
seriesaudseguexes-n-i.tt
series is an attempt to add together an infinite list

of numbers

A
, +92+93+94+95 t

. - - -

The individual numbers ( such as a
} ,
a > , 9,0oz ) are called

terms of the series
.
The sequeuce.f-terms.is the entire list

-

{ ayaz , 93,94 , ' - - - }

In general ,

a sequence is any
infinite list of numbers

00

{ a , , ayaz , ay, .
. . } = {an}n= ,

Examples :
←
This is an example
of① { 1,4, 9, 16,25, 36,49 . - - } = {ñ }? ' ] re-indexing②

"

{ In -7535=8 = { 1,4, 9,16, 25, . . . }
③ { cos ( n'%) } :O = { 1,0, -1,0, 1,0 , -1,0, 1,0, -1 , . . . }
④ { K ! }I=o= { n ! }?=o= { 1,1 , 2,6 , 24,120,720, . . - }

T

note : By definition 0 ! =/

⑤ { 4¥ } ii. = {-1,3 , -1 , Ey , - Eos ¥01 - 5¥01 " }
⑥ Fibonacci Sequence = { 41,2/3,5/8,13/2434 , 55,8 a, . . . }
is generated by a

"

recursion
"

: an -_ an-at an-, .

(e. 9 .



A sequence {an}n? ,

has limit L
,
written as

him an =L = liman
n→a

if the terms an get closer a-d closer to L as the integer
n gets larger and larger . If the limit L exists and is
finite

,
then the sequences converges and otherwise it diverges .

Exam# :

① dim
↳•
÷ = 0 converges

② Lim 5 = 5 converges
n-soo

③ him cos Lntlz) =DNE diverges
n→ao

④ lin
→ •
K ! = a diverges

⑤ dim
→•

+1¥ = 0 converges

The limit of a sequence can often be examined graphically .

For ⑤ : y f-
^

← 4=+1

• (2)a"
( 4
,
a4)

a :÷.÷:As

The green dots
constitute the ( 393)

graph of

sequence ⑤ . -49£ ☒
y=
- Yy

v



Comments on examples ③ and ④ .

③ { cos ( nta) }
•

n=o= { 1,0, -1,0, 1,0/-1,0/1,0, -1 , . . . }
actually equal

limos @%) = DNE because the even terms get close tonon→oo

for large values of n, but the terms an where n has remainder
actually equal

of 1 when divided by 4 get close to nl .
A sequence cannot have more than one

limit
.

④ Even though the sequence { K ! } diverges , we can write
him K ! =D because K ! gets larger and larger as
k →as

k gets 1¥
.:*. roger and larger .

Usefulfact-lfl.im fcx>=L and an = flu ) for each integer
✗→ ao

n then him an =L ,

n→oo

f.
divide top andbottom by us

examples-iolimns-I-l.int?y&-n--+z-g--1t0--- §3h5 - 4h" +2 31-0+0

② him In = 0 Cuse L'Hopitals Rule)
t
lim ¥ lion ¥ = 0

✗→a
✗→a

T e

Ala form % form



Series £ an = ao ta,
+aztaztayt .

-
-
.

h =)

To determine the sum of the series we will consider

the sequence
of partial sums { Sn }

•

where
- n=o

5
,
= a ,

Sz = 9 ,
t Az

53 = 9 ,
t Azt a}

C ; i

1 I 7

I
n

n

Sn= a , taztazt . - . + an = £2,9k
K=l

If lim Sn =L then we say that L is the
n→oo at

sung of the series Ian .

n = 0

If L is a finite number then the series converges
-

otherwise it diverges .

whatth.isissayingis-i.toattempt to add infinitely many numbers a. + a.+ a>
+ aytast . - .

we will gradually add more and more terms together and see

if the resulting sums get closer and closer to a number L .

e×amples_ :

① ⇒ I = It / + It / + It - -
= a

n=1

because here we can find a formula for sn :

Sn = sum
of n 1 's = n and Lim n =D

.

u→o

Since o is not a finite number
,
the series

II. 1 diverges .



② (-15
"

= I + C-1) + I + 1- 1) + 1+1-Dt - - .

Note that s
,
=L
,
sz= It C-11--0,53=1,54--0,95--1, - - .

In general sn= {
1 it n is odd

0 if n is even

The sequence of partial sums is

{sn}%
,

= { 1,950,591,9 - - - }
and linn→*Sn = DNE .

coudude_ £ C-15
"

diverges @d?Él-15"= DNE) .
n= I

③ A "

telescoping
"

example :

£
,
¥ - ¥5 = ¥ converges! Getting a niceformula for

n =\ f Sn is very rare !

Why? We can get a nice formula for sn :

sn= (F-f) + (6--5)+13 - 8)+ . - - +⇐ -¥5)
= f- - ¥5 (because almost all terms subtract eachother out .]

So the sequence of partial sums is
•

= { E- £+53 and{ Sn}n= ,

lim
n
-sa
Sn = him

↳ •
⇐ - Is) = I

④ A not- so -easy example : there's no nice formula

← for sin in this example .

II. d- = 1+1=+1-3+1-4 + f-+↳ + . - -

to

This series diverges (and in fact 7=2
,

I =oo )

(to be explained later in Chapter 11 . )



⑤ A very difficult example : ¥ =
"76

Here É
,

É =/ + f- + 4- + % + Is- + - -

Later in chapter 11 will show that this series converges .

The sum 11-46 was first discovered by Leonhard Euler
,

one of the all-time top 10 mathematicians .
This result

made him famous
.

Quickpecap :

There are three important objects associated with a series :

④ The series itself Ian .

h=too

⑤ The sequence of terms { an}n= ,
.

•

The sequence of partial sums {Sn}n= , .

(where Sn = s , tsztszt - - - + Sn = £ ape . )
E-I

1B¥ The Basic Question About Infinite Series :

How can we tell whether or not Ñ an converges by
n =L

just looking at the sequence of terms {an}! , ? ?


