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Geometry of a Curve C - key constructs

C : ñ=r ( t ) = ( Fct) , gct) , h (t)>

Ñ ' (t) = f f ' (f) , g
'
(t), h'(f)> = velocity

IF
'

(f)I = (f- 'Ltl ' + g
'

CH
'

th
' Iti)
"

= vct) = speed

Ict) = ¥+, , Ect)
= unit tangent vector

Ict)
-

TT '

(t) I

Klt) = l¥¥¥ = curvature

ÑCH = ¥µ,
I ' (f) = unit normal vector

B- (t) = Ict) ✗Ñ (t) = unit bi -normal vector

CAUTION: Must watch out for cusp points !

① Both It to) and K(to) are only defined for
values 1- = to where i ' (to) =L 8

.

② Both Ñ ( to) and Ñ (to) are only defined for
values 1- = to where I ' (to) =L J

.



comments
-

C) To determine an attribute of a curve C : F-- THS
at point P where C- = to

, you first
need to work

down the list of key constructs for an arbitrary t
and then plug in 1- = to . Specif i ally
• To find tangent line at P , determine F

'

it) then

plug in t = to .

• To find curvature at P , calculate I
' Lt)
,
vlt
,

TCH
,
I'Ctl

,
It ' All

, kltf
,
then plug in 1- = to

• To find osculating plane , determine ÑYH ,v41 ,-1-11-1 ,
F'Ctl

,
It ' 11-11

,
,ÑHI
,
ÑHS - then plug in 1- = to

Lii) In working down the list of key constructs for a
curve C successive computations often get complicated .

At each stage make an effort to simplify the result
before moving to next stage .

E.G- See example on page 4 of Notes-12,3 .

Ciii) Watch out for cusp points .

E.G. - In problem 5on exam 4 , if P is chosen to be

the point where t=0 then Ñ
'
co> = -0
,
and there is a

cusp at P . On this exam,this would suggest
re-choosing P to be a point on C where É ' [to) =/ 8 .

£ Read the discussion of this given in the posted
solutions for F- ✗am 4

.



MoreCommeutsonExam4_
Questions # 1 and #3 involve very important basic

problems that need to be well understood .

# Faet_ Two non- equal points uniquely determine a line .

protein : Given P 4- Q find equations for line l containing them.

appiraach: use ÑQ as a direction vector and P as a point on l .

#Fa Three -non-collinear points uniquely determine a plane
p.pro#em:Given non- collinear P

, Q, R find equation for plane p .

approaoh:_ Use ÑQ ✗ÑR as a normal vector and P as a point on p .

c-
more general

:
If ñ andI are vectors parallel top thenñÑ is a

idea normal vector for p .

There's another approach that can be used for # 3 :

exainpe Find an equation for plane thru ( 1,0, 11 , C- 1, 1,0) and (0/1,1) .

solution suppose A-✗+By 1- Ct +D=0 is the desired equation . Then

At C + D = o ←because (×
, Y, Z) = ( 1,0, y is on p ,①

{ - A + B + D=0② ← because C- 1,0, it is •up .

[ ③ Btc +D= 0 ← because (0,1, e) is on p .

now solving these equations simultaneously results in :
B. = A

,
D= O

,
C = -A

Sop has equation A ✗ + Ay - Az= o ⇒ p : ✗ + y - 2- = o



F- ✗am 4 comments
,
continued
-

A1wa# look for ways to check your answers !

example We determined that ✗ + y - 2- =o was an

equation for plane containing 11,911
,
C- 1,401, (0,1, 1) .

check (1,0, 1) : (1) + ( o) - (1) = 0 ✓

check C-1,1 , 0) : C- 1) + (1) - 0 = 0 ✓

check ( Q1, 1) : ( o) + (1) - (1) =
0 ✓

If you're unsure how to solve a particular problem try
to reduce it to a problem you do know how to solve :

Probtem Find an equation for the plane p containing two
given parallel lines l and l' .

possibleapproach-useg.ve descriptions to determine
two points Pt Q on l and a point R on l

'
.
Then

p is the (unique) plane containing P
,

Q a-d R . Now

solve the problem by finding equation for plane
thru P ,Q and R .

Q > l
p •

•
> l
'

a
•

r
<



S-urfacesin3-space-cprim.org object of study in calculus 4)

The graph in 3-space of an equation Flx, u, 2-1=0
of three variables consists of all points (x, y, 2-1
for which the equation Flx, y, 2-1=0 is true .

Typically this will be a surface in 3-space
lie- a 2- dimensional set) .

F-xample.siThe graph of A ✗ + But C 2-+D=o is a plane
in 3-space (provided that at least one of A, B, C
is non - zero ) .

② The graph of ( x-25 + (yn)
-

+ Cz-35=25
is a sphere . Specifically its the sphere with
radius 5 centered at C2

,

-1
,
3)

.

explanation The distance from La
, y,z) to 12

, -1,3) is

fÉ+y+É¥5 , so the described sphere consists
of all points where this distance equals 5. Squaring this

equation gives 1×-25+(4+1)
'
+ ( z -35 = 25.

0bserve_ If we expand this equation we get

✗at y
'
+ ZZ - 4×+2 y

- G z - 11 = 0 .

It wouldn't be so
easy to recognize this as a sphere .

( unless you complete the squares) .



Both examples① a-d ② are special cases of a more
general family of surfaces described in Chapter 12 .

A qaadrics-vrfa.EE (also called " quadratic surface " ) is

the graph of an equation Fair, 2-1=0 where Flay ,z )
is degree 2 polynomial in 3 variables ×, y,E .

This means that a quadric surface has an equation :

AÑtBy+ Cz' + Dxy +Exz + Fyz + Gx + Hy+Iz +5
= 0

linear terms constant¥É
-w

(degree 1) term

the possibilities for these surfaces seems daunting ,

but it can be shown that there is a short list

of possible types that these quadric surfaces
can have

.

To describe this its best to first
examine the analogs in 2- space .

In the xy - plane a conic section is the graph
of an equation gcxqj =o where gcx, e) is a degree
two polynomial in 2-variables ✗ andy :

Ai +Bxy + Cy- + Dx + Ey +F = 0
- -

degree 2 linear constant



①← Correction the focus for this parabola
y=cxZ is (0, -



Probtem : For a > 0 and b > 0
,

The graph of the polar coordinate equation

f =
at boos-0

is a conic section .
Which type is it?

To answer
,
let's convert to a rectangular equation :

r =
←

atbcoso
⇒ ar t b - cos Q = c

⇒ aFÉtbx=c ⇒ aFtt = c-bx

⇒ a-city)= Cc- bxT= d- 2b ✗ + 62×2

⇒ ta - b' )Ñtay
- +26×-0=0

Then B
'
- YAC = 0-4 (a:b ' ) at which is

negative when a> b

{ 0 . when a=b

positive when a- b

ANSWER Ellipse when a> b

| Parabola when a=b

Hyperbola when a< b


