Complex Analysis I
Final Exam

1 Suppose that u(z,y) is a function defined on D(0, 1) such that u is C? on D(0,1)

and 2 8:1:2 + 8y = 0 for all (z,y) € D(0,1). Prove that u is C* on D(0,1). You may use
any result from class, but be clear about which results you are using.
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2. Let f(2) = o
a. Give a Laurent series for f(z) in powers of z.

b. For which values of z does the Laurent series converge? Justify your answer.
c. Find f f(2) dz, where + is the curve shown in the diagram:

1
3. Find /c TP dz, where C is the circle {|z| = 1/2}, with positive orientation.
Justify your answer.
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4. Suppose that U C C is open}(and f and g are holomorphic functions on U such
that, for all z € U, f(2)g(z) = 0. Show that either f(z) =0 for all z € U, or g(z) = 0 for
all z € U.

5. Suppose that f(z) and g(z) are holomorphic functions on D(zg, ), and f(z) # 0.
Suppose f(z)/g(z) has a pole of order k at zg. Show that g(z) has a zero of order k at z.
z? dz
22+ 1)(z2 +9)

6. Use residues to find the value of / (
0
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7. Suppose U is an op&rﬁfBEét/of C and S C U is discrete: that is, for every z € §
there exists € > 0 such that there are no points of S in D(z,¢€) besides z. Suppose f is
holomorphic on U\S and f has a pole at every point of S. (You may assume S F. 2)

a. Show that 1/f has a removable singularity at every point of S.
b. Show that if w € U and f(w) =0, then 1/f has a pole at w.
c. Show that S has no accumulation points in U.

8. Suppose p(z) is a polynomial of degree n, and R > 0 is such that p(z) # 0 for

/
2| > R. Find / P 4,
|z|=R p(2)
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