Bessel model of 7,. We have the following
double coset decomposition for GSp,(Q,) (see Eqn 3.4.2 of [30]).

GSpy(Qy) = |_| R(Qp)hp(l,m)Kp,  hp(l,m) := diag(PHmepHm, 1,p™).
l€Z,m>0
Exercise 8.10. Let B), be a spherical vector in the (A, 6,)-Bessel model of .

i) Show that B, is completely determined by its values on hy(l,m) forl € Z,m > 0.
ii) Use the fact that a,b € Zy,,c € Z;, and that 1, has conductor Z, to show that
By(hy(l,m)) =0 if I <O0.

Sugano [101] obtained explicit formulas for B,. Let us state them here. Let m, be the
spherical constituent of y; X x2 % 0. Set

11 =x1(0)x2(P)e(®), 2 =x1(P)e®), 3=0{); 1 =x2p)o(p)
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Set .
0 if (—”) =—-1;
ep = Mp(wr,) if (g”) =0;
Ap(wr,) + Ap(png) if (7”) =1.

Define the generating function
Cp(z,y) := Z Z B, (hy(l,m))z™y.
1>0 m>0
Theorem 8.11 (Sugano [101]). With notations as above, we have

Hy(z,y)
Cpla,y) = =208
oY) = B Q)
Here
Py(z) = (1 = v1v2p ) (1 — mvap~22)(1 — y2y3p °x) (1 — y374p )
4

Q) = [[(1 = vap~y)

i=1
Hp(z,y) = (1 — AsAsay®) (My(2)(1 + Asx) + A2 A5 A7 'aa?)

— Agwy(aM (x) — AsMs(x)) — AsPy(a)y — AgAyPy(a)y?
— Afl(Al + A4)_1(A1A5a + Ay — AlAg —2A1A2A)z + AflA%A4x2
+ ATH A1 Ay — Bz + AT A9 (A1 Ay — B)a? + Ada®

M (z)

1
Mg(i[]) 1

4
a=p >y B=p > iy, Ai=p ', Ay=p A (p)
=1 1<i<j<4

_ oL _
A3 =p°Ay(p), As=-p 2(?”), As =p e,
Exercise 8.12. Assume that A, = 1, and that one of the y; above is pEY2. Then show
that, for all l,m > 0, we have

l
By (hy(l,m)) = ZP_in(hp(Oal +m—1)). (39)
i=0

We know that, if F is a Saito-Kurokawa lift then its Fourier coefficients satisfy the
recurrence relation (12). We also know that, in this case, the local representation my,
is of type ITb, which satisfies the hypothesis that one of the ~; is p¥'/2. The recursion
formula (39) for the By is a local analogue of the Maass relations (12). In |70, Theorem
7.1] Pitale-Saha-Schmidt showed that these local recurrence relations (39) do imply the
global Maass relations (12), thereby finally giving a representation theoretic explanation
for the existence of the Maass relations (12).

Exercise 8.13. Show that

Cp(OJfS)
H,(0,p~)

. Cp(p™?,0)
= L(s + 3/2,mp,spin), A= p 2, (p . 0) = L(s+2,mp,std),
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Cp(p~*,p™°)
(1—=p=572)Hp(p~*,p~*)

With the values of B, in hand, we can compute the local integral Z,.

= L(s + 3/2,mp,spin)L(s + 2, mp, std).

Theorem 8.14 (Pitale, Saha, Schmidt [69, Theorem 2.2.1|). The local zeta integral
Zp(s) is given by

L(3s+ 3,7 X 7p)

%) = Ties I Aol )L(3s + 1,7, x AL(A,) x A0|@;)Y(S)’ (40)
where
(1 if Tp = B1 X B2, B1, B2 unramified,
L(6s + 1,A0\Q;) if T, = B1 % P2, B1 unram., Ba ram.,

(%) =41, 0R 7 = (1 X B2, B1 unram.,
Bo Tam., (%) =0 and B2x1,/0, ramified,
OR 7 = QStqr(2),  unramified,

Y(s) = L(s + 1’AO|Q’§) —.—7 U Tp = B1 X B2, B1 unram., By ram.,

1 — Ap(@r,)(wn,B2) ()P .
(?”) =0, and P2xr,/q, unramified,
L(6s + 1, Aolgx) if p = P1 X B2, B, B2 ramified,
X L(3s 4+ 1,1, x AI(A,) x A0|Q;) OR 1, = QStgr(2), 2 ramified,
OR T, supercuspidal.

In (40), 71, and 7, denote the contragredient of m, and T,, respectively. The symbol
AI(Ay) stands for the GLa(Qp) representation attached to the character Ay, of L) wvia
automorphic induction, and xr,,/q, stands for the quadratic character of Q, associated

with the extension L,/Q,. Ao is a character of L*\A} associated to A and wy. The
function L(3s + 1,7, x AI(Ap) x A0|Q;) is a standard L-factor for GLy x GLg x GL;.

In the archimedean case, the weight k vector in the Bessel model of my, is given by
the following formula. For hoo € GSp,(R)™T, we have (see Eqn 4.3.4 of [30])

Boo(hoo) = f1(hoo)¥det (T (oo, 1)) e 2m TS hool) R(F [, A).
We get the global integral representation theorem.
Theorem 8.15 (Pitale, Saha, Schmidt [69, Theorem 2.3.2]). We have
L(3s+ %,7 x 7)
z = - - By(1 Y,
(5:1,9) L(6s+ 1, Ap|ax)L(3s + 1,7 x AI(A) X Ag|ax) s(L) H »(s),

p<oo

(41)

where, for p < oo, the Y,(s) is given in Theorem 8.14, and we have
3s+3k/2 —3/2)

— _34_ —6s—k L
Yoo(s)ZTFR(F,L,A)(47T) 3s 3k/2+3/2(\/g) 6s—k ( P
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9. LECTURE 9: ANALYTIC AND ARITHMETIC PROPERTIES OF GSp, X Gl
L-FUNCTIONS

In this lecture, we will start from the integral representation for L(s, 7 X 7) obtained
in the previous lecture. We will use this integral representation to obtain analytic and
arithmetic properties of the L-functions. We will also present several applications.

9.1. Functional equation and analytic continuation. Let us recall from the pre-
vious lecture that F' € Si(I'2) is a Hecke eigenform, and 7p is the irreducible cuspidal
automorphic representation of GSp,(A) corresponding to F. Let 7 be an irreducible cus-
pidal automorphic representation of GLg(A). In Theorem 8.15, we obtained an integral
representation for L(s,7p X 7) in terms of the zeta integral Z(s, f, ¢) defined in (34)
using an Eisenstein series E(g, s; f) on GU(2,2)(A) and a cusp form ¢ € mp.

The Eisenstein series E(g, s; f) has a functional equation and a meromorphic contin-
uation to C (see Eqn 1.3.3 of [30]). Via the integral Z(s, f, ¢), these properties can now
be transferred to the L-function.

Theorem 9.1 (Pitale, Saha, Schmidt [69, Theorem 2.4.3|). Let 7 be such that T, is
unramified for p|d. We have

L(s,mp x 1) =€(s,mp X T)L(1 — s,7p X T).

Recall that d is defined in the previous lecture with L = Q(v/d). To get the analytic
continuation, we have to first get another integration formula which involves taking
a degenerate Eisenstein series on GU(3,3), restricting it to the subgroup GU(2,2) x
GU(1,1), and then integrating against a cusp form on GSp, and GLg. This once again
computes to L(s,7p X T) up to certain known factors. The advantage of this new
integral representation is that we have much more precise information regarding the
nature and location of the poles of the degenerate Eisenstein series. Actually, getting
to the conclusion that the L-function does not have any poles requires the application
of the regularized Siegel-Weil formula due to Ichino [41]. This leads to the following
theorem.

Theorem 9.2 (Pitale, Saha, Schmidt [69, Theorem 4.1.1]). Let F' € Si(I'2) be a Hecke
eigenform, which is not a Saito-Kurokawa lift. Let T be an irreducible cuspidal automor-
phic representation of GLa(A) such that 7, is unramified for p|d. Then L(s,mp X T) is
an entire function.

9.2. Transfer to GLs. We can write down explicitly the local parameters of ), for all
p < 0o. These are maps from the local Weil group to GSp,(C). Since 7 has trivial
central character, the image is in Sp,(C). The natural inclusion of Sp,(C) in GL4(C)
gives us local parameters for GL4. Since local Langlands correspondence is known for
GL4, we obtain local irreducible admissible representations II, of GL4(Q)) for every
p < o0o. Define
II, := ®pHp.
This is an irreducible admissible representation of GL4(A) with the property that
L(s,IIy x 7) = L(s,mp X T)

for any irreducible cuspidal automorphic representation of GL;(A) for i = 1,2.
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Theorem 9.3 (Pitale, Saha, Schmidt [69, Theorem 5.1.2]). Let mr be a cuspidal au-
tomorphic representation of GSpy(A) as above, associated to a Siegel Hecke eigenform
F € Sg(T'2). We assume that F is not of Saito-Kurokawa type. Then the admissi-
ble representation Iy of GL4(A) defined above is cuspidal automorphic. Hence Iy is a
strong functorial lifting of mp. This representation is symplectic, i.e., the exterior square
L-function L(s,Iy, A?) has a pole at s = 1.

The exterior square L-function is discussed in details below. Since, in Theorems 9.1
and 9.2, we have some restriction on the representations 7 that we are allowed to twist
with, the converse theorem only gives us a weak functorial lift. This means that we obtain
IT" = ®,1I},, an automorphic representation of GL4(A), such that IT, ~ TI;, for all p { d.
To get the stronger fact that indeed 14 is automorphic, or that IT), ~ TI,, even for p|d, we
use the fact that F is full level, and we use the rather strong theorem of Weissauer [106]
of the validity of the generalized Ramanujan conjecture for non-Saito-Kurokawa lifts.

The argument for cuspidality is rather easy and will be left for the next exercise.

Exercise 9.4. Suppose that 11y is not cuspidal. Then it is known that Il is a constituent
of a globally induced representation from a proper parabolic subgroup of Gly.

i) Show that the inducing data for the globally induced representation mentioned above
has to be unramified for all finite primes.
it) Show that L(s,I14) will factor into product of global L-functions, and write down the
4 possible factorizations depending on the proper parabolic subgroups.
iti) Note that ((s) has a pole, and L(s, T X T) has a pole for any cuspidal representation
of GLa(A). Use this in conjunction with Theorem 9.2, and the fact that F' is not a
Saito-Kurokawa lift, to get a contradiction.

Hence, 114 is cuspidal.

Arthur [5] has proven Langlands functorial transfer from several classical groups to
GL,, using the trace formula. Since the representation wr has trivial central character, it
is in fact a representation for PGSp,(A). We have an accidental isomorphism PGSp, ~
SO5. Arthur’s results can be applied to odd orthogonal groups and hence, the transfer
from Theorem 9.3 can be deduced from the trace formula result.

9.3. Other analytic applications. We will list some more analytic results that can be
deduced out of the transfer of g to GL4.

Globally generic representation in the same L-packet: Since the representation Ily is
symplectic, the work on backwards lifting by Ginzburg, Rallis and Soudry [37] gives
the existence of a globally generic cuspidal automorphic representation 9 = ®,my of
GSpy(A) such that 7§ ~ 7, for all finite primes p, and such that 7% is the generic dis-
crete series representation of PGSp,(R) lying in the same L-packet as 7. Any globally
generic, cuspidal automorphic representation o = ®a, of GSp,(A) such that o, = 7, for
almost all p coincides with 9.

Langlands transfer of mp to GL5: Let II = ®II, be an irreducible cuspidal repre-
sentation of GL,,(A) such that II, is unramified for every p < oco. Let ajp, -+, omp
be the Satake p-parameters of II,. The exterior square L-function L(s,II, A?) and the
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symmetric square L-function L(s,II, Sym?) are defined by the following Euler products.

L(s, 11, A?) = H H (1 — aipajpp )"

p 1<i<j<n

L(s,TI,Sym?) = H H (1- ai,paj,ppiﬂil

p 1<i<j<n

Exercise 9.5. In this exercise, we will compute the symmetric square and exterior square
L-functions of genus 1 and 2 Siegel modular forms.

