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Lines in 3- space

Each line l in Xyz- space has a parametrization :

✗ = at + ✗ o
l :{ y= bt + yo

2- = Ct + Zo

for some constants a ,b, c and Xo, yo , Zo .
The vector

d-g- (
a,b, c} is called a dir-E-e.ir for l (

it is

parallel to l) .

The point on l where t=0 is (Xo, Yo, Zo) .

or write this as :

A ✗ +By + G- =-D
Planesin3-space_

Every plane p in 3-spa€as an equation of the form :

p : ✗ + By + Cz +D= 0

(called a
"

linear equation with 3 variables
"

.)

The vector Ñ =L A
,
B
,
C > is perpendicular top ,

it is called a normed vector for p .



importantiufol.IS/-rategyfor finding scalar equations for a line :

① Find a point P=(✗o, yo, Zo) on l .

! Find a vector Ñe= { a , b. c) parallel to l
(
"

direction vector " 1

Then equations for l are :
✗ = at + to

l :{ Y=bt + yo
z = et t 2- o

strategy for finding the equation of a plane p
① Find a point P=(✗o, yo, Zo) on p .

! Find a vector Ñp= { a ,b, c> perpendicular to

p ( "normal vector " ) .

Then an equation for the plane is

p : A (x - ✗ o> + Bly - yo) tccz - za = 0



E×ample_ : F- Ct
,
1
,
3)
, p

: 2×+7
, -2 2-

= 56

② Find equations for line l thru P perpendicular to p .

⑤ Find point Q where l intersects p .

⑨ Find the distance from P to Q
.

⑥ ! P = C- 1,1 ,3)

Ñe=Ñp = { 2,7 , -27

{ ¥1 , solve fort
2- = -2T + 3 É

⑤ 2 (21--4+7171-+1) -2 (-21-+3)=56

57 t - l = 56
,
57 t = 57

so Q = ( 1,8 , 1)

⑤ distcp.at = FÉÉ+Ñ -

= is

Interpretation
The point Q is the

" foot of the perpendicular from P

top ! It is the closest point to P on the plane p .

The distance from P to Q is the shortest distance

from P to the plane .



AslDE_ This approach can be used to find the
distance from any point

to any plane, as follows :

Distance from P=(xo.no , 2-a) to p : A ✗ + By + G- =D ??

✗= At 1- Xo

④ l :{y = Bt + yo is line 1- top thru P .

z = Ct +Zo

④ A CAT + ✗a) + BC Bttyo) # cat + Zo) =D

⇒ (AZ + B
'

+ d) t =D - (Axot By.at (Zo )

⇒ € = D-m-a.IE?;;.tcti'--- to
t for convenience

Q = intersection of l and P
= ( Ato + ✗ o

,
Bto +yo , [f.+ zo)

Just callthis to

② distcp
,
Q) = fcttots-CBt.it ( Ctrl)

"

= (A'+ B. + it
"

Itoi = lA'¥¥÷¥_☐:÷
= shortest distance from P top .



important info to remember ! !

Two lines in 3- space are either :

① equal
② parallel but not equal
③ intersect in one point

④ skew

note : In cases ② and ③ there is a unique plane
-

containing the two lines .

Two planes in 3 - space are either :

① equal
② parallel but not equal
③ intersect in a line

nets : In③ ,
the cross product of normal vectors for the

planes is a direction vector for the line of intersection .

A line l and a plane p satisfy one of :

① l is contained in p
② l is parallel top but not contained in p

③ l intersects p in one point
TETE : In ① or ②, a direction vector for l
will be perpendicular to a normal vector for p .



Exampte The two lines

l
, :{
" 5+-3

1=-1-+1 la :{ 4=4++52- = -t +1

intersect in one point .
Find an equation for the plane p containing l, and la .

Use previously described strategy ! !

! Find point of intersection of l
, adlz .

C- 3
, 1,11 5T -3 = 3s

( - t + I = 4s +5)
-t + I = - s

Find Ñp .
Take Ñp =Ñeide

.

Ñp = ( 5
,
-1 , -1> ✗ (3,4

,
-1>

=/ T J
E

1
5 - I - I / = 5T +2J c- 23 É
3 4 - I

p : b-( ✗ - f -3)) + 2 ( y- Y +2312--4=0

5 c- c-Zy +23 2- - I 0 = 0



A curve C in Xyz - space can be described by
parametric equations :

a :{ : ¥
,

•⇐⇒
y = g (f)

Think of these equations as representing the motion of
an object in 3- space which is located at the point

( ✗(t) ,act , Ht)) at time t .

It is convenient to express these equations in rectory -

C : Flt) = { flt
,
gas ,hct)> , a±t<_b

This allows usto use vectoroperations and to take

derivatives :

F
'

(f)={f-
'
(t)
,
aft) , h

' (t)>

This derivative can be described as :

F' It = him I / ñltoths -ñlto)) .
.

h→o

= velocity at time to



Fact If wethink of Fct)=L✗(t)
, y 11-1,2-(1-1) describing the

motion of an object along a curve C, then the velocity
at time t --to is F

'

Ctol
, and this is a vector tangent
=

to C at the point where 1- = to .

Also
,
the speed of object at time to is

s(f) = IF
'

(toll = x'Cto5+yEto5+zYto)É

Why The displacement of object overtime
interval between to and tothis ICtoth) -ñ(to)

t÷÷÷É
the velocity overthat interval is ¥@ Hoth)

-ñlto)) .

Taking the limit as h→o gives the
"

instantaneous

velocity
" at time to as Tyto )

.



Example_ The curve associated withthe vector function

f-(f) = td +To = t < a,b, c) + <Xo , yo , Zo)

is a straight line and

F'(f) = d- = <a ,b , c>

So these equations represent the notion of an
object in 3- space with constant velocity .

Note : Having constant velocity is a much stronger
condition than having constant spend .

Having constant velocity guarantees the object
is moving along a straight line .


