
Special Examples - Parametrizations

① Circles .
For constants R >0

, Xo , yo the parametric equations

C :{
✗ = Rosal + ✗o

y
= Rsin (f) + yo

describes the circle of radius R centered at Koryo) which has

rectangular equation (✗ - xo)
-

+ (y
- yo)2=B? ( check this by

substituting ✗= Rcostltxo and y = Rsinltltyo into the rectangular equation .)
The motion described by the parametric equations goes

counterclockwise

and goes once around the circle in each time interval of length 21T .
The speed of the object at time t is

slt)=(¥j+(¥#=-Rsintj+CRcost)É = OF = R

which is constant .

To traverse the circle clockwise, you could replace
t by -t in

the above getting
{
✗ = Roos (t) + ✗ 0 because cosc-tl-cos.tl

y = -R sin (f) +yo
and sin C- t ) = - sin (f)

Note Well ! This is only one of many,many other parametrization s of

the circle (✗-Xo)'t ly- yoj=Ñ .
But if you have to choose one of

these parametrization to use
,
this is probably the one you

would want
.

E×ample_ This parametrization suggests how to work with ellipses also .

For instance
,
the ellipse 25×2 + 4

y
'
= 100 has parametric

equations {
* = 2 cost

y
= 5 sint

0 It ± Zit



② Lines .
If a-1-0

,
b
,
xo
,yo

are constants then

l :{
✗ = at + ✗ o

y = bt + yo

describes a nonvertical line l in IR? This line goes thru (Xo ,yo)

(when t=o) and (✗ota, yotb) (when C- =L) and has slope bla .

A rectangular equation is y
- yo = Efx- ✗ol

,
which can also be written

with the form y = ¥ ✗ + 90¥10 or by ay - b✗
= ayo - bxo .

The speed of this motion is s (f)=ÑÉtÑ = uÉ so the

object is moving with constant speed .

Est

t = 0 1- =L C- = 2 C- =3

1-= -2 -1=-1
, 1mi s f

c l l 1
( ✗ o, yo

)
(✗0+940+5) ( ✗otza, yotzbj

(Xo - a
,yo
-b)

So this parametrization amounts to identifying l as a number line in
which

the unit leg thisME .

'

Note well !
-

The same line l ca- be identified with many ,many different

number lines by re choosing the unit length and/or redressing the

"

origin
" (point when t=o) . So one line l has many different parametrizations

of the form described here . On top of that there are many parametric

descriptions of l that don't have constant speed .

examine

In section 12.5
,
we will

,
these parametrization of

lines more thoroughly.



" Graphs of Functions .

The graph y=f(x) of a function f-G) can be parametrized by :

f *
=t

C :

y y = f-(t)

since d%+ =\
,
the object described by the equations has constant

""""" ""& £" ""

?
"°
" """" "° """ ""d "

time t is

sits=T¥+ÉÉ=TFfF

moving slower here

I 4=-11×1

✗

moving
faster
here and>
here .

Note Well ! This is only one of many ,many other parametrization s of

y = fcx) ( a curve that satisfies VLP ) . But if you have to choose one of

these parametrization to use
,
this is probably the one you

would want
.



polarcoordiu.at#

Any point P in the ✗y
- plane can be located by specifying :

(1) Its distance realist (O, P) from the origin , and

G) The angle -0 from the positive x-axis to the ray
OF

.

We say that the
ordered pair (r,G) are pqldit for P .

y

p >
OF

•

o.IO
>✗

With polar coordinates there are some
"

non - uniqueness
"
issues

to be aware of :

ci ; The angle -0 is only unique up to integer multiples of zit
.

• e. g. P = (r
,
8) = (r ,① +21T) = (r, -0-21+3=4,0-+6it) , etc .

eii) we sometimes interpret r as
"

directed distance "

meaning
that it could be negative . (In this case think of moving
"

backwards " along OP→ to get to Cr
,
Q)

. )
• fir

, ) = ( r, ② + it ?
Ciii) When P is the origin,

the angle ① doesn't make sense

• That is
,
the origin 0 equals (QQ) for any value of ⑦ .



Relationship between rectangular and polar coordinates :

y

Play >
OF

✗
••¥.

0
•

TO
to >

✗

From the right triangle AOQP we see that

cos -0 = I÷= ¥ and sin② = °nP÷ = f- which shows that

'

✗ = r cos ②

{ y = r- sin
So these equations show how to determine the rectangular
coordinates of a point from its polar coordinates .

Exainpe The point with polar coordinates (3
,
%) has

rectangular coordinates (3 cos
,
3 sin ) = (3,35-3) .

E×ampte_ The point with polar coordinates (3,10) lies

in the third quadrant because ✗ =3 costco) and y =3
Sinko)

are both negative .
You could also see this by observing that

3 IT < 10 < 711-12
.