(1) Let f € Sp(I'1) and let T4 = ®7, be the irreducible cuspidal automorphic repre-
sentation of GLa(A) corresponding to f. For every p < oo, it is known that 7, is
unramified and the Satake p-parameters are given by oy, &, for some oy € C with
lay| = 1. Show that L(s, 7, A%) = ((s). Also, find a formula for L(s, Ty, Sym?).

(2) Let 114 be the irreducible cuspidal automorphic representation of GL4(A) obtained
from the Langlands transfer of mp = ®m,. The Satake p-parameters for m, are
given by bo, bob1, bob, bobibe as defined in Section 6.4. Using bibiby = 1, show
that L(s,4, A%) = L(s, g, std)((s).

Kim [45] has shown that, given a representation IT of GL4(A), there is an automorphic
representation of GLg(A), whose L-function is the exterior square L-function L(s,II, A?).
Also, such representations are obtained as Ind(1; ® -+ ® 71), where 7; is a cuspidal
automorphic representation of GL,,(A). In our case, we have the relation L(s, 1y, A%) =
L(s,mp,std)((s). Using the fact that L(s,7p,std) does not have a pole at Re(s) = 1,
we can show that there exists a cuspidal, automorphic representation IT5 of GL5(A) such
that

L(s,mp,std) = L(s,1I5)

(equality of completed Euler products). The representation II5 is a strong functorial lift-
ing of mp to GL5 with respect to the morphism ps : Sp,(C) — GL5(C) of dual groups.
Moreover, II5 is orthogonal, i.e., the symmetric square L-function L(s,II5, Sme) has a
pole at s = 1.

Analytic properties of L-functions associated to mp: Let p, be the n-dimensional
irreducible representation of Sp,(C) for values of n in the set {1,4,5,10,14,16}. In
the notation of Fulton and Harris [29, Section 16.2|, we have ps = I'1o, p5 = To1,
pio = I'ag, p1a = I'p2 and p1g = I'11. Note that py is the spin representation, ps
is the standard representation, and pig is the adjoint representation of Sp,(C) on its
Lie algebra. We have the following relations between these various representations —
A2py = p1 + ps, A2ps = Sym®ps = p1o, Sym>ps = p1 + p14, pa ® ps = pa + p16. Since Il
and II5 are cuspidal automorphic representations of GL4(A) and GL5(A), we know a lot
of analytic properties for the Sym? A% and the tensor product L-functions for II; and
IT5. This allows us to conclude the following (see Theorem 5.2.1 of [69]).

The Euler products defining the finite part of the L-functions L¢(s, mp, pn), for n €
{4,5,10,14,16}, are absolutely convergent for Re(s) > 1. They have meromorphic con-
tinuation to the entire complex plane, have no zeros or poles on Re(s) > 1, and the
completed L-functions satisfy the functional equation

L(s,7p, pn) = e(s,mp, pn)L(1 — s, 7R, pn).
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Furthermore, for n € {4,5,10}, the functions L(s, 7, p,) are entire and bounded in ver-
tical strips.

Analytic properties of Rankin-Selberg L-functions: Let r be a positive integer, and 7 a
cuspidal, automorphic representation of GL,(A). Let o, be the standard representation
of the dual group GL,(C). Then we can consider the Rankin-Selberg Euler products
L(s,mp X T, pn, ® 0,), where p,, is one of the irreducible representations of Sp,(C) con-
sidered above. For n = 4 or n = 5, since Il and Il5 are functorial liftings of g, we
have

L(s,mp X 7, pp X 0p) = L(s,11,, X T),

where the L-function on the right is a standard Rankin-Selberg L-function for GL,, x GL,..
From the well-known properties of these L-functions, we have the following result (see
Theorem 5.2.2 of [69]).

The Euler products defining the GSp, x GL, L-functions L(s,mp X T, pn ® oy) are
absolutely convergent for Re(s) > 1. They have meromorphic continuation to the entire
complex plane, and the completed L-functions satisfy the functional equation

L(s,mp X T, pp @ o0y) =e(8,mp X T, pp @ 0p)L(1 — 8, Tp X T, pp, @ 0).

These L-functions are entire, bounded in vertical strips, and non-vanishing on Re(s) > 1,
except in the cases depending on the relation of T with Iy or Il5.

Analytic properties of GSp, x GSp, L-functions: Let F and F’ be Siegel cusp forms
with respect to Spy(Z). Assume that F and F’ are Hecke eigenforms, that they are
not Saito-Kurokawa lifts, and that 7, resp. 7, are the associated cuspidal, automorphic
representations of GSp,(A). Let n € {4,5} and n’ € {4,5}. We have

L(s,m x 7', pn @ ppr) = L(s,11,, x IL,,).

Hence, the Euler products defining the GSp, x GSp, L-functions L(s, 7 X 7', p, ® p,/) are
absolutely convergent for Re(s) > 1. They have meromorphic continuation to the entire
complex plane, and the completed L-functions satisfy the expected functional equation.
These functions are entire, bounded in vertical strips, and non-vanishing on Re(s) > 1,
except if n =n' and F = F’ (see Theorem 5.2.3 of [69)]).

Non-negativity at s = 1/2 for L-functions: Lapid |56] has proved the non-negativity
of the central value L(1/2,7 x 7’) for cuspidal automorphic representations 7 of GL,,
and 7" of GL,, satisfying certain hypothesis. Let F, F’ be as above. Let x be a Hecke
character of A* (possibly trivial) such that x> = 1, 7 be a unitary, cuspidal, automorphic
representation of GLy(A) with trivial central character, and 73 be a unitary, self-dual,
cuspidal, automorphic representation of GL3g(A). Then the central values

L(1/27 ™ X, p4)7 L(1/27 T & T2, P5 & 02)7 L(1/27 TR T3, 04 & 0-3)’ L(1/2’ ™ X 7T/> p1® P5),
are all non-negative (see Theorem 5.2.4 of [69]).
9.4. Arithmetic applications of the integral representation of L(s,7p x 7). The

final application of the integral representation of L(s, mp X 7) concerns algebraicity results
for its special values. Let us first discuss the critical points for the L-function.
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Critical points: Suppose we have an L-function given by

L(S) = H LP(S)a

p<oo

and suppose that L(s) satisfies a functional equation with respect to s — k — s. Then
the critical points are the set of integers m for which both Lo (s) and Lo (k — s) do not
have a pole at s = m. Let us consider the example of the Riemann zeta function. In
this case, Loo(s) = 7~%/2T'(s/2). We know that the gamma function has a pole exactly
at all non-positive integers. Hence, we can conclude that, for an integer m, if s = m is
not a pole for both Ly (s) and Lo (1 — s), then m is either an even positive integer or
an odd negative integer.

Exercise 9.6. Suppose ¥ € Sy(I'1) has Fourier coefficients {a(n)}. Then the completed

L-function L(s,¥) := (2m)°T'(s) > % satisfies the functional equation L(s, V) =
n>0

(=1)*/2L(0 — 5, W). Show that the critical points in this case are all integers m satisfying

0<m<U/.

Assume that ¥ € Si(T'g(V)), with k&, N € N, k even, is a Hecke eigenform. Let 7 = 7
be the cuspidal automorphic representation of GLg(A) corresponding to W. Recall that
we have a Hecke eigenform F' € S;(I'2). In this case

k k k
Lm@mFxmg:%@@4“%“@ns+§w@+§—qﬁns+%¢

Exercise 9.7. Show that the critical points in this case are all integers in the interval
542,k 1]

To obtain algebraicity results for the special values of L(s,7p X Ty) we realize the
integral Z(s, f,¢) as a Petersson inner product of two Siegel modular forms of degree
2. We will choose ¢ = ¢p, which is clearly associated to the Siegel modular form
F. The Eisenstein series E(g,s; f) can be used to define the following function £ on
H :={Z € My(C) : i(*Z — Z) is positive definite} by

£(7,5) = ()™ det(T(g,112))* Blo, > + ¢ — 5:1), (12)
where g € GU(2,2)T(R) is such that g(ily) = Z. The series that defines €(Z,s) is
absolutely convergent for Re(s) > 3 — k/2 (see [30, Pg 210]). Let us assume that k& > 6.
Now we can set s = 0, and obtain a holomorphic Eisenstein series £(Z,0) on H. Its
restriction to Hy, the Siegel upper half space, is a modular form of weight k£ with respect
to I's. By [38], we know that the Fourier coefficients of £(Z,0) are algebraic. Using
methods similar to the ones used in Exercise 6.6, we obtain

ﬂg—;ﬁ@ﬂzﬁxnym.

For any subring A C C denote by My (T, A) the A-submodule of M(I'2) consisting of
modular forms all of whose Fourier coefficients are contained in A. For a Hecke eigenform
F € Sg(T'2), let Q(F) be the subfield of C generated by all the Hecke eigenvalues of F.
From [35, p. 460], we see that Q(F) is a totally real number field. It is known that Si(I'2)
has an orthogonal basis of Hecke eigenforms {F}} such that each F; € Si(T'2, Q(F})).
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Moreover, if F' is a Hecke eigenform such that F' € Si(I'2, Q(F')), then we can take
Fy = F. For details on this, see Section 4.3 of [30].

Assume that F € Sk(T2,Q(F)), and consider the basis of Sk(I'y) containing F as
above. Expanding the restriction of £(Z,0) to Hy in terms of this basis, we get for
Z € Hs,

€(2,0) = cpF(Z) + > cp, Fy(Z).

j>1

The choice of the basis implies that the coefficient cg is algebraic. Hence, we get
_ <8(Z7 0)7 F> B
T mE Y

The zeta integral also has contributions from other L-functions of smaller degree and the
algebraicity of their special values is known by results of Shimura. Using this, we get

L(k—1 7 _
(2 y TR X 7-\1/) c Q
TOR=8(F, F)(W, W)

Recall from Exercise 9.7 that k/2 — 1 is the rightmost critical point. Let us mention
the various people, and their results related to algebraicity of special L-values in this
context.

i) Furusawa [30] got the above result for F' € Si(I'2) and ¥ € Si(I'1) and the rightmost
critical point.

ii) Bocherer and Heim [12]| got the special value result for F' € Si(I'2) and ¥ € S;(T';)
such that k,l are even and k/2 < /2 < k — 1. They also got the result for all
critical points which are integers in the set [[, 2k — 3]. They did not use the integral
representation presented above but had a classical version.

iii) Pitale, Saha and Schmidt (in various combinations in [68], [69], [75], [85] and [86])
got the special value result for F' € Sy (B(M)), where B(M) is the Borel congruence
subgroup of square free level M, and ¥ € Si(To(N),x’), for any integer N and
nebentypus character x’. They got the result for the critical values which are integers
in [2,k/2 — 1]. This used theory of differential operators and nearly holomorphic
Siegel modular forms.

iv) Morimoto [63] and Furusawa-Morimoto [31] have obtained special value results in the
most general setting. They allow 7 to be any cuspidal automorphic representation
of GSp,(A) with 7 being in the holomorphic discrete series. The representation
7 corresponds to ¥ € Si(To(N), x’), where the weight k£ matches the parameter for
Too-
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10. LECTURE 10: INTEGRAL REPRESENTATION OF THE STANDARD L-FUNCTION

In this lecture, we want to discuss an integral representation for the standard L-
function of degree n holomorphic Siegel cusp forms twisted by characters. The goal is to
assume as little as possible about the Siegel modular forms. We will allow vector-valued
modular forms with respect to any congruence subgroup. Rallis, Piatetski-Shapiro, and
also Bocherer, have obtained the integral representation in special cases. We will modify
their methods to suit our level of generality. We will illustrate an application of the
integral representation to algebraicity of special values of the L-function in the genus 2
case. We will apply this arithmetic result to the special case of the Siegel modular forms,
constructed by Ramakrishnan and Shahidi [80], whose spin L-function is equal to the
symmetric cube L-function of elliptic cusp forms. This will give us algebraicity of the
symmetric fourth power L-function of an elliptic cusp form twisted by characters. The
main reference for this lecture is [72].

