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Al Define agrowing spiral in the plane to be a sequence of of the elementgy, go, ..., gx With equal probability, is
points with integer coordinate® = (0,0), P1,..., P, rolled m times and the selected elements are multiplied
such thatr > 2 and: to produce an elemepte G. Prove that there exists a

) ) real numbeb € (0, 1) such that
— The directed line segments
PP,PP,,...,P, 1P, are in the succes- 1 1\2
sive coordinate directions east (f&% P;), north, lim i Z (Prob(g =zx)— —)
west, south, east, etc. mmee U ea K

— The lengths of these line segments are positive and is positive and finite.
strictly increasing.
Bl Let h andk be positive integers. Prove that for every

[Picture omitted.] How many of the points;, ) with ¢ > 0, there are positive integers andn such that

integer coordinate < 2 < 2011,0 < y < 2011

cannot be the last pointP, of any growing spiral? € < |hv/m — ky/n| < 2.
A2 Letay,as,... andby, by, ... be sequences of positive ] )
real numbers suchthat = b, = 1andb,, = b, _1a, — B2 Let S be the set of all ordered triplég, ¢, ) of prime
2 forn = 2,3,.... Assume that the sequen(ig) is numbers for which at least one rational numbesatis-
bounded. Prove that ' fiespz? 4+ gx + r = 0. Which primes appear in seven

or more elements o§?

o0
1
S = Z P B3 Let f and g be (real-valued) functions defined on an
n=1 "1fn open interval containing, with ¢ nonzero and contin-
uous atd. If fg andf/g are differentiable a, must f

converges, and evaluate be differentiable at 0?

A3 Find a real numberand a positive numbe for which B4 In a tournament, 2011 players meet 2011 times to play

a multiplayer game. Every game is played by all 2011

c (7m/2 o
r fo 2" sin x dx

lim =L players together and ends with each of the players ei-
reo f0”/2 " cosx dx ther winning or losing. The standings are kept in two
2011 x 2011 matrices,T = (Tpi) andW = (Why).

A4 For which positive integera is there am x n matrix Initially, T = W = 0. After every game, for every
with integer entries such that every dot product of a row (h, k) (including forh = k), if playersh andk tied (that
with itself is even, while every dot product of two dif- is, both won or both lost), the enti#,; is increased by
ferent rows is odd? 1, while if playerh won and player: lost, the entry

Wi is increased by 1 anid’y,;, is decreased by 1.

Prove that at the end of the tournamet(7" + i)
is a non-negative integer divisible By°1°.

A5 Let F : R? — Randg : R — R be twice continuously
differentiable functions with the following properties:

— F(u,u) = Oforeveryu € R; B5 Letay,as,... be real numbers. Suppose that there is a

— for everyz € R, g(x) > 0 andz?g(z) < 1; constant4 such that for alh,
— for every(u,v) € R?, the vectoV F (u,v) is ei- )
ther0 or parallel to the vectofg(u), —g(v)). oo [ 1
p ofy(u). ~9(v)) [ (s i <
i _ 1+ (x — a;)?
Prove that there exists a constahsuch that for every 00 \j=1
n > 2and anyzy, ..., z,+1 € R, we have .
Prove there is a constaBt > 0 such that for alh,
C
min | F(z;, ;)] < —. n
i#j n Z (1 + (ai — aj)Q) > B?’L3.

i,5=1

A6 Let G be an abelian group with elements, and let !

B6 Letp be an odd prime. Show that for at leggt+ 1) /2
values ofn in {0,1,2,...,p — 1}, SP_1 kln* is not

be a (not necessarily minimal) set of distinct genera- divisible byp.

tors of G. A special die, which randomly selects one

{gl 267927"'agk};G



