
Which can be solved using ratio test ?
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• The ratio test would be thefirst choice for :

# 8
,
9
,
13
,
17
,
25

• It could also be used with for :

# 5,6, 10 , 14,15, 32,37

(But in these problems other tests are easier .)

• It would be inconclusive (that is, useless) for determining

convergence
in the remaining problems .



A power series centered at a has form

f-G) = Cn (✗ - a)
"
= cot Cicx -a) + czcx-al't czcx -apt . - -

n = 0

It defines a function fcx) whose domain is an interval I

with endpoints a- R and at R
,
where RZO is the radius

of convergence
of the power series .

example_fCxj-I.nl.xnn-oy@tDt-Cntd.n !
l%e = "¥!¥ = (na) 1×1 → • (when ✗ to)

n→oo "

L

since • 41 , the series diverges for every ✗ =/ On

⇒ R c- 0
,
I = { 03

=
A familiar

-

fcxl = ¥
.

example
function ?

÷÷=¥i¥=:÷÷o=i
so series converges for all ✗ ⇒ R=o, I = (-0/00) . = IR

Question : Which functions fcx) can be expressed as

fcx) = É Cn (x- a)
"

where R > 0 ?
n=O



someexai-up.es All of following have R =L, a= 0 ,

① f-G) = ÷ =
É ×" Geometric
a- 0

so

② fcx) = ¥×- = ×
" Ix

"

= ③ ✗
"+4

= ③ ✗
n

n=o n=o n=4

use
①
I •

③ fcx) = ¥ = ¥5 = I C-✗4=-721-15×2"
n=o n=o

= I - it ✗4 - ✗
•
+ . - .

zntl

④ J¥dx= ( + ✗ - ¥ + ¥ - I + . .
= ( +It'5¥

④ 7
n=o

N

⇒ arctancx)= -21-15
n = 0

④ This uses
"

term - by - term integration
"
.

note : In examples ①,②,③, I
= C- 1,1) .

But in ④
,
I = C- 1

,
I]

.

So putting ✗=L in ④ gives

= arctan (1) = I - 5- + f- - f- + & -- - . .

→ use this to approximate it .



•

theorem If fcxl =¥;Cn(✗-a)
"

has radius of convergence R> 0

then fkx) and Sfcx) dx can be expressed as power series
with same radius of convergence R :

f-
'

G) = ③ n Cn (x-a)
" '

= c
,
+ Zczcx-a) + 344-ait - - -

n = I

ffcxldx = Ct-2¥, (x-a)
"+ '

n = 0

= C + co (x-a) + E- (x- at + ¥ (x-a)
>
+ -- .

(called term-by -term differentiation and integration .)

as

R=o
Exainpe fcx) = Ef ¥

.

Revisited)

= 1-
+÷ + + ¥ + ¥

.

+ ¥1
.

+ - - -
0 !

= I + ✗ + + ¥ + + + . . .

⇒ f '1×1=0+1 + ✗ + E- + ¥ + ¥ + -- '

= f- (x )

⇒ f (x) = Ce
✗

and I = f-(o) = Ceo = C

00

Condude_ : e
✗
= 2 In

n=o
n !



f- (x) = Co + C , (x - a) + Czlx-a)
'

+ Cs (✗ - a)
3-
+ . - .

f- '(x) = c
,
+ 2oz G- a) + 3 Cs (x-a)

'

+ 44 (x-a)St - - -

f-
"

(x) = 2oz + 6cg (x- a) + 12cg (x-a)
-
t - n -

f
"'

G) = 6↳ + 24 (x
-a) + . -

-

f-"7×1 = n ! an + ( stuff) .Cx -a)

Now plug ✗ = a into these

f- (a) = Co

f- ' Cal = C ,

?⃝ ← Shows that
f- "(a) = 2 coz

en = ff- ' ' '(a) = 6 Cz

f '" (a) = n ! cn

If f-G) = É cue-a)" with R > 0
,
then

n= 0

an = f"n ✗ II. f÷ ( ✗ -at



I ff?# (x -a)" is called the "

Taylor series
n = 0

for f-Cx) at ✗= a
"

.

If fcxl equals a power series with R
>0 then

that power series mustbe the Taylor series .

exampte what isTaylor series for f-G) = si-Cx) for a=o ?

Answers I c.IE
'

(Zntl) !
n =

0