Since we have to work with symplectic groups of different sizes, let us add a subscript
and denote by Gay, the group GSp,,,. Let Ps, be the Siegel parabolic subgroup of Gay,
consisting of matrices whose lower left n x n-block is zero. Let dp,, be the modulus
character of Py, (A). It is given by

A X _n(n+1) n
dran (|4 i )= o deray

and | - | denotes the global absolute value, normalized in the standard way.

where A € GL,(A), v € GL1(A),

Exercise 10.1. Let Hag oy :={(9,9") € Gaa X Gap : pa(g) = pp(g’)}. Show that the map

A Bl} [Ag Bﬂ) A B

A B
Hoq b 2 ([Cl D. || Cy Dy 2 > | € GSpagiap

—-Cq D1
Co Do

is an embedding of Hagop to Gogyop-

We will also let Hy, 9, denote its image in Gog425. Let F' be a number field. Let x be
a character of F*\A*. We define a character on Py, (A), also denoted by x, by x(p) =

x(d(p)). Here, d(p) = v~ det(A) for p = 4 UtA_l]n’ with v € GL1(A), A € GLa,(A)

and n’ € Ny, (A), the unipotent radical of Py, (A). For a complex number s, let

Gan(A s
I(X: 5) = Indp:n((A)) (X6P4n)'

Thus, f(-,s) € I(x,s) is a smooth C-valued function on Gy, (A) satisfying

F(pg,s) = X(0)3p,, ()2 f(g, 5)

for all p € Py, (A) and g € G4,,(A). Consider the Eisenstein series on Gy, (A) which, for
Re(s) > %, is given by the absolutely convergent series

E(g,s, f) = > f(vg,9), (43)
’YEPZLTL (F)\G4n(F)

and defined by meromorphic continuation outside this region. Let 7w be a cuspidal auto-
morphic representation of Ga,(A). Let V; be the space of cuspidal automorphic forms
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realizing . For any automorphic form ¢ in V;, and any s € C, define a function Z(s; f, ¢)
on ng(F)\GQn(A) by

Z(s; 1, 8)(g) = / E((h,g). s, f)d(h) dbh. (44)

Span (F)\ g-Spay, (A)

10.1. The basic identity. We want to unwind the integral Z(s; f, ¢) by substituting
the definition of the Eisenstein series. By Proposition 2.4 of [97], we have the double
coset decomposition

G4n<F) = |_| P4n(F)QrH2n,2n(F)'
r=0

Here
1, 0 0 0
orn .o I
Q=10 0 1, 7 |
L =L 01,
-2 ~ |0p— O ;L = 11,0
where the n X n matrix I, is given by I, = 0 1 and I, _, =1, - I, = 0 ol
T

Exercise 10.2. For 0 <r < n, suppose we have the disjoint single coset decomposition

P4n(F)QTH2n,2n(F) = |_| P4n(F)QT'yi(r)_

Show that .
Z(s; f,0) = Z(s; [, 9),
r=0

where
Zistol = [ Y 1@a"hg).s)em) dn.
SPon (F)\ 9:5po, (A)
If r < n, then we can do an inner unipotent integral. Lemma 2.2 of [72] states that
the section f is invariant under the unipotent. This gives us an integral of the cusp

form ¢ over an unipotent subgroup. The cuspidality of ¢ then gives us that Z, = 0 for
0 <r < n. For r = n, we have

P4n(F)QnH2n,2n(F) = |_| P4n(F)Qn($a 1)
TESpy, (F)
Hence,
Zu(si0)() = | S F(Qu- (ah.g). )6(k) dn

Span, (F)\ g:Spa, (A) €SPy, (F)

_ / £(Qu - (h,g), 5)6(h) dh
9-Spay, (A)
_ / F(Qn - (gh, 9), s)d(gh) dh

- / F(Qu - (h 1), 5)6(gh) dh,
Spa, (A)
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For the last equality, we again use Lemma 2.2 of [72]. This gives us

Z(s: 1,0)(g) = / F(Qn - (1), 8)6(gh) dh.
Sp2n(A)

Theorem 10.3 (Basic identity). Let ¢ € Vi be a cusp form which corresponds to a pure
tensor Qypy, via the isomorphism m = @m,. Assume that f € I(x, s) factors as @ f,, with
fo € I(xv, s). Let the function Z(s; f,p) on Gon(F)\Ga2n(A) be defined as in (44). Then
Z(s; f, ) also belongs to V. and corresponds to the pure tensor ®,2Z,(S; fv, ¢v), where

ZU(S; fvv¢v) = /S (F ) fv(Qn . (h, 1),3)7rv(h)¢v dh € Ty.
Papn (Lo

10.2. The local integral computation. The goal is now to choose local functions f,
and ¢,, and compute the local integrals Z, defined above. For brevity of notation, let
us drop the subscript v. So, let F' be a local field. In the non-archimedean case, denote
by o, p, @, ¢ the ring of integers of F', the prime ideal in o0, a uniformizer in o, and size
of the residue field, respectively.

The unramified computation: Assume that y and 7 are unramified. Choose f € I(y, s)
to be the unramified vector. Hence f : G4y, (F) — C is given by

f( [A utZJ k) = X(u*n det(A))}u*n det(A)’(2”+1)(S+1/2)

for A € GLoy(F), u € F* and k € Gyn(0). Let vg be a spherical vector in 7. The
computation of the local integral in this case makes use of the action of the Hecke
algebra and the Satake isomorphism. Here we use methods similar to [7] and [66], with
suitable modifications to incorporate characters. We get

L((2 1 1/2, 7 X n
Z(s;f,vo): (( n + )5+ /771' X5 02 +1)

P Vo (45)
L((2n+1)(s+1/2),x) 1;[1L((2n +1)(2s+1) — 24, x?)

for real part of s large enough. See Proposition 4.1 of [72]. Here the L-function is defined
as

(46)

“ 1
L(Saﬂ- I X5 Q2n+1) =

1
L= x(@)q™* 1 (1= x(@)aig—)(1 = x(@)a; '¢~%)

(2

where «; are the Satake parameters of .

The ramified computation: For genus greater than 2, we do not have the local Lang-
lands correspondence for GSp,,,. Hence, in the ramified case, we do not even know the
appropriate definition of the L-function. All we require out of the local integral in the
ramified case is that we make choices of f and v such that Z(s; f,v) is a non-zero mul-
tiple of v. With this in mind, let m be a positive integer such that X’(1+pm)mo>< =1, and
such that there exists a vector ¢ in 7 fixed by I'gp,(p™). Here

P2, (p™) = {9 € Span(0) : g = 12, mod p™}.
Let f(g,s) be the unique function on G, (F') x C such that

(1) f(pg,s) = X(P)Op,, (p)**% f(g,s) for all g € Gy (F) and p € Pyu(F).
(2) f(gk,s) = f(g,s) for all g € G4 (F) and k € Ty, (p™).
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(3> f(anS) =1
(4) f(g,5) =0if g ¢ Pun(F)Qnl4n(p™).

Exercise 10.4. [t is shown in Lemma 4.2 of [72] that the following holds: Let m be a
positive integer. Let p € Py, (F) and h € Spy,,(F) be such that Q;'p Qn(h, 1) € Typn(p™).
Then h € Ta,(p™) and p € Pyp(F) N T4y (p™). Use this to show that f is well-defined.

With these choices of f and v, in Proposition 4.3 of [72], we compute
Z(s; f,v) = vol(I'zn(p™))0. (47)

The archimedean computation: This is by far the most complicated computation. So
far we have not assumed anything about the field F' or w and y. For the archimedean
case, assume that F' is totally real, and 7 is in the holomorphic discrete series of G, (R).
These are parametrized by (ki,--- , ky), where k; € Z are integers all of the same parity,
and k1 > ko > --- > k, > n. Set k = k1. If all the k;’s are equal, then 7w corresponds
to a weight k scalar valued holomorphic Siegel modular form like the one considered
throughout this book. Otherwise, we are in the case of a vector valued holomorphic
Siegel modular form. We also assume that y = sgn®. The induced representation I(y, s)

has a unique (up to scalar) vector f with weight (k,--- ,k). Choose f = fr. We can
show that 7 also contains a unique (up to scalar) vector vy with scalar weight (k,--- , k).
Then Proposition 5.8 of [72] gives us

Z(s, fr,v0) = "F 7D AL (20 + 1)s — 1/2) vy (48)

where the function Ay (z) is defined as

. Ll Y
n g n — C
(e 1 z—(k—1—j—2i)
_ n(z—1)
Ax(z) =2 (JHMle+k1j+2¢><]Hl H) z+(k1j2i)>'

Recall that we want to choose f and v such that the integral Z is non-zero. Clearly, there
are values of s for which the integral is 0 or not defined. For arithmetic applications, it
turns out that we need the non-vanishing only for certain critical points. This is checked
in the next exercise.

Exercise 10.5. For integers t such that 0 <t < k, — n, show that Ax(t) is a non-zero
rational number.

10.3. Global integral representation. Consider the global field F' = QQ and its ring
of adeles A = Ag. All the results are easily generalizable to a totally real number field.
Let m = ®mp be a cuspidal automorphic representation of Gay,(A). We assume that 7o
is in the holomorphic discrete series representation m with k = ke +. ..+ kpe,, where
k1 > ... >k, > n, and all k; have the same parity. We set k = k1. Let x = ®x; be a
character of Q*\A* such that y., = sgn®. Let N = leNme be an integer such that
e For each finite prime p { N both 7, and x, are unramified.
e For a prime p|N, we have Xp](Hpmpr)mpr = 1, and 7, has a vector ¢, that is
right invariant under the principal congruence subgroup I, (p"*?) of Spy,(Z,).

Let ¢ be a cusp form in the space of 7 corresponding to a pure tensor ®¢,, where
the local vectors are chosen as follows. For pt N choose ¢, to be a spherical vector; for
p|N choose ¢, to be a vector right invariant under I'y, (p™?); and for p = oo choose ¢oo
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to be a vector in 7o, with scalar weight k. Let f = ®f, € I(x,s) be composed of the

following local sections. For a finite prime p { N let f,, be the spherical vector normalized

by fp(1) = 1; for p|N choose f, as in the previous subsection (with the positive integer

m of that section equal to the m, above); and for p = oo, choose f to be the scalar

weight & vector in I(Xoo,s). Define LN (s,7 X x, 02n41) = [T pv L(5, ™ B Xp, 02n41),
#00

p
where the local factors on the right were defined in (46). Using (45), (47) and (48) we
obtain the following theorem.

Theorem 10.6 (Pitale, Saha, Schmidt [72|). Let the notation be as above. Then the
function LN (s, 7 X x, 0an41) can be analytically continued to a meromorphic function of
s with only finitely many poles. Furthermore, for all s € C and g € Gan(A),

_ IN((2n+41)s +1/2, 7 K X, 02n41)
CLN((2n+ 1)(s +1/2),00) TTj=) LN ((2n + 1)(25 + 1) — 24, x?)

x gD/ ( Hvol(rm(pmp)))Ak(@n +1)s—1/2)6(9).  (49)

p|N

Z(s, f,0)(9)

10.4. Classical reformulation. For ¢ € V. define a function F': H,, — C by

F(Z) = det(J(g, 1)) ¢(g),

where ¢ is any element of Sp,,(R) with g(I) = Z. This F transforms like a Siegel
modular form of weight k excepting that it will not be holomorphic in the vector valued
case. Define the Eisenstein series on Hs,, by

2s k 1
B} n(Z,5) =g, " E( ~5:7)
k7N( 78) J(ga ) ga2n+1+2n+1 27f I
where g is any element of Spy, (R) with g(I) = Z. We know the following about the
Eisenstein series (Theorem 17.9 of [98]).

Proposition 10.7. Suppose that k > 2n + 2. Then the series defining E,)CC’N(Z, 0) is
absolutely convergent, and defines a holomorphic Siegel modular form of degree 2n and
weight k with respect to the principal congruence subgroup Tyn(N) of Spy,(R). More
generally, let 0 < m < g—n—l be an integer. Then Eif’N(Z, —m) is a nearly holomorphic
Siegel modular form of weight k with respect to I'yp(N).

