
Vector Functions and Cur.÷:*: s in 3 -space

A curve C in ✗yz -space is described by a parametrization
scalariform : ✗ = f-(f)

C:{ y = gets
z = h (t)

or in vectorform_ :

C : Fct) = SHH,gct, hct>
= flt? + gets + HAJI

(Ect) is called a
'vector function')

1- either form the curve C consists of all points (fctlg It,hlt )

for all possible values of the parameter t .

It is useful to think of the equations as describing the
motion of an object in 3- space which traces out the
curve C. (At timet the object is at Cf CH,gal,hct) . )
Then

I ' (t) = (¥
, ¥ ,¥) = (flt, g

'CH
,
h
'(f)>

= velocity (vector) of object at time t

The rector F'Cto) is a direction vector
for the line tangent to the curve C
at the point P where C- =to .

Also the speed of the object at time t is

speed (t) = tr ' (f) I



By integrating the speed we can determine how far the

object has travelled over a time interval [a,b]
b

Distance travelled
fromt=a to t=b

= fa tr 'Ctldf
If the object does not retrace a portion of C from time
t=a to time t=b then this determines

'
arc length

'

L:c) = fair 'ct)dt
f-a > C

ÉÉ=
are length LÉ (c)

Examptes
H C : Elt) = <3 , -2,- 1)t + 4-40,77=431--1, -2T, -1-+7>

⇒ Ñ '
(t) = {3

,
-2
,
-1> ← Object has constant

velocity !
speed (t) = (3- + f.2.5 + 1-i.2)

" Z
=.

Th
. arc length of. C between P C- 1

, 0,71 (where 1- = 0) to

Q = ( 14
, -10,2 ) (where 1- = 5) is

LCRQ :) SEE it = FET / É 5-F4

Interpretation This curve C is a line l with direction vector 43,-2,1>

514 t=i t=z
-1=3

1=4
-1=5 y,

y
y

←
⑧

Qt=°p€f_ Tee = <3
,-2 '>< •



(2) C : Fct) = (cost , Sint, 3T> helix !

F ' (t) = {-Sint
,
cost , 3) I

object has constant
speed but not constant

velocity .

speed 11-1=17441 = ( c-sinti+ cost )- +5)
""
= To

Length of C from P = ( 1
, (whereto) to Q=(-1,991T)

(where t --31T) is

Éj(C) [
*

Fo dt = 35101T

f- r 1/-19 class notes :

Note : Each point (cost, sint, 3T) on C satisfies

the equation ✗2+42=1 . The set of all points

satisfying ✗2+42=1 is a cylinder in 3- space
whose axis is the z-axis

.

ntt I
i

← ñ+ñ=i

I

intersection
, ,

with *g-plane
is a circle

✗
<

← curve C is a helix

(2--0)

I 1

!
: i



(3) É : Fct ) = ( c- cost
,
tsiut

,
3T >

Find the arc length of C from origin 0=(0-0,0) (where

t=o) to Q= (→ it
, 9,91T ) @here 1-

⇒it) .

Use the product rule to determine velocity :

F'(t) = {cost - ts.int/sint+tcost,3 >
and speed :

IT 'A) f- ( (cost -1-sinti + (sint + 1- cost)
- +32J

"

= ( cost + tsiit + sift + tacos f) + 9)
"<

= It

so arc length equals

LQ (c) = ¥ME dt trig substitution :
0

←

1- = To tan -0
*

10sec
>
⑤ do 10+1-2=10 see> D-= )t=o dt = to seeQ

integration → 31T

by parts, or = 10.1-a (seco-tano-tlnlseco-ttau.lt//+=o
table look - up .

= 51¥59"¥o tent + ¥11
right

= 5C + ln(¥÷t3T)) triangle
analysis

FEE +

→

secQ=ha¥-=T¥F
← )Otano= t.ro To



m-F: C : Fct ) = ( c- cost
, tsiut,

3T >

Any point on C has the form Cay ,z1= ( 1- cost , ts.int/3t ) . So

✗
'

+y
'
= tacos't + t-sift = t- (siittcost) = 1-2--15-5 = 2-79

This shows that the curve:÷÷÷: C lies on the surface with

equation 9×2+9,2 -2-2--0 .

What does this surface

look like ? e-Will return to this question in a later class .

t
it:S a cone