Z

Restrict E,’;N to [ } with 71,7y € H,. As in Section 9.4, we can rewrite the

1

Z
integral Z(s, f, ¢) as the Petersson inner product of F' and the restriction of Eif N+ Then
Theorem 10.6 translates to

n k—s, - LY(s,m B X, 02n+1)
o A B x, Ay(s — 1
gk pn(nt+1)/2
Mp
x [T volCan(p™)) x — < F(Z2).

p|N (Sp2n(Z)\Sp2n(R))
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10.5. Arithmetic results in genus 2. If the Eisenstein series E,’; N is holomorphic,
then we know that it has algebraic Fourier coefficients. Similarly, we can find a basis
of holomorphic Siegel cusp forms of weight £ and genus n with respect to a congruence
subgroup such that their Fourier coefficients are algebraic. Unfortunately, in the classical
reformulation of the integral representation of the L-function, we are taking the inner
product of two Siegel modular forms, neither of them are holomorphic. All we know is
that the modular forms are nearly holomorphic. If we knew that any nearly holomorphic
Siegel modular form is obtained from holomorphic ones by applying differential operators
which preserve the algebraicity of Fourier coefficients, then we could obtain algebraicity
of the Petersson inner product and hence the special L-values. Such a structure theorem
is only proven for genus two in [71|. Hence, we have the following theorem.

Theorem 10.8 (Pitale, Saha, Schmidt [72]). Let m be a cuspidal automorphic repre-
sentation of GSp(4,Aq) such that m is isomorphic to the holomorphic discrete series
representation with highest weight (k1,ke) such that k1 > ko > 3,k1 = ko (mod 2). Let
x be any Dirichlet character satisfying x(—1) = (=1)k2. Let r be any integer satisfying
1 <r <ky—2,7=ky (mod2). Furthermore, if x> = 1, we assume that r # 1. Let
T(x) be the Gauss sum attached to x. Then

L(?", T X Q5) ~
@ri)2 3 (3(E.F) © %

Previous results were those of Shimura’s [98] for k1 = k2 and w.r.t. I’(()Q)(N), and of
Kozima’s [53] for k1 > ko but only for full level and y = 1.

Symmetric fourth L-function of GLo: Let k be an even positive integer and M
any positive integer. Let f be an elliptic cuspidal newform of weight k, level M and
trivial nebentypus that is not of dihedral type. According to Theorem A’ and Theorem
C of [80], there exists a cuspidal automorphic representation m of GSp,(A) such that

(1) 7o is the holomorphic discrete series representation with highest weight (2k —
1,k+1),

(2) for pt M, the local representation m, is unramified,

(3) the L-functions have the following relation.

L(s,m,spin) = L(s,sym>f).

If ap, I are the Satake p-parameters of f for p f M, then the local factor of the m'"
symmetric power L-function of f is the degree m 4+ 1 L-function

m

Ly(s,sym™f) = H(l — a;”*%pfs)*l.
i=0
Note that 7 corresponds to a holomorphic vector-valued Siegel cusp form Fy with weight
det* ! sym*—2. Let y be a Dirichlet character with Yoo = sgn.
Exercise 10.9. Show that
L(s, 7 X, 05) = L(s, x ® sym™f). (50)

Here, on the right hand side, we have the L-function of GLs given by the symmetric
fourth power of f, twisted by the character x.
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From Theorem 10.8 and (50), we get the following theorem.

Theorem 10.10 (Pitale, Saha, Schmidt [72]). Let f, m be as above, and let F' € w be
such that its Fourier coefficients lie in a CM field. Let S be any finite set of places of
Q containing the infinite place, x be a Dirichlet character with xo = sgn, and r be an
integer satisfying 1 <r < k—1, r odd. If r =1, assume x> # 1. Then we have

L3 (r,x @ sym*f)
(27.”')4k—2-i—37“G<X)3<F7 F>

Deligne’s conjecture on critical values of motivic L-functions predicts an algebraicity
result for the critical values of L(s, x ® sym™ f) for each positive integer m. For m =1
this was proved by Shimura [95], for m = 2 by Sturm [100], and for m = 3 by Garrett—
Harris [36]. In the case m = 4, and f of full level, Ibukiyama and Katsurada [40] proved a
formula for L(s,sym?f) which implies algebraicity. Assuming functoriality, the expected
algebraicity result for the critical values of L(s,x ® sym™ f) was proved for all odd m
by Raghuram [79]. To the best of our knowledge, Theorem 10.10 represents the first
advance in the case m = 4 for general newforms f.

€ Q. (51)
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APPENDIX A. GLy NOTES : CLASSICAL MODULAR FORMS
Please refer to Chapter 1 of [17] for basics on classical modular forms.
(1) The general linear group is defined by GLa(R) := {g € M2(R) : det(g) # 0}.
The special linear group is SL2(R) = {g € GL2(R) : det(g) = 1}.
(2) Consider the subgroups of GL2(R) given by
N::{[lf] tx € R} andA::{[ab] ta,be R*}.
We have the Bruhat decomposition
GLy(R) = NAU NA[_l 1}N.
(3) The complex upper half space is
Hy:={z=2+iyecC:y >0}
The group GLa(R)T := {g € GLy(R) : det(g) > 0} acts on Hj by the formula

az+b ab
=T Hi,g = GLy(R)™.
g<Z> CZ+d’ zech,g |:Cd:| € 2( )
We have ()
Im(z
1 = —
mlg(=)) = 1 g
and the element of volume on Hy, invariant under the above action, is
dxdy

ds =
Y2

(4) Let 'y := SLa(Z). An elliptic modular form of weight k (a positive integer) with
respect to I'y is a holomorphic function f : Hy — C that is bounded in regions
y > yo for any yo > 0, and satisfies

f(az + b) = (cz +d)* f(z) for all [z Z] € SL2(2).

cz+d
The space of such forms is denoted by M (T'1).
(5) Every f € My(T'1) has a Fourier expansion

— ZA(n)e%rinz'
n>0
€ My (I'7) is called a cusp form i = 0. The space of cusp forms is denote
6 M.(T'1) i lled f if A(O 0. Th f f is d d

by Si(I'1).
(7) If f,9 € My(T'1), at least one of which is a cusp form, then we can define the
Petersson inner product
. / (2 kdxdy

I \Hy

A fundamental domain for I';\Hj is given by the set

1
{z=2+iyecH: \$|< |zl > 1}
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(8) Eisenstein series of weight k > 4 are given by

er(z) == Z (cz—lkd)k? | IS ::{[1?} :n € Z}.
[¢ glersn

Then e (z) € My(T'1). Note that e, = 0 for k odd.
(9) The Ramanujan delta function, given by the formula

A(z) = 27-(n>62m’n2 =q H(l _ qn)24, where q= e?m’z7
n>0 n>1

is a cusp form of weight 12.
(10) Let N be any positive integer. A congruence subgroup of level N is defined by

To(N) == {[‘CL Z] €l :c=0 (mod N)}.

Modular forms and cusp forms of weight k and level N are defined just as for
I'1, with additional conditions at the cusps, and are denoted by My (To(N)) and

Sk(Lo(N)).
(11) Let H be the Hecke algebra for I'; and, for every prime number p, let H, be the
local Hecke algebra at the prime p. We have H = ®,7(,. Also, H, is generated

by the two elements I'y [pp] I'y and I'y [1 p] Iy.

(12) Let T(m) = > 4et(g)=m 1901 Then, for (m,n) = 1, we have the relation
T(mn) =T(m)T'(n). We also have the single coset decomposition

T(m)= || rl[afl].

a,d>0,ad=m
b mod d

R TN ]

b mod p

In particular,

(13) Let T'(g) =T'1gI'y = ;"1 g; € H. Then T'(g) acts on My (T'1) (and on Si(T'1)) as
follows. Let f € My(I'1). Then T'(g)f := >, flxgi, where the slash | action is
given by

(Fh)(2) = det(a)* ez +.d) a2, for g = | 4] € CLa®)* 2 €

(14) Let {A(n)} be the Fourier coefficients of f € My(I'1). Let {B(n)} be the Fourier
coefficients of T'(m) f. Then, we have

a\k/2 , , nd
ad=m,aln
(15) The space Mj(T'1) has a basis of simultaneous eigenfunctions of the Hecke algebra
H. Furthermore, Si(I'1) has such a basis which is orthogonal with respect to the
Petersson inner product. A cusp form Si(I'1) is called normalized if it satisfies

A(1) = 1. The space Si(I'1) has a basis of normalized Hecke eigenforms.
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(16) The L-function of a modular form f € Mj(T';), with Fourier coefficients {A(n)},

is defined by
An
L(s, f) =) 75)
n>1

We have the following properties of the L-function.
(a) The Mellin transform of f gives the completed L-function.

/ f<z‘y>ysdyy — (2n)*T(s)L(s, ) = A(s. f).
0

(b) The completed L-function A(s, f) extends to an analytic function of s if f
is a cusp form; if f is not cuspidal, then it has a simple pole at s = 0 and

s = k. It satisfies the functional equation
A(s, f) = (=1)"2A(k = s, f).

(c) If f is a normalized Hecke eigenform then

Lis, )= [[ (D_Aw ™) = [ —Aw@p =+

p prime r=0 p prime

(17) Every f € Sk(To(N)) with Fourier coefficients {A(n)} satisfies the Ramanujan

conjecture
k—1
|A(n)| < Cn"z T, for all € > 0.

(18) If f is a Hecke eigenform and 1 — A(p)p~* + p* 125 = (1 — agp~*)(1 —
appa1pp”°), then the Ramanujan conjecture states that |agp| = pk=1/2 and

|1 p| = 1.
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APPENDIX B. THE p-ADIC FIELDS Q, AND THE RING OF ADELES A OF Q

(1) Let p be a prime number. Define ord, : Z\{0} — N by ord,(z) = max{r € N :
p"lx}. Extend it to Q\{0} by ord,(a/b) = ord,(a) — ord,(b), for a,b € Z.
(2) The p-adic absolute value | |, on Q is defined by

pode(®) if g £ (;
|z|p = e
0 if z =0.

The p-adic absolute value satisfies the stronger condition
|z + y|p < max(|z|p, |ylp), with equality if and only if |x|, # |y|p-

(3) The completion of Q@ with respect to the p-adic absolute value | |, is called the
field Q, of p-adic numbers. Let Z, := {o € Q) : ||, < 1} be the ring of p-adic
integers. Zj, is the completion of Z in Q,,.

(4) Every p-adic number a € Q, has a unique p-adic expansion of the form

—r+1 +

a=a_p "+ a_rp1p codasp T o+ oap 4 agp® A+

with o, € Z such that 0 < a;, < p—1. Furthermore, o € Z, if and only if a;, = 0
for all n < 0. For « given by its p-adic expansion, the p-adic absolute value of «
is given by |a|, = p™", where n is the least integer such that o, # 0.

(5) Zjp has a unique maximal ideal pZ,. We can characterize pZ, = {a € Zy, : |a|, <
1} = {a € Zy : ag = 0}. The group of units in Z, is denoted by Z. Once again,
we can characterize Z; = {a € Zy, : |a|, = 1} = {a € Z; : ap # 0}. The ring Z,
is compact in Q.

(6) We have Z,/pZy ~ Z/pZ and Z}; /(1 + pZy) =~ (Z/pZ)*. Also Q) = (p) X Z,.

(7) We will let p = oo denote the archimedean place. We have the ring of direct
product of all completions

] @=RxQ2xQsxQsx---.

p<oo

The ring of adeles A is the subring of the full direct product given by

A={a=(ap)p<o € H Qp : ap € Zj, for all but finitely many p}.
p<oco

We call A the restricted direct product of the Q,, (with respect to the open-compact
subsets Z,, for p < 00).

(8) We define the topology on A to be the one generated by the sets Hpgoo Up, where
U, are open in Q, and U, = Z,, for almost all p. With this topology, A is a locally
compact topological ring.

(9) We have

A/Q~R/Z x H Zyp.
p<oo
This tells us that A/Q is compact.
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APPENDIX C. GLy NOTES : REPRESENTATION THEORY

Please refer to Chapters 3 and 4 of [17] for the global or local representation theory
of GLQ.

(1) Strong approximation for SLy gives us
GL2(A) = GL2(Q)GL2(R)* K (N),
where

K(N) = H Kp(pordp(N))’ Ky(p™) ={ [Ccl Z] € GLo(Zp) : c € p™Zp}-

Pp<oo

(2) Let f € Sp(T'o(N)). Write g € GLa(A) as g = vgook, with v € GL2(Q), g0 €
GLy(R)*,k € K(N). Define

o g0t +b _|ab
Ulo) = ik ) () o= |1y
(3) Let (¢, V7) be the representation of GLa(A) generated by right translates of W .

The group acts on V; by right translation. If f is a Hecke eigenform, then 7 is

irreducible, and we have the restricted tensor product 7; = ®p<o7p. Here, 7, is

an irreducible, admissible representation of GL2(Q)) (or GL2(R)).
(4) Let p be a finite prime. There are three possibilities for an infinite-dimensional,
irreducible, admissible representation of GL2(Q)).

(a) Irreducible principal series: Suppose X1, X2 are two characters of Q, such
that X1X2_1 # |- ;ﬂ. The irreducible representation yi X X2 is obtained by
normalized induction from the character of the Borel subgroup B(Q,) of
GL2(Qp) obtained from x; and x2. The standard model for x; x x2 is the
space of locally constant C-valued functions ¢ on GL2(Q)) satisfying

9 [ Z]m = lad™ Y21 (@)x2 (D)(0).

(b) Twist of Steinberg representation: Suppose x is a character of Q. The

representation | |,13/ x| lp /2y is reducible, and has a unique irreducible sub-
representation called the twist of the Steinberg representation of GL2(Q)).
It is denoted by xStar,-

(c) Supercuspidal representations: Any irreducible representation of GL2(Q))
that cannot be obtained as a subrepresentation of any representation induced
from the Borel subgroup is called a supercuspidal representation. One can
construct these by induction from compact subgroups of GL2(Q)).

(5) If p = oo, the possibilities for an irreducible, admissible representation of GLa(R)
are either the discrete series D, (¢),£ > 1 or a limit of discrete series representa-
tion D, (0) or a principle series representation. In the discrete series case, p € C
gives the central character, and ¢+1 gives the lowest weight of the representation.

(6) Back to f € Sp(I'g(N)) and 7¢ = ®,7,. We can describe 7, as follows.

(a) Let p be a prime such that p does not divide N. Then 7, = x, x Xgl, where

the character x, is unramified, i.e. trivial on Z;. If A, is the ptP-Hecke
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eigenvalue of f, then we have

A =p7 () + X, ().

(b) Let p be a prime such that p| N but p? does not divide N. Then 7, = x;,StcL,
for an unramified character x, of Q. Suppose f is an eigenfunction of the
Atkin-Lehner operator with eigenvalue €,. Then x,(p) = —¢p.

(¢) Let p be a prime such that p?|N. Then 7, could be any of the three types
of representations mentioned above.

(d) At the archimedean place, 7o, is the discrete series representation Dy(k—1).

(7) The L-function for the non-archimedean representations is as follows.

L(s,x1)L(s,x2) if 7p = x1 X x2;
L(Sva) =49 L(s—1/2,x) if 7, = xStar,;
1 otherwise.

Recall that

L(s,x) = (1 —x(p)p~*)~% if x is unramified;
= 1 if  is ramified.

(8) Newforms theory for GLg: Let (7,V) be an irreducible admissible infinite di-
mensional representation of GL2(Q)). For n € Z,n > 0, set v .= {veV:
7(g)v = v, for all g € K,(p")}. Tt is known that there is a n such that V(™) # 0.
Suppose ng is the least n such that V(™ #£ 0. Then dim(V (™)) = 1. Denote
a(T) = ng and we call p“(T)Zp the conductor of 7. If x is a character of Q;,

then a(x) denotes the smallest non-negative integer m such that y is trivial on
(1+p™Zp) NZ,. Then we have the following

a(x1 x x2) = a(x1) + a(x2),

)1 if a(x) = 0;
alxStars) = {2a(x) if a(x) > 0.

(9) Kirillov model: Choose a non-trivial additive character ¢ of Q. It is known that
for every irreducible admissible infinite-dimensional representation 7 of GL2(Q)),
there is a unique space X(7,1) of locally constant functions ¢ : Q; — C with
the following property: GL2(Q,) acts on K(7,4) in a way such that

([*4]0)@) = r(@ta irotasa,

and the resulting representation of GL2(Q,) is equivalent to 7 (here w, is the
central character of 7). This is called the Kirillov model of 7 (with respect to ).
(10) Newforms in Kirillov model: Let ¢ be a newform (unique up to scalars) in a

Kirillov model of 7, i.e. ¢ € VT(HO). Let 1 be the characteristic function of a



subset U of Q. Then the formula for ¢ is given by

representation

| local new form ¢(x)

|

X1 X X2, X; unramified

205" (Ehtimord, ) X1 (PF)x2(9)) 12, (2)

X1 X X2, X1 ram., x2 unram.

2]y *x2(2)1z, ()

X1 X X2,X1 unram., yo ram.

el *xa (2)17, ()

X1 X X2,X; ramified

12; ()

XStar,, X unram.

|z]px (2)1z, (2)

XStGgL,, X ram. or supercuspidal

lz; (z)

81
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APPENDIX D. SOLUTIONS TO EXERCISES

Lecture 1

Exercise 1.1: Since A is positive definite, one can diagonalize A over R, and show that
M; = {z € R™: Q(x) = t} is compact. Since My NZ™ is the intersection of a compact
and a discrete set, it is finite.

Ezercise 1.2: We have ©g = ol + 3E>. Compare the first two coefficients of both sides
to conclude
1=-3a- 04, 8 = —24a — 240.

Solving for «, 8 gives us ©g = —1/3E;. Hence,
ro(n) = 8(o1(n) — 401(%)), for all n > 1.

So, we get rg(n) > 1, whenever n > 1.

Ezercise 1.3 For g = [ég

tJ_%@ ,|[AB] [*A'c][C D
979 = 1tgtp|| -1, cp|~ |'B'D||-4A-B
_ [*AC -'CA 'AD - 'CB
~|'BC -'DA'BD - 'DB|"

This immediately gives us i) < iv). Next,

] , we have

t t
_ 1 - _ D —'B
EM=MJ®91=M1J1@J=N1[_@ M}'
This gives us 1) < iii). Now, we have
1 AB|[ 'D -'B
ngg  =plon S | i | Ztg ty | = Hlon

A'D-B'C B'A—A'B o
c'D-D'CD'A-C'B| T
This gives us iii) < v). Arguing as before, we finally get ii) < v).
FEzercise 1.4: The definition of Sp,,,(R) tells us that, for g € Sp,,,(R), we have det(g) =
+1. It is clear that [1" iX] and [g tg_l] have determinant 1. So it is enough to show

that the determinant of any element of K, is positive (hence, equal to 1). For that, we

have
g %, Y]y = aee [l [ X X o)
X —iY

= det([ v x —i—iY}) = |det(X —|—iY)|2’

as required.
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Ezxercise 1.6: If we know that J(g, Z) is invertible, then (6) follows by definition of g(Z).
Let us show non-singularity first for Z = il,, and arbitrary g. If J(g, Z) is singular, then

considering .J(g, Z)"J (g, Z), we get that C 'C 4+ D D is also singular. But this matrix is

symmetric and positive semi-definite. Hence, there is a non-zero column vector T such
that ‘T'(C 'C + D *D)T = 0. This implies that ‘T'(C *C)T = 0 and 'T(D *D)T = 0, which
gives us T'C' = 'T'D = 0. But this means that the rank of the matrix (C, D) is less than
n, which is impossible, since g is non-singular. To get non-singularity for a general Z,
first realize Z = g(il,) for a suitable g and then use (6) for Z = i1,,. This completes
proof of part 7).

To get symmetry of g(Z), use (2) and (3) together with the relation

CZ +D)g(Z)(CZ+D)=Z'CAZ +'DAZ + Z'CB + 'DB.
Let Z' := g(Z). Then
\CZ+ D)(Z' - Z')(CZ + D)
= (Z'C+'D)(AZ + B) — (Z'A + 'B)(CZ + D)
= Z("CA-"AC)Z + (‘DA - '‘BC)Z + Z('CB - 'AD)
= 1(9)(Z - 2).
This proves part i) of the theorem. Combining parts i) and i) gives part 7).

To get part iv), we compute the Jacobian of the change of variable Z — ¢(Z). For
Z = (zjx) = (xjk + iyjx) € Hy, set Z' = (z],,) = (z},, +1y,,,) = 9(Z). For Z1, Z, € H,,
since Z) is symmetric, we get

Zh— 7} = (Z,'C +'D) "N (Zy*A+ 'B) — (AZ, + B)(CZ, + D)™
= 1(9)(Z2 'C + ‘D)"Y (Zy — 2,)(CZy + D)
It follows that
DZ' = u(9)(Z'C +'D)"'DZ(CZ + D)™},
where DZ = (dzj;) and DZ" = (dz,,). Note that if p(U), with U € GL,(C), is
the transformation (vjr) — U(vjk) U of variables vjr = vg; with 1 < 5,k < n, then

det p(U) = det(U)""!. Let dZ and dZ’ be the columns with entries dzj;(1 < j, k < n)
and dz;,, (1 <1,m < n) arranged in a fixed order. Then the above considerations imply

the relation
dZ' = p(v/ulg) (CZ + D) ")dZ.
Taking dZ = dX +idY,dZ’' = dX’ +idY’, and p(\/u(g9) (CZ + D)™') = R+ iS, we
obtain
dX’' = RdX — 8dY,  dY’ = SdX + RdY.

Thus the Jacobian equals
R-S lpily || R =S| 1, —il,
s[5 =m0 [5 W] [M]
_ R+1iS
= det([ S R-iS

This gives us part iv) of the theorem. In addition, using part ii), we get part v) of the
theorem.

)= utaynvlaenccz + o2
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Ezercise 1.7. Take g = [1 _1n} € GSpy,,- We know that J(g,Z2) is invertible from

n
part i) of Theorem 1.5. In this case, J(g,Z) = Z.

Exercise 1.9: All of the results are obtained by applying the automorphy conditions to
F for various elements of v € T',,. For part i) take v = —1g,. For part ii) (a), take

= {1 )1(], for part (b) take v = [g tgl] and for part (c) take v = [1 _1"}

FEzercise 1.10: Part i) is clear from the hint. For part ii), start with 7" which is not
positive semi-definite. Hence, there is a primitive integral column vector x such that
Tz < 0. By Gauss lemma, there is a g € SL,(Z) whose first column is . Hence, the
(1,1) entry of the matrix ‘gT'g is negative. This gives us part ii). Set Sy, := ‘g T'gm With
gm as in the statement of the exercise. Choose a subsequence {m,} such that m, — oo
as v — oo, and that the S, are distinct. This is possible since the (2,2) entry of Sy, is
t11m2 + t19m + tos. Then

Tr(Sm,) = tnm?) + (linear terms in m,) — —o0 as m, — o0.

—27Tr(Smy )

Hence, e — 00 as my, — oo. This implies that A(T) = 0.

Lecture 2
A B’

o D’] € I'y,, we have

Ezercise 2.1: For vy = [

EP(o(2) = Y. det(Cr(Z) +D)7".
[é g}efo,n\l“n

Let v = [él, g} Then

det(Cyo(Z) + D)% = det(J(v,70(2))) " = det(J (y70, Z)J (0. Z) ) *
= det(C'Z + D" det(J (yy0, Z)) 7"

Doing a change of variable v — vy Lin the summation for E,(cn)(Z ), we get

EM (10(2)) = det(C'Z + D'FEM (2),

as required.

A 0 B *
!
Exercise 2.2: Suppose g = C*,, g 5, ¥ € P. and Z = {tzzl,g ] € H,,. Then
2
0o 0 0o ‘Ut

o= ((R[B ) (7S 2 2] [ )y

= (A'zZ,+ B)(C'Z, + D)L
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Hence, we have
f(g(Z)*)det(CZ + D)% = det(C"Zy + D) f(Z*) det(C' Z1, + D)% = £(Z*),

as required.

FEzercise 2.4: We have
dim(Mg(T),)) = dim(Ker®) + dim(Im®) = dim(Sk(Ty,)) + dim (Mg (Tp—1)).
Now use that dim(S(T,)) < O(k"), and induction on n to get the result.

Ezercise 2.5: Since e4 and eg generate the graded ring M, (I'1), and dimMo(I'1) = 1 we
can take M1p(I'1) = eqesC. Since e1g — eqes has weight 10, we must have ejg — eqeq =
aeqeg. Comparing the constant term on both sides, we see that o = 0. Hence, we get

e10—eseg = 0. Applying the Siegel operator, we get @(E%) —Ef)EéQ)) = e10—eqeq = 0.
Hence x10 is a cusp form in Mio(T'2).

Exercise 2.8: By definition of the Fourier coefficients of the Saito-Kurokawa lift, we have
A(m, 51) = e(det(27) /d?).

Ezercise 2.9. Take A = diag(1,1,1, N).

Lecture 3
Ezercise 3.1: Let v € I',,. Then

|_|ani'7 =ILpgl'yy =19l = |_|ani-
7 [

Exercise 3.2: Note that T; - T is independent of the choice of g € I',g. Suppose we
replace each ¢’ by v/¢’ with 4/ € T',,. By definition of ,,, we have for each 7/,

Z agLngy =T =T, = Z agl'ng.
g g

Hence,
> agagTagyd =Y ag (D aglngy)g = ay(D agTng)d = agagTngg.
9.9’ g 9 g 9 9.9’

Finally, to see that T3 - T5 is indeed an element of H,, let v € T',,.

(T - Ta)y = Zagag'FnQQ/W =T (Tyy) =11 - T,
9,9’

as required. This gives us the well-definedness of the product.

Ezercise 3.5 By the result on symplectic divisors, we can see that, for m,m’ coprime,
we have T'(mm’) = T'(m)T(m’). Now, using the fundamental theorem of arithmetic, we
can get the desired result.
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FEzercise 3.4: For part i), we need two facts. The first one is that, for g1, go, we have

(Flrg1) kg2 = Fli(g192)-

This can be checked by direct computation using the cocycle properties. Secondly, for
every v € I'y,, we have by definition of H,,

Lngln = Uil'ngi = Uil'ngiv.
Hence,
(T@F)A2) = 3 _(Fha0(2)) =3 (Fligilen) (2) det (72, 2))*
i
= Z Flegiv)(Z) det(J (7, 2))F = det(J (v, 2)) > (Flegi)(Z).
i

For part ii), let I',,gI",, = U;T'pg;. Set u = p(g). Taking inverses and multiplying by ,
we get Tpug™ T, = uiugflfn. By the result on symplectic divisors, we can take g to
be a diagonal matrix. Then we can see that pug~' = JgJ. Hence

uiﬂgi_lrn = Fnﬂgilrn = Tpgl'y = Uil g;.

We have
(T(9)F,G) =Y (Flrgi,G) =Y (Flrgi, Gleg; |egi)
—Zugz MR, Gl ) Z,ng ) Gl gt

= <F,ZG|]€(,U,QZ_1)> = <F7ZG|kgz> = <F7T(9)G>'

To make sense of the inner product of functions that are not invariant under I',,, we
extend the Petersson inner product to

L dXdY

/ / 1 !
i v e B i e
In(N)\Hn

where F', G’ are both modular forms with respect to the congruence subgroup I',,(N)
(defined in (13)) for some integer N. In addition, we have used p(g;) = p for all i and
the GSpy,, (R) -invariance of the measure on H,.

Ezercise 3.7 Let us apply the slash operator to the various single coset representatives
one at a time, and calculate the contribution towards the Fourier coefficient. First
consider

(F’k |:p12 12:| ) (Z) _ kafBF(pZ) _ p2k73 Z A(T)eQﬂiTr(TpZ)

'T=T>0
half integral

_ 23 Z A( T)e2miTe(T2)

P=T>0
half integral
p|T



Hence, the contribution to the Fourier coefficient is p?* 3 A(1/pT). Next consider

> @l b e

a,b,d€Z/pZ

—3p~ 1 1{ad
— k3,2 Z F(pZer[bd])
a,b,d€Z/pZ
=p3 (T 2T 2) 2Ty [2 b))
=P Z ( Z (T)e P~ /e )

a,b,d€Z/pZ  T=T>0
half integral

ab

" T/2] , then Tr(T[b d}) =an + rb+ md. It is easy to check that

HT= |:T/2 m

Z e27ri%(a,'rz—l—'rb+md) _ {ps ifp|n>p|7"7p|m;

ab,deZ/pL 0  otherwise.
Hence, the contribution towards the Fourier coefficient is A(pT'). Next we have

1 a

Soo(Fle| P )(2)

a€Z/pZ p 1

e g Jee DT

a€Z/pZ

2 g T )

a€Z/pZ

Y el D[]
a€Z/pZ ‘T=T>0
half integral

Once again, if T' = {7]/12 7;512], then Tr(T[a/p 1]) = na/p + m. Hence

Z eQm‘Tr(T[a/p 1]) _ {p if p|n;

0 otherwise.
a€Z/pZ

-1
Note that p|n if and only if [p 1]T[1 p] is half integral. So, we get

1 a

Soo(Fl| * )(2)

a€Z/pZ
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= ph2 Z A(T)e%riTr([p_l [t ]2

‘T=T>0
T half integral

[p_l 1]T[1 p] half integral
:pk72 Z A( |:p1:|T|:1p_1:|)627riTr(TZ)'

T=T>0
half integral

Hence, the contribution towards the Fourier coefficient is pk_QA(%D [p 1] T|? 1] ). The

last computation is similar as well, and we get the final contribution to the Fourier co-

la 1
efficient of pF=2 > A(2 [ }T[ ] ).
a€Z/pZ P p ap

Ezercise 3.9: We know that

Q(X) = (1 — OéoX)(l — aoalX)(l — aoong)(l — a()OqOéQX).
Comparing coefficient of X4 we only get agalag = +p?¢=3. To get the plus sign, com-
pare coefficients of X and X?3.

Ezxercise 3.10: Follows from Theorem 3.6.

Exercise 3.12: We have
Q(X) =1-Ap)X + (A(p)> — AP — p* M X? — Ap)p* X3 + p*h—0x*
= (1 = appX)(1 — agpa1pX) (1 — agpazpX) (1 — agpar paz pX).

Now comparing the coefficients of X and X? we get the result.

Exercise 3.13: Recall the doubling formula for the gamma function

L(2)D(z + %) = 21722 /71(22),

and the formula I'(z + 1) = 2I'(z). Using these we get
A(s, Fy) = 727K (s — k + 1)A(s, f)é(s — k+1)E(s — k +2).

Now using the functional equations for £ and L(s, f) and the assumption that k is even,
we get

(~D)*A(2k — 2 — s, Fy)
=gl R Pk —2 s —k+1)A2k -2 — s, f)
XxERE—-2—s—k+1)EQRk—2—s—k+2)
=Rk (s k= 1) (1) A(s, f)
XxE1—(2k—2—5—k+1)01 - (2k—2—5—k+2))
=R (s —k+ DA(s, )E(s —k +1)E(s —k +2)
= A(s, Fy).
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Ezercise 5.14: From the relation
L(s, Fy,spin) = ((s —k+1)((s =k +2)L(s, f)

we have

k—1 k-2
{@0,p, 0,p1,p, 0, pQ2,p, 0 p1p2pt =P, "%, Bops BopBip}-

Here, (o, 01, are local Satake p- parameters of f and we have |fg | = pk=3/2 Using

aapalypagjp = p?*=3 we deduce that {a; ,, a2, } = {p*(kfl)ﬁojp,p*(k*Q)ﬂ(),p}. Note that
Bg,pﬁlyp = p**~% implies that (p_(k_l)BO,P)_l = p_(k_Q)BO,pﬁl,p and (p_(k_z)BO,p)_l =
p*(kfl)ﬁo’pﬁl’p. Putting this into the definition of the standard L-function, we get the
result.

Lecture 4
Ezercise 4.4: Follow from Theorems 3.8 and 4.3.

Ezercise 4.6:

a b 1

. 1

i) Let v = . d and 9 = 5 1 —s .LetZ:[Z:,}Then
i 1 1
[a T 2 b0 cO||7T 2 d -1

wa= (][22 [Rapal [F2] + )

z T 1 z T 1

[cw—i—baz] [m’—i—dcz}_l _ [aT—i—baz] |:(c7'+d)_1 —cz(CT—i-d)_l]

/

at+b z
_ | et+d C’T'-‘rd

£ T

ct+d c7'+d

We also have

(7) = 1 Tz||1ls| T z+ ST
REA A PR P 1|~ |z4s77 +252+ 87|

Also, det J(y1,Z) = er + d and det J(y2, Z) = 1.
ii) Writing the Fourier-Jacobi expansion of both the sides of the equation in part i) we

get
> )
aT + b z 278 / 2mimcz? k i ,
Z (bm(i’ )6 R +d) Z ¢m(7—, z)e mimt’
= crtdoer+d
and
00
Z ¢m T, 2 + ST) 2mim7’ 27mm (2s2+5°T) _ Z ¢m T Z 27r1m7-
m=1

2mimT’

Comparing the coefficients of e on both sides, we get the problem.
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iii) We have
T 2) = Aln.r.-m e27rin‘r€27rirz.
m ) ) )

n,reZ,n>0
4mn—r2>0
The expression
0" o
TIrZ _ - \V
55¢ |2=0 = (2mir)
implies
1 , .
M(T,2) = - g (2mir)” A(n, r,m)e2™ 7 2V,
v!
n,reZ,n>0
4mn—r2>0
iv) We have

i u(%,z) _ 1 i/\(aT—l—b z )
(CT+d)k+V—(CT+dk —~ "ot +d et +d

v=ug

a7‘+b z
et +d er+d

(CT +d)

2mimez?

=e crtd d’m(T Z)

(S 5e2) £ v
J

l
:0‘7 V=1

Now, comparing the coefficients of z*° on both sides, we get

at +b

Yo (Tid, 2) = (er 4+ d)FtoN, (1, 2),
as required.

v) Assume that A(n,r,m) = 0 whenever ged(n,r,m) = 1. Note that this implies
¢1 = 0. Let m > 1 be such that ¢,, # 0. Hence, the corresponding \,, # 0. For any
fixed z, we know that \,,(7,2) € Myi,,(I'1) and we can see that the n'' Fourier
coefficient is given by

1
3 Z (2mir)"° A(n,r,m)z"°
0* reZ
4mn—r2>0

The hypothesis on A(n,r,m) tells us that the above n*® Fourier coefficient vanishes
for all n coprime to m. From the given fact of modular forms, we can conclude that
Ao (T, 2) = 0, a contradiction.

FEzercise 4.10: If {c(n)} are the Fourier coefficients of the half integral weight form g,
then the plus space condition implies that ¢(n) = 0 if n = 1,2 (mod 4). Here, we have
used that k is even. Now, let N be a positive integer such that ¢(N) # 0. We have
] N =da+3

N = det(2T), with T' =
[al] if N =4a.
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In both the above cases, the definition of the Fourier coefficient of the Saito-Kurokawa
lift gives A(T") = c¢(N) # 0.

Lecture 5
Ezercise 5.2: Let T(g) = T'ngl'y, = UiT'sg; and choose representatives g; of the form

[Ai gl] . Let the Fourier coefficients of T'(g) F' be given by {B(T)}. Then, one can show

that
B(T) = Z det(Di)—kA(DiTA;l)eQM‘Tr(TAi_lBi).

Using |A(T)| < det(T)*/2, and the fact that, for any g there are only finitely many
choices of A;, By, D;, we can conclude that |B(T)| < Cdet(T)*/? where the constant
C depends on F' and g but not T. This shows that the action of the Hecke algebra
stabilizes the modular forms satisfying |A(T)| < det(T)*/2. Consider the subspace Vi
of My(T,,) spanned by {T(g)F : g € G,,}. We can find a basis of Hecke eigenforms for
Vr, and any one of these basis elements gives a solution to the first part of the problem.
If F' is not a cusp form, then not every element of the basis can be a cusp form. Such a
non-cuspidal basis element gives the second part of the problem.

Exercise 5.3: Suppose ®"F # 0. By induction, we can see that
n—1
L(s,Fystd) = [ ¢(s =k +n —i)C(s + &k —n+i).
i=0
The rightmost pole is at s = k, and it is not cancelled by the zeros of the other terms.
Since k > 2n, we get a contradiction to the holomorphy of L(s, F,std).

Ezercise 5.4: We have (T'(g)F,G) = (F,T(g)G), which shows that the Hecke eigenvalues
are real.

Exercise 5.6: We have L(s, Fy,spin) = ((s — k+ 1)((s — k +2)L(s, f). Write L(s, f) =
[T(1 — w(p)p= + p?k=372%)~1. Write

p
00 00
: a(n) a(p")
L(S’ Ff’ Spln) - Z s H Z ns
n=1 n » n=0 p

For a fixed prime p, we have the formal identity in an indeterminate X

7 n __ 1
Z a(p") X" = (1—pF1X)(1 — pF2X)(1 — w(p) X + p?—3X2)

n=0

oo

The Ramanujan estimate for genus 1 gives us the factorization 1 — w(p)X + p?*3X2 =
(1—aph=3/2X)(1—ap*—3/2X) for a complex number « satisfying || = 1. Let us assume
that a # @ in the following. The o = 41 case needs appropriate modifications.

—  a(p") on 1
2 G = T R - SN0 ax)( - ax)

n=0
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1 ( p? B 1
Vo= aP \p =D = VpX) ~ (p— (1 - LX)
1 1
VA e T o Da o aX)))
Expand as geometric series and compare coefficients of X to get

Gl = = f_*f VG * e —an)

1
it

\f( n+1+an—1+_“+

\ﬁ

Using |a| = 1, we get the estimate for all neN

Vi ol = =~ Vi +2).

This gives us a(p™) > 0 for all n. To get to /\( ), use L(s, F,spin) = ((2s — 2k +
4) > A(n)n~*, to get

A(p™) a(p™) 1 a(p"?)

(pk=3/2)n - (pk=3/2)n o ];(pk73/2)n72
for n > 2 and A(p") = a(p") for n =0, 1. Hence, we have

<p2(3/3) VB =l = (p+ DV = VB((1= )@ ) o )

> (p+1)vp" - \/13(n+2)-

This immediately implies that A(p™) > 0 for all n > 0, and hence, A(n) > 0 for all n € N.

Exercise 5.9: Substituting the Fourier expansion of F', we get

/F(ZY) det Ys—3/2dY — /det Ys—3/2 Z A(T)e—Qﬂ'Tr(TY)dY
Ro Rs >0

_ Z A(T) Z det Y573/2€7277Tr(thgY)dY
{T}>0 g€GLa (Z)Rz

_ Z A(T) /det YS*3/2€727TTr(TY)dYI
e(T)
{T}>0 Py
This completes part 1) of the problem. Next, note that
det(Y) = y1y2, dY = yidyrdyadys, Te(TY) = tiys + (y2 + y1y3)t2

This implies
/det ys-3/2,-2TX(TY) gy

P

s—=1/2_—ont s=3/2 _omysts —2my2yit
_ / n e 7T1yly2 e eTY2t2 o —4TY3Y1 Zdyldygdyg,

y1>0,92>0,y3
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which gives us part 2) of the problem. Using the integral formulas in part 3), the integral
on the right hand side reduces to

S 2 / -1 —27rt1y1dy F(S T %) 2 P(S)
(2rty) 3_2) V 1 (2mty)(5=2) V t2 (27t
I(s)l(s — 3)

det(T")s
Substituting this in part 1), we get the result of part 3).

N

=2(2m) %7

Lecture 6
Ezercise 6.1: The strong approximation for Sp,,, states that
Sp2n(A) = Sp2n Sp2n H Sp2n
p<oo

Given any g € G(A), we can write it as

9= [1n u(g)ln]g,’

where ¢’ € Sp,,,(A), and u(g) € A* is the similitude of g. Now the exercise follows from
the decomposition of A* given by

= Q" xR} x HZ;.

p<oo

Ezercise 6.2: Write k{, = ®p<ooko p, With ko, € G(Zp). We have

Joo ®p<oo 1= gbg/ooké) = (g@ ®p<oo g(IQ)) (Q/Oo ®p<oo kO,p) = g(/@g:)o ®p<oo g(bko,p

Comparing the archimedean components, we get goo = gpgn,. Comparing the p-adic
components, we get gy € G(Z,) for all p < co. Hence, gy € G(Z) = I',. This gives us
part i). To show well-definedness, suppose g = vgook = 7' g k’. Then from part i), we
have goo = (77 19)g’, and v~ 14/ € T',,. Hence,

(Fllkgoo) () = (Fllk(v~7)g5)(T)
= ((FIl(r)lkgbe) (1)
= (Fllkgse)(1)-
Here, we have used that F||yy = F for all v € T',,. This shows us that @ is well-defined.

FEzercise 6.5: Observe that, since S is assumed to be half integral, fg(n) = 1, for all
n € [[<oo U(Zp). Using the strong approximation of the ring of adeles A, we see that
UA) =U(Q) x UR) x [, U(Zp). Hence, we get the following fundamental domain

U@Q\U(A) ~ (UE@Z\U®R)) x [] U(zZ,)

p<oo
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Recall @ is right invariant under Hp <00 U(Zyp) as well. Denote by Syms the set of
symmetric matrices and P» as the set of positive definite symmetric half integral matrices.
We get

= [ e Y st pax

Syma(Z)\Symz(R)

_ / F(I + X)672m'Tr(SX)dX
Syma(Z)\Symz (R)

= Y A(T)em D / 2T =2 Tr(5X) g ¢
TEP, Syma(Z)\Syma2(R)

_ A(S)G_ZWTr(S)-

Ezercise 6.6: We have
Op, (9)2r(9) = Fi(g{I) Fa(g(1)ulg)™| det J (g, )| >

= F(Z2)F(Z) det Y*
where g € G1, and g({I) = Z = X +iY. Define f(Z) = Fi(Z)F2(Z)detY*. Then f is
I'y-invariant and ®¢(g) = @, (9)Pr,(g). Using the relation between Haar measures, we
get
(F1, Fy) = / H(2)d*Z = / Ds(g)dg = (P, Pry)-
I \Hy, Z(M)G(Q\G(A)

Exercise 6.7: Let f € H(Gp, Kp). By definition of H(G), Kp), f is invariant on double
cosets K,gK,, for g € G,. Since f has compact support, there are finitely many g; such
that supp(f) = U;KpgiKp. If f(9:) = a; € C, then we have

= Z a;char(K,g,Kp)(9).
i
Exercise 6.10: Note that
(X1 X1)( /X1 (xt) X1 (™ Hdt = / X (t)dt
Tp diag(p=1Zy 2y Ly DLy Ly v+ Ly )
B {1 if © € diag(pPZ) Z), -+ LY p 2L LY 1Y)
0 otherwise.

= char(diag(p2Z;,Z;, e ,Z;, _ZZE,ZZT, e aZ;))(fL')'



95

Here, we have assumed that the measure is normalized so that Z; has volume 1. Similar
calculation will show that

Cha’r(diag(prl Z;ame;a e 7anZ;7pr_le;>)< 7pr_T2Z;>;<v o apT_TnZ});))
= XTXTU . X

This gives us the result.

FEzercise 6.12: Let f € Indg”(x) and let go = zla, € Z(Q,). Note that gy € T(Q)).
Then

(7(90)£)(9) = f(g90) = f(909) = |05(90)["*x(90) f(9)-

We have g = diag(u1, ug, - - ,un,ufluo,ugluo,--- ,urtug), with ug = 2% and u; = 2
fori=1,--- ,n. Hence

165(90)[V*x(g0) = |27 2222 27 xo(2%)xa(2) - Xn(2) = (X1 Xn) (2)

Hence, the center acts on the representation by the character X%Xl S X

Ezercise 6.18: Let I',,MT',, = L;I",, M;, with

B pdil "
. R _
M; = [O Di:| and D; = ) )
0 P in
Then the classical Satake p-parameters o, - - , o p satisfy
n
MNT(M)) = ag, > [Tz )%
i j=1

where § is the valuation of u(M). Because of the two slash actions considered, we get

T(M)&p = p(M)"" 1 =RENT(M))2p

n
_ p5n(n+1—k)/2a87p Z H(O‘j,pp_J)dij p.
i j=1
Compare this to the formula for the Satake map to get

n+1)/4—nk/2

b() = pn( a07p and bl = a’i,p f()r 1= ]_7 SN %

This completes proof of i). Using the relation ag’palyp CeQpp = pkn=n(H+1)/2 and the
fact that the value of the central character at p is

R e R e

Since the central character is unramified, it is determined by its value at p and hence, is
trivial. This gives us part ii) of the problem.
The relation by = p”("ﬂ)/‘l*”kﬂao@ and b; = o p for i = 1,- -+, n gives us the follow-
ing relation between spin L-functions.
L(s,mp,spin) = L(s — n(n + 1)/4 + nk/2, F,spin).
For n = 2, we have
A1 — s,mp,spin) = A(1 — s — 3/2 + k, F, spin)
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(—=1)*A(2k — 2 — (1 — s — 3/2 4 k), F, spin)
(=1)*A(s — 3/2 + k, F, spin)
(=1)*A(s, 7p, spin).

Lecture 7

Erercise 7.1: Recall that W acts on the torus element diag(a,b,ca™!, cb~!) by exchang-
ing a and b, or replacing a with ca™' and b with c¢b~!. There are 8 elements in W
corresponding to these actions on the torus. Suppose we consider a Weyl group element
w € W which exchanges a and b and also replaces a with ca™!. Then we have

x“(diag(a,b,ca™t, b)) = x(diag(b,ca™, b1, a)) = x1(ca ) x2(b)o(c)
= x2(b)x7" (a) (x10)(c).

Hence (x1 X x2 X 0)¥ = x2 X Xl_l X x10. Similarly one can calculate for other elements
of W. In this way we get the following 8 isomorphic representations

X1 X X2 X0 Xa X X1 X0 ~X] X X2 X X102 X2 X X] X X10

X1 X Xg M X20 Xz X X1 X X20 = X7 X Xg ! X x1X20

~ x5! x x7! % x1X20.

FEzercise 7.2: Recall that (m,V) is the space of all smooth C-valued functions ¢ on
GL2(Q)) satisfying

a

o[ 24 =l na wia),

Here, we are inducing from the lower triangular matrices and hence the roles of a and b
are reversed. The representation 7 x /2 consists of smooth functions f on G, taking
values in V satisfying

f([A ! ]9):Idet(A)c_1|3/2C|1/2\det(A)|_1/27T(A)(f(g))

ctA-1
= | det(A)c™Hm(A)(f(9))-

1/2,—1

Finally, the representation v~/2n~1 x =123 1/2 consists of smooth C-valued functions

F on G), satisfying

a * *
* b * * _ — - -
F( cal o« 9) = lab?(e|*2|a| 7/ 2n(a)|b] =20~ (b)|c| /2 F (g)
cb~1

= [al' (b2 |e| " n(a)n ™! () F(g)-
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Define the map L : 7 x v1/2 — =121 5 v~ 125 5 12 by (Lf)(g) := (f(g9))(12). To
check that the map is well-defined, we compute the following.

a * * a
x b * * * b * *
whd* Pt e=r T T o
ch™1 ch™1

—labe (x| ¢ @) 12) = b 5[]

= Jabe™ " [la= b n(a)n™ (0)(f(9))(12) = |a|"*[bI>2|c| ' n(a)n™ " (B)(LS)(9),
as required. To check that the map L preserves the action of the group, we have

(9- L) = Lf(g'9) = (f(d'9)(12) = ((g- F)(g)) (12) = (L(g - ))(g).
Clearly L is injective. One can construct a G),-equivariant injective map L:v 21 x

v=125 5 /2 = 7 % v1/2 that is the inverse of L by the following formula. Let F €
v~ 127t x v 12 Y2, For g € G, and A € GLa(Q,), define

(LF)(@))(A) := rdetAr—?’/?F({A tA-l]g»

One can check that L is well-defined and preserve the action of G, by following similar

computations as above. Finally, one can check that L o L =LolL =1d, the identity
map.

FExercise 7.3: We have

1 Yy ook 1 Y 1 y ok

rx 1 *x x% r 1 x r 1 *x x
W T 9= o) =t R EO

1 1 1

= Y(c1x + coy)l(m(g)v) = P(c1z + cay) Wi (9g).

Exercise 7.4: Define £ : W(m, ¢, ¢,) = C by

W) = W(1).
Then, we can check that
1 Yy % 1 y o ox
rz 1 % % rz 1 % x
(e W) = N DLLGTEY

1 1

1 Yy

1
=w(|" ] D) =vlertenw()

1

= YP(c1z + cy)l(W).
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Hence, ¢ is a Whittaker functional. To see that it is non-zero, take 0 # W € W(m, ¢, ¢, ).
Then there is a g € G} such that W(g) # 0. This means that (7(g)W)(1) # 0, which
gives us {(m(g)W) # 0.

Ezercise 7.5: Let 0 # ¢ € Homy (q,)(7,%1,1). Define £, ., by

C2
cic
661762(0) = 5(7( . 1 )U)
01_1
Then 0 # 4, ¢, € HomN(Qp)(w, Yeye0)-
Ezercise 7.6: This is direct computation.
FExercise 7.7 We have
Ly p"Lyp Ly Ly —p" Ly —D"Zyp =P "Ly —Lyp
Ly Ly Ly p "Zp| 1 _ Ly Py Ly Ly, 1
n Ly p"Ly Ly Ly Tn "Ly "Ly "Ly Ly In
Ly p"Lp Ly Ly
| %y Ly Ly p "Ly
| Zy PZy  Zy Ly

'Ly p"Lp PZLp  Zp
Hence, 1, K (n)n, ! C K(n). Let v € V; such that 7(k)v = v for all k € K(n). Then, for
every k € K(n), we have
(k) (m(nn)v) = 7 (nn) (7 (0, kpnJv) = (110,

as required.

Ezercise 7.8: Let T = char(K(n)gK(n)) and let K(n)gK(n) = U;giK(n). Then the
action of T on v € V/(n) is given by vol(K(n)) ), m(g;)v. Hence, for any k € K(n), we
have

(k) (Tv) = 7(k)vol(K (n)) Zw(gi)v = vol(K (n)) Zw(k'gi)v
= vol(K(n)) Z m(gi)v="Tv

since {kg;} gives another set of coset representatives for K(n)gK(n)/K(n).

Exercise 7.9: We will use the defining property of the induced model for m = x1 X x2 @ o,
namely,

a * *
fo(l” b ca*_l I k) = |ab?||c| =3/ 2x1(b)xa(a)o(c) fo(1),
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for k € K. In particular, we have fy(1) # 0. We also know that, if K,gK, = U;g; K,

and T = char(KpgKp), then (Tfo)(¢") = >, fo(¢'9:). Since V% is one dimensional,
we know that T'fo = A(g)fo. To find A we evaluate T'fy at 1 (using the non-vanishing
of fo(1)). Using the single coset decomposition given in the lecture notes, we get for

g = diag(p, p,1,1)

A = |p”llp| ™ *x1(p)x2(p)or(p) + plplIpl~**x2(p)o (p)
+1pl 720 (p) + P2IP? I~ *x1 (p)or (p)
= p*?(x1(p)x2(p)o(p) + x2(p)o(p) + o (p) + x1(p)o(p))
= p*20(p)(1 + x1(p)) (1 + x2(p)).

Note that we have |p| = 1/p. Using the single coset decomposition for g = diag(p, p?, p, 1)
given in the lecture notes we get

2721 (p)X3 (p) o (p)

p = p*lpp*llp* 1723 (p)x2(p)o” () + P 1p°Plp
+ oIl 1P* 7 x1(p)o® (p) + IplIp?] " *x2(p)o (p)
+ (0 = DIpp* |7 x1 (0)x2(p) o (p)
+p(p — Dpp? 10|~ x1(p)x2(p) o’ (p)

=p*(x1(p) + X7 (p) + x2(p) + x5 ' (p) + 1 —p2).

We have used x1x202 = 1 here.

Exercise 7.11: This is direct computation.

Lecture 8

Ezercise 8.5: We see that £% = %12. Hence, F'(§) is a quadratic extension of Q. Once
again, the relation fg = %12 tells us that the map is an isomorphism from F'(£) to

L = Q(vd). The details can easily be checked. Let g = [Z}ﬂ € GL2(Q). Then

‘9Sg = det(g)S can be rewritten as ‘gS = det(g)Sg~!. This gives us

(| PSR PR [

Comparing the components of the matrices on both sides, we get
ua +bw/2 =az —bw/2, ub/2+ wc=ub/2—av, bv/2+ zc=—bv/2+ cu.

Hence, we get we = —av and (u — z)c = bv. If we set we = —av = —acy and u+ z = 2z,
then we get

lz+by/2 ye
- —ya x—by/2]|’

which is an invertible element of F'(§). Hence, we get T' = F'(§)*.
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Ezercise 8.4: Let t =

Hence, we have
Ot 'ut) = (Tr(S det(g)g ' X g ")) = 9 (Tr(det(9) ‘g 'Sg~"' X))
— B(T(SX)) = O(u).
Here, we have used the definition of T'. Hence, we have
(A®0)(ut) = (A®0)(tt  ut) = A)O(t  ut) = A(t)0(u) = (A ® 0)(tu).

Exercise 8.5: This follows from a straightforward change of variable in the integral defin-
ing B¢.

Exercise 8.7 This follows exactly as in the case of the Whittaker model discussed in the
previous lecture.

Ezxercise 8.8: Follows from the definitions.

Exercise 8.9: Since ®p is right invariant under Ko = Hp K,, we can see that Bg,. is also
right invariant under Ky = Hp K,. Since B, is the restriction of Be, to G, we see that
By, is right invariant under K.

FEzxercise 8.10: We have
GSps(Qy) = || R(Qp)hy(l, m)K,.

1€Z,m>0
Write any g € G as g = rhy(l,m)k with r € R(Qp) and k € K,,. Then we have
By(9) = Bp(rhp(l, m)k) = (A ® 0)(r) Bp(hp(l, m)).
This shows that B, is completely determined by its values on hy(l,m) for | € Z,m > 0.
Next, take X = [z Z] € My(Zy). We have

Bylhom)) = Byt | ) = Byt | 1.0 g0
1 p2m+lx pm—l-ly
(| YR )
1
B p2m+lxpm+ly
= ool D Y Byt m)

= o (pP " ax + p" by + plez) By(hy(l,m)).



101

Now, suppose [ < 0. Since ¢ € Z, and conductor of v, is Z, we can find a z € Z;, such
that ¥, (p'cz) # 1. Take such a z and set z = y = 0. Then we get

By(hy(l,m)) = wp(plcz)Bp(hp(l,m)),
which implies that By(h,(l,m)) = 0.

Ezercise 8.12: Let us drop the subscript p. The above recurrence relation is equivalent
to the following identity between generating series,

l
> B(h(l,m)a™yt = Y Y p T B(h(0,1+m — i)™y (52)
l

1,m>0 ;m>0 1=0
By Sugano’s formula, the left hand side equals
H(z,y)
P(x)Q(y)’

where H, P, are defined as in Theorem 8.11. For the right hand side of (52), we
calculate

LHS =

oo 00 l
RHS =Y Y > p'B(h(0,l+m —i))z™y
i=0
= Z Z Zp*iB(h(O, I4m —i))z™y
= Z Z Zp_iB(h(O,lem))a:mylH

"1 _;—1y mZ:O ;B(h(oaﬂrm))xmyl
1 > .
Ty ZO 2 B,y
1 > pI+l it
=T,y ;0 B(h(0.) ——,
1 s > o
T -y <“”“ZO B0, )’ —yZO B(h(o,myﬂ)
_ ! <$ H(r,0) _ H(y0) )
(1-ply)(z—y) " P(x)Q(0) “P(y)Q(0)
_ 1 <xH(SU,0) _yH(y,0)>
(I=py)@-y) \" P Ply) )

Hence, (52) is equivalent to

(L= — ) H(w,y)Py) — Q) (+PW) H(2,0) — yP(2) H(y.0)) = 0. (53)
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If one of the Satake parameters is p*/2, then one can verify that (53) is satisfied.

Exercise 8.13: Follows from Theorem 8.11, and the definitions of =; and the local L-
functions.

Lecture 9
Ezercise 9.4: Since g is unramified at all finite primes, so is II4. Since Il is assumed to
be a constituent of a globally induced representation from a proper parabolic subgroup
of GLy4, the inducing data has to be unramified at all finite primes as well. The 4

possibilities of proper parabolics of GL4 give us the following 4 possible factorizations of
the L-function L(s,Ily).

L(87X1)L(57X2)L(570)7 L(S701)L(8702)7 L(‘SvX)L(S’T)

L(Sv Xl)L(Sv XZ)L(Sv X3)L(87 X4)
Here, the x's are characters of A*, ¢’s are cuspidal representations of GLg(A) and 7
is a cuspidal representation of GL3(A). Note that these representations are unramified
at all finite primes. In particular, the characters are all trivial. Hence, whenever we
have a L-factor corresponding to a character, it contributes a pole at s = 1, which is
not cancelled by any zeros of the remaining terms. Note that L(s,Il4) is entire since F
is not a Saito-Kurokawa lift. So, the only remaining possibility is L(s,o1)L(s,02). For
this case, consider the L-function L(s,II4 x 61) = L(s,01 x 61)L(s,02 X 61). Since 61
is unramified everywhere, it satisfies the hypothesis that it is unramified for p|d. Hence,

L(s,II4 x 1) is entire. But we know that L(s,o;1 x &1) has a pole at s = 1 which is not
cancelled by a zero of the other term. Hence, 114 is cuspidal.

Ezercise 9.5: For part i), we have

L(s, 71, A%) = [ [(1 = epap™) 7t = [T =) 7" = ((s)

p p

and
L(s 7. 5ym?) = [T (0 - a2 )1 —p~) (1~ a2

For part ii), L(s, 14, A?)
=TT (1= B3up™)(1 = BBbap™*)(1 — b3brbap ™)
p
-1
(1= Bbibap™) (1 = B3bTbap™*)(1 — B3bab3p ™))

T (00507 = b9 )1 = p*) (0 = p™*)(1 — bip™)(1 — b))
(

-1

TT(0 50 — 570 —p™) (0~ )@ — b)) [[(1 -5
=L(s,mp,std)((s),
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as required. Here, we have used bgblbz =1.

FEzercise 9.6: We have to consider I'(s) and I'(¢ — s). From the first one, we see that we
have a pole for all non-positive integers. And from the second one we get poles for all
integers greater than or equal to £. The only remaining ones are integers m satisfying
0<m< /.

Ezercise 9.7 The gamma factors involved in this case are I'(s + &), T'(s + £ — 1) and
I'(s+ %) Hence, we want to find integers m such that none of the 3 gamma functions
above have a pole at s = m. In addition, I'(1 — s+ %), Nl—s+ % —1)and I'(1 —s+ %)
do not have a pole at s =m. We can see that I'(s + £)I'(s + & — 1)T'(s + 2£) has poles
exactly at integers m < —k/2+1. Similarly, ['(1 — s+ 5)[(=s+ %)I'(1 - s+ 2) has poles
exactly at integers m > k/2. Hence the set of critical points is the set of all integers in
the interval [f% + 2,% —1].

Lecture 10

Ezercise 10.1: By direct computation.

Exercise 10.2: Substitute the definition of the Eisenstein series in the integral, and use
the relevant double and single coset decompositions to get

Z(s: 1, 8)(g) = / E((h,g). s, )d(h) dh

Span (F)\ g-Spay, (A)

_ / > f(hg).s)6(h) dh
$Da (F)\ 95y, (4) 7€ n(FN\Gan (F)
_ / S H(@7 (hyg). 5)(h) dh

SPay (F)\ g:Spgn(a) "0 1

= ZZT(S; fa ¢)
r=0

FEzercise 10.4: Suppose p1Qny1 = p2Qny2 with p1,pa € Py, (F) and v1,72 € Tan(p™).
Then Q,‘LlpglplQn € I'4n(p™). Hence, we have p2_1p1 € I'yn(p™). Now, well-definedness
of f follows from the right-I'y, (p") invariance of f, and the fact that both x and dp,,
are invariant under I'y, (p™).

Exercise 10.5: The leftmost zero in the numerator is z = k — 1 — j — 2i for j = n and
i=(k—ky/2—-1,1ie,z=k,—n+1 Hence, if t <k, —n then we do not have a
zero. Also, for t > 0, the denominators are all positive integers. Hence, we get the result.



104

FEzercise 10.9: For a prime p t M, let the Satake p-parameters of m be given by
app, 1 p, @2 p. The L-function condition implies that
3 -1 -3
{@0,p: 0,pa1,p, Q0 pO2 p, 0 pO1pa2p} = {ap7ap’ap ) A }

Using a% 1 pa2p = 1, we see that

{a1p, ai;l;v Q2,p, O‘izl;} = {0%22’ O‘;27 aé, a;4}.

This gives us the result.
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